Progress in Nonlinear Differential Equations 
and Their Applications 


Takashi Suzuki 


Free Energy and 
Self-Interacting Particles 


Birkhauser 


Progress in Nonlinear Differential Equations 
and Their Applications 
Volume 62 


Editor 

Haim Brezis 

Université Pierre et Marie Curie 
Paris 

and 

Rutgers University 

New Brunswick, N.J. 


Editorial Board 

Antonio Ambrosetti, Scuola Internationale Superiore di Studi Avanzati, Trieste 
A. Bahri, Rutgers University, New Brunswick 

Felix Browder, Rutgers University, New Brunswick 

Luis Caffarelli, The University of Texas, Austin 

Lawrence C. Evans, University of California, Berkeley 
Mariano Giaquinta, University of Pisa 

David Kinderlehrer, Carnegie-Mellon University, Pittsburgh 
Sergiu Klainerman, Princeton University 

Robert Kohn, New York University 

P. L. Lions, University of Paris IX 

Jean Mawhin, Université Catholique de Louvain 

Louis Nirenberg, New York University 

Lambertus Peletier, University of Leiden 

Paul Rabinowitz, University of Wisconsin, Madison 

John Toland, University of Bath 


Takashi Suzuki 


Free Energy and 
self-Interacting Particles 


Birkhauser 
Boston • Basel • Berlin 


Takashi Suzuki 

Osaka University 

Graduate School of Engineering Science 
Department of System Innovation 
Division of Mathematical Science 
Toyonaka, Osaka 560-0043 

Japan 


Cover illustration: A profile of self-organization—Some patterns of self-organization, sealed in the 
closed system, are revealed in the activities of life, and the motion of the mean field of many particles. 


AMS Subject Classifications: Primary: 35760, 35K55, 371.60, 53A05, 70F45, 70515, 74H40, 80A30, 
82C31, 92C17; Secondary: 35B32, 35B35, 35B40, 35J20, 35K57, 35Q72, 35Q80, 37L45, 53A10, 
70K20, 70K40, 74G35, 74H35, 74H55, 80A25 


Library of Congress Cataloging-in-Publication Data 
Suzuki, Takashi, 1953- 
Free energy and self-interacting particles / Takashi Suzuki. 
p. cm. — (Progress in nonlinear differential equations and their applications ; v. 62) 
Includes bibliographical references and index. 
ISBN 0-8176-4302-8 (alk. paper) 
1. Differential equations, Parabolic. 2. Differential equations, Partial. 3. Lattice 
dynamics. 4. Geometry, Differential. 5. Biomathematics. 6. Statistical mechanics. 7. 
Chemical kinetics. I. Title. 


QA377.89615 2005 
515'.3534-dc22 2004062340 


ISBN-10 0-8176-4302-8 Printed on acid-free paper. 
ISBN-13 978-0-8176-4302-7 


® 
©2005 Birkhauser Boston Birkhduser ip 


All rights reserved. This work may not be translated or copied in whole or in part without the writ- 
ten permission of the publisher (Birkhauser Boston, c/o Springer Science+Business Media, Inc., 233 
Spring Street, New York, NY 10013, USA), except for brief excerpts in connection with reviews or 
scholarly analysis. Use in connection with any form of information storage and retrieval, electronic 
adaptation, computer software, or by similar or dissimilar methodology now known or hereafter de- 
veloped is forbidden. 

The use in this publication of trade names, trademarks, service marks and similar terms, even if they 
are not identified as such, is not to be taken as an expression of opinion as to whether or not they are 
subject to proprietary rights. 


Printed in the United States of America. (ТХО/ЅВ) 
987654321 SPIN 10888060 


www. birkhauser.com 


To Mitsu, Jun, and Ai 


Contents 


Preface 

] Summary 

2 Background 

3 Fundamental Theorem 

4  Trudinger-Moser Inequality 

5 The Green's Function 

6 Equilibrium States 

7  Blowup Analysis for Stationary Solutions 
8 Multiple Existence 

9 Dynamical Equivalence 


= æ м m A 
A OU N н © 


Formation of Collapses 
Finiteness of Blowup Points 
Concentration Lemma 
Weak Solution 


Hyperparabolicity 


105 


147 
175 
207 
219 
247 
277 
293 


vili Contents 


15 Quantized Blowup Mechanism 
16 Theory of Dual Variation 


References 


Index 


307 
323 


345 
361 


Preface 


This book examines a system of parabolic-elliptic partial differential equa- 
tions proposed in mathematical biology, statistical mechanics, and chemical 
kinetics. 

In the context of biology, this system of equations describes the chemotactic 
feature of cellular slime molds and also the capillary formation of blood vessels 
in angiogenesis. There are several methods to derive this system. One is the 
biased random walk of the individual, and another is the reinforced random 
walk of one particle modelled on the cellular automaton. 

In the context of statistical mechanics or chemical kinetics, this system of 
equations describes the motion of a mean field of many particles, interacting 
under the gravitational inner force or the chemical reaction, and therefore this 
system is affiliated with a hierarchy of equations: Langevin, Fokker-Planck, 
Liouville—Gel’ fand, and the gradient flow. All of the equations are subject to 
the second law of thermodynamics — the decrease of free energy. The mathe- 
matical principle of this hierarchy, on the other hand, is referred to as the quan- 
tized blowup mechanism; the blowup solution of our system develops delta 
function singularities with the quantized mass. 

The aim of this book is to prove the original result — Theorem 1.2 stated 
in the first chapter — but several motivations are also described in detail, be- 
cause they are quite important in creating mathematical techniques, and fur- 
thermore, are obtained from statistical mechanics, field theory, nonequilibrium 
thermodynamics, system biology, and so forth. We have made every effort to 
keep the discussion self-contained, and any special knowledge concerning re- 
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cent mathematical research is not assumed; for example, we have provided the 
complete proof of our previous result, Theorem 1.1. We have also described 
several mathematically open problems concerning this system. 

The main result, Theorem 1.2, assures that if the solution to this system 
blows up in finite time, then it develops delta function singularities with the 
quantized mass, called collapses, as the measure-theoretical singular part. If 
such a collapse has an envelope, the region containing the whole blowup mech- 
anism in space-time, then mass and entropy are exchanged at the wedge of this 
envelope. 

In the context of biology, this means the birth of the quantized "clean" self, 
while technical motivations result from the above-mentioned hierarchy of the 
mean field of particles: the quantized blowup mechanism of the stationary state 
and the existence of the weak solution of the associated kinetic equation global 
in time. 

Thus, this quantization of the nonstationary blowup state is a consequence 
of the nonlinear quantum mechanics; more precisely, it comes from the quanti- 
zation of both mass and location of the singularity that appears in the singular 
limit of the stationary solution, with the stationary state realized as a nonlin- 
ear elliptic eigenvalue problem with nonlocal terms, where total mass acts as 
the principal parameter because it is preserved in the nonstationary state. Mass 
quantization of the collapse, on the other hand, is proved if the nonstationary 
solution under consideration has a post-blowup continuation, while the weak 
solution always exists globally in time in the kinetic equation. 

However, all of these facts are just support for the proof of Theorem 1.2, and 
we have to prove it rigorously within this level of hierarchy, that is, our system. 

We prove the above-mentioned quantized blowup mechanism, describing 
the following: physical principles and derivation of a series of affiliated equa- 
tions, biological modelling based on the random walk, mathematical study of 
the stationary state via the variational structure, blowup analysis of the sta- 
tionary problem using the symmetry of the Green's function, existence and 
nonexistence of the nonstationary solution globally in time, and details of the 
quantized blowup mechanism of nonstationary solutions and their proofs by 
several analytical tools — localization, symmetrization, and rescaling. 

Chapters 1 and 2 are the summary and description of modelling, respec- 
tively. The proof of Theorem 1.2 is carried out in Chapter 15, using the bound- 
ary behavior of the Green's function and the generation of the weak solution 
established in Chapters 5 and 13, respectively. 

Chapters 12 and 14 describe technical motivations — the quantization of the 
collapse formed in infinite time and that of subcollapses formed in the scaled 
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limit of the blowup solution in finite time, respectively. Thus, the reader can 
skip these chapters to follow the proof. Theorem 1.1, on the other hand, is 
a preparatory result of our previous work, the formation of collapses and the 
estimate of their masses from below, and the proof is described in Chapter 11 
for completeness. 

Chapters 3—5 are devoted to the classical theory for this system. First, the 
fundamental theorem, the unique existence of the solution locally in time, is 
proved in Chapter 3. Then the threshold for the existence of the solution glob- 
ally in time, which is eventually explained in a unified way by the quantized 
blowup mechanism, is established in Chapters 4 and 5. The results described 
in these three chapters are more or less known, but we adopt a general setting 
and new arguments. 

Chapters 6—10 are devoted to the stationary problem. We have provided them 
to describe the quantized blowup mechanism of the nonstationary state. Thus, 
the reader can skip these chapters, but this methodology of classifying station- 
ary solutions is quite efficient in the study of nonlinear problems. We mention 
also that this stationary problem arises in many areas: semiconductors, gauge 
theory, turbulence, astrophysics, chemical kinetics, combustion, geometry, and 
so forth. 

First, we describe a survey on this stationary problem in Chapter 6. Then 
we show more or less known results in Chapters 7 and 8, but here we use a 
new argument, called symmetrization, motivated by the study of nonstationary 
problems. Chapter 9 is original and describes the effect of these (unstable) sta- 
tionary solutions to the local dynamics. Chapter 10 is the application obtained 
by this study to the global dynamics. Chapters 11—15 are devoted to the proof 
of Theorems 1.1 and 1.2 as we mentioned. 

Finally, in Chapter 16 we develop the abstract theory of dual variation, and 
the results of Chapter 6 are extended in the context of convex analysis. We 
show that this stationary problem has two equivalent variational formulations, 
where the cost functionals are associated with the particle density and the 
field distribution. These two functionals have the duality through the Legen- 
dre transformation, and furthermore, are combined with a functional, called 
the Lagrange function. We also add a result concerning the stability of the sta- 
tionary solution. 

This story of dual variation is widely observed in mean field theories, par- 
ticularly in the ones associated with the particles having self-interaction with 
their creating field. This book, we hope, will provide a new point of view for 
these theories. 
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Recently, nonequilibrium statistical mechanics has been discussed in the 
context of self-organization, particularly the formation of the cascade of cyclic 
reactions against the increase of global entropy. In this system, as we have de- 
scribed, the blowup mechanism is controlled by the stationary solution, and in 
this sense our study is referred to as that of simple systems. However, the total 
set of stationary solutions, particularly the unstable ones, is associated with this 
phenomenon of quantization, and in this sense our study is strongly influenced 
by the theory of complex systems. 

We hope that this book provides some theoretical inspiration and technical 
suggestions to researchers or Ph.D. students in mathematics and applied mathe- 
matics who are interested in statistical physics, physical chemistry, mathemat- 
ical biology, nonlinear partial differential equations, or variational methods. 
We also hope this book helps the researcher in other fields such as physics, 
chemistry, biology, engineering, and medical science, to realize the benefit and 
necessity of the methods of mathematical science, analytical techniques, phys- 
ical principles, and so forth, in studying their own problems. 

In conclusion, we caution the reader that in spite of these wide applica- 
tions, the mathematical analysis in this book is limited to a very special sys- 
tem of equations. In addition, we employ numerous mathematical models us- 
ing the sensitivity function, activator-inhibitor factors, cross-diffusion, and so 
forth, that involve significant mathematical analysis as well. This book is far 
from being a complete overview, but fortunately we can mention the survey of 
Horstmann [67, 68] concerning the biologically motivated study, where several 
mathematical models of chemotaxis, mathematical studies, and their relations 
are discussed. 

We also mention some other monographs to access related concepts in this 
book. First, breaking down the construction or continuation of the solution fol- 
lows from the blowup of approximated solutions in nonlinear problems. Con- 
trol of its blowup mechanism can then guarantee the existence of an actual so- 
lution. Several examples of this new argument are described in Evans [44]. The 
quantized blowup mechanism in variational problems and their mathematical 
treatments are mentioned in Struwe [159]. Physical, chemical, and biological 
motivations are obtained by Risken [138], Doi and Edwards [40], and Murray 
[105], respectively. Finally, many suggestions are obtained from Tanaka [170] 
on system biology. 


Takashi Suzuki 
Osaka, Japan 
October 30, 2004 
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Summary 


Our study is concerned with the system of elliptic-parabolic partial differential 
equations arising in mathematical biology and statistical mechanics. A typical 
example is 


ut —V-(Vu—uWwv) 


in Q x (0, T), 
О= Ло - ао +и 
0 д 
E БЕ on OQ x (0, T), 
Qv Qv 
u| o =u) in Q, a) 


where Q C R” is a bounded domain with smooth boundary dQ, a > 0 is 
a constant, and v is the outer unit vector on dQ. This system was proposed 
by Nagai [106] in the context of chemotaxis in mathematical biology. Here, 
и = u(x,t) and v = v(x, t) stand for the density of cellular slime molds and 
the concentration of chemical substances secreted by themselves, respectively, 
at the position x є Q and the time t > 0. 

In this case, the first equation is equivalent to the equality 


d 
ET [uas=- | j-vas 


for any subdomain о € Q with smooth boundary dw, where dS denotes the 
surface element. Namely, it describes the conservation of mass, where the flux 
of u is given by j = —Vu + uVv. 
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Figure 1.1. 


The first term —Vu of j is the vector field with the direction parallel to the 
one where u decreases mostly, and with the rate equal to its derivative toward 
that direction, that 15, и is involved by the process of diffusion. 

The second term uVv of j, on the other hand, indicates that u is carried by 
the vector field Vv toward the direction where v increases mostly, with the rate 
equal to its derivative to that direction. In other words, this term represents the 
chemotactic aggregation of slime molds with v acting as a carrier, and in this 
way, the effect of diffusion — Vu and that of chemotaxis uVv are competing 
for u to vary. See Figure 1.1. 

Actually, this system describes the motion of cellular slime molds. They are 
a kind of amoeba usually, but when foods become rare, they begin to secrete 
chemical substances on their own and create a chemical gradient attracting 
themselves. Eventually spores are formed by this process. The actual mech- 
anism is much more complicated, involving chemical and biological actions 
and reactions, and the derivation of (1.1) from the biased random walk has 
been done [3, 128]. 

In 1970, Keller and Segel [81] proposed a system of parabolic equations to 
describe such a phenomenon. If the second equation is replaced by 


Ty = Ар-ар+и in &2x(0,T) (1.2) 


in (1.1), then a closer form to that original system is obtained, where т > 0 15 
a small constant. In this system, the density of the chemical substances, v, is 
subject to the linear diffusion equation, provided with the dissipative term —av 
and the growth term и. Thus, v diffuses and is destroyed with the rate a > 0 
by itself, and is created proportionally to u. 
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Writing tv; as д0/0(т— 11), we can see that the parameter т represents the 
relaxation time, that is, the rate of the time scale of v relative to и. Since the 
biological time scale is much slower than the chemical one, the assumption 0 < 
t « 1 is reasonable. Then, putting т = 0 gives (1.1), where the initial layer 
takes a role in this process of singular perturbation and the initial condition of 
v is lost in (1.1). 

This form, system (1.1) with the second equation replaced by (1.2), is called 
the full system in this book. We have two parameters, a and c, and actually, 
we can regard this system as a normal form, where other possible constant 
coefficients have been reduced to one by suitable transformations of variables. 

In the context of statistical mechanics, the bounded domain © under consid- 
eration is sometimes replaced by the whole space R". In this case, boundary 
conditions are replaced by the requirement that и(:, t) and v(., t) are in appro- 
priate function spaces, and the second equation of (1.1) takes the form 


ven o f Ге — иб, 0d». аз) 
with 
5 |x| (n = 1), 
T(x) = a; log h (n = 2), (1.4) 
mp o 0-29. 


standing for (—1) times potential driven by gravitational force. This system 
of equations is concerned with the motion of a mean field of many particles, 
subject to the self-interaction caused by the gravitational force of their own, 
namely, while the first equation of (1.1) describes mass conservation of many 
particles, the second equation replaced by (1.3) comes from the formation of 
the gravitational field made by these particles. Here, the diffusion term Au of 
the right-hand side of the first equation is to be noted, and it comes from the 
fluctuation of particles as we shall see. 

Equation (1.3) is regarded as a form of the second equation of (1.1), naturally 
extended to the whole space R”. In fact, the latter is equivalent to 


v(x, 7) = J G(x, x )u(x', t) dx’, (1.5) 
Q 
where G = G(x, х’) denotes the Green's function in Q of the differential 
operator — A + a under the Neumann boundary condition, and it holds that 
Г(х- х) eg), 


Best 1. 
а ee emm (x' € 99), 9) 
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with K = K (x, x’) standing for the regular part of G(x, x’). 
Coupled with 


ut =V.(Vu+uVv) in х (0, Т) 


апа 


ди 
— =0 on д9 х (0, Т), 
дъ 


equation (1.5) can cast the semiconductor device equation in ће DD (drift- 
diffusion) model, of which mathematical study has been done by several au- 
thors. See [15, 76] and the references therein. In this case the system is dissi- 
pative, and the long-term behavior of the solution is quite different from the 
one described in this book, equation (1.1) for instance. 

Other forms of the second equation to (1.1) are also proposed [38, 73]. Each 
of them is written as 


d 
e +Av=u in L?(Q) (1.7) 


in an abstract manner, where A is a positive definite self-adjoint operator with 
the compact resolvent and т > 0. Following the earlier terminology, we call 
(1.1) with the second equation replaced by (1.7) for т > 0 the full system also. 
There, similarly, the additional initial condition о |, = vo(x) is imposed. If 
t = 0), the initial value is provided only for и as in (1.1). This case is called the 
simplified system in this book. Thus, (1.1) is regarded as a simplified system of 
chemotaxis. 

As might be suspected from the above description, the field generated by 
particles is physical in the simplified system. This means that it is formed at 
once from each particle. The relaxation time t of the full system, on the other 
hand, suggests that some intermediate process, such as the chemical reaction 
inside the biological media, is involved when the field is created from particles. 
Thinking thus that the full system describes such an intermediate process in a 
very simple way, we say that (1.2) indicates the formation of the chemical in 
this book. 

In the other case, the second and third equations of (1.1) are replaced by the 
ordinary differential equation 


д 
г =u in Әх (0,7) (1.8) 
and the boundary condition 
д д 
——u—=0 on 0х (0,Т), (1.9) 


Qv Qv 
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respectively. It is derived from the statistical model of the reinforced random 
walk developed on the lattice of a cellular automaton, where the effect of trans- 
missive action of control species is restricted to each cell. We call this case the 
biological field in this book, although the interaction particle is restricted to 
adjacent cells and the field is not formed in the classical sense. Recently, much 
attention has been paid to the final form in medical science, in the context 
of self-organization such as angiogenesis, especially for the growth of tumors 
[34, 158, 188]. 

Thus, we have distinguished three kinds of fields — physical, chemical, and 
biological — which make the second equation of (1.1) appear in slightly dif- 
ferent forms. Although several variations of the first and second equations of 
(1.1) are proposed — using the sensitivity function, activator-inhibitor factors, 
cross-diffusion, and so forth [67, 68, 127] — this slight difference in the forma- 
tion of the field from particles makes the solution quite different. Our study is 
mostly concerned with the first case. Some results are still valid for the second 
case. 

The long-term behavior of the solution to (1.1), on the other hand, depends 
on the space dimension n, and most of our study of the blowup mechanism 
is restricted to the case n = 2. Then the blowup solution develops a delta 
function singularity with the quantized mass, while quite different profiles of 
the blowup solution are obtained for n — 3 [62, 63]. 

We think that these features are related to the structures of the set of station- 
ary solutions. In fact, this set is also sensitive to the space dimension, and only 
for n = 2, is the quantized blowup mechanism observed. Furthermore, several 
suggestions are obtained from this set concerning the long-term behavior of 
nonstationary solutions. 

Before describing this any further, we confirm that the classical solution to 
(1.1) exists locally in time if the initial value is smooth. It becomes positive 
if the initial value is nonnegative and not identically zero. These fundamental 
theorems were established by [14, 187]. See also [152]. 

To control the long-term behavior, it is important to determine whether in- 
variant quantities or Lyapunov functions exist or not. However, this system of 
(1.1) is provided with the total mass conservation and the decrease of free en- 
ergy, following physical requirements to describe the motion of the mean field 
of many particles. Thus, we have one invariant and one Lyapunov function. 
The total mass is given by 


A= |и@)|. 


and the free energy is the total energy minus entropy so that is equal to 
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F(u) = ji u(logu — 1)dx — 5 [| G(x,x)u&udxdx. (1.10) 
Q 2 QxQ 


Here and henceforth, и & и stands for u(x)u(x’) and the standard LP norm is 
denoted by || `1, for p € П, оо]. 

These facts are valid even for the full system and we can confirm them math- 
ematically. In fact, first, positivity of the solution is preserved. Precisely, 


ио(х) > 0 and ио(х) #0 


imply u(x,t) > 0 for (x,t) € О x (0, T) by the strong maximum principle. 
This gives the total mass conservation, 


lull, = 1001, =A, (1.11) 
by 


ди ð 
=f Sa Vag ac (1.12) 
ag ду Qv 


Next, in the full and simplified systems, the Lyapunov function is provided by 
1 por Med 
Wu, v) = ичер 1) aot z Vul 90 ах. (1.13) 
Q 
In fact, writing the first equation of (1.1) as 
ut = V -uV (logu — v), 
we have 
| ur (logu — v) dx = -f u |V (logu — v)? dx 
Q Q 


from the boundary condition. Here, the left-hand side is equal to 
d 
= | (u(log u — 1) — uv) dx + | uv; dx, 
dt Jo Q 

and (1.2) is applicable to the second term. This gives 


[war = | (rv; — Av +av) v; dx 
Q Q 


ld 
2 dt 


тїшї + 57 (Уы + a ivl). 
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Thus, we obtain 


d 
Sv so) +e old f u |V (logu — v)? dx — 0, (1.14) 
Q 


and hence W(u, v) is nonincreasing: 


d 
a rs v) <0. 


This argument is also applicable to the biological field, that is, system (1.1) 
with the second and the third equations replaced by (1.8) and (1.9), respec- 
tively: 


d 
= | (u(log и — 1) — uv) dx + т |0,15 
dt Јо 
«f и |V(logu — v)? dx = 0. 
Q 


In the simplified system (1.1), the Lyapunov function YV(u, v) defined by 
(1.13) is equal to F(u) of (1.10): 


Fw) = | (u(logu — 1)) ax—> ff G(x, x)u @ udx dx’. 
Q 2JJ охо 


In fact, by (1.5) it holds that 


[ware | i G(x, x )u(x)u(x^) dx dx’, 
Q QJQ 


while we also have 


J (Ун? av?) dx= | Cv canvas = | uvdx, 
Q Q Q 


and therefore from (1.13) it follows that 
YV(u, v) = F(u) 


in this case. Thus, system (1.1) is subject to the second law of thermodynamics, 
the decrease of free energy, as well as of mass conservation. 

In 1981, Childress and Percus [33] tried a semianalysis of the full system of 
chemotaxis, and conjectured that in the case of n — 2 there is a threshold in 
the L! norm of the initial value for the blowup of the solution to occur. 
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To make the description simple, let Tmax € (0, +00] be the blowup time, 
that is, the supremum of the existence time of the solution. Thus, the solu- 
tion exists globally in time if Tmax = +оо, while Tmax < +оо means the 
blowup of the solution. Under this notation, their conjecture is that in the case 
of n = 2, ||ио||{ < 8л implies Tmax = +оо, while Tmax < +оо can happen 
if |luollı > 82. Their other conjecture is that such a threshold for the blowup 
of the solution does not exist if the space dimension is not two. This work is 
actually based on the method referred to as nonlinear quantum mechanics in 
this book, of which details will be described later. 

It should be noted that Childress and Percus were motivated also by Nanjun- 
diah [119], who had conjectured that u will develop a delta function singularity 
in finite time. This singularity was expected to explain the formation of spores 
of cellular slime molds when their food become rare, and is called the (chemo- 
tactic) collapse. See Figure 1.2. 


Figure 1.2. 


To examine this conjecture of [119], [33] first applied the dimensional anal- 
ysis, under the observation that if и is concentrated in К” in a narrow area of 
radius 8 > 0, then it holds that V ~ 67! and the magnitude of и is O(ó ") 
because of the conservation of total mass (1.11). Sometimes, such 6 > O is 
called the dimension. 
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If we put v — O (61/2) and t = O (8! 9/2), then the dimensions of 


ut —V-(uVv) — ^u = 0 


and 
то —u-c-av— Ар = 0 (1.15) 
balance as 
§ Q3n/2) (3°, 80, iue = 0 (1.16) 
and 


gon (3°, à)... jf) = 


where the term av is neglected in (1.15). From these relations, we can observe 
that according ton = 1 and n = 3, the diffusion, compared with the chemo- 
taxis, dominates and is negligible for 0 < ô < 1, respectively. In the former 
case, collapses may not be formed, while in the latter case the concentration 
will be enforced. This suggests a stronger singularity than the delta-function 
in the case n = 3 and also the nonexistence of the collapse for n = 1. It also 
suggests that the actual blowup of the solution is not controlled by the total 
mass in the case of n = 3. Figure 1.3 illustrates such a situation, which is 
an overview of the radially symmetric blowup solution of n — 3 constructed 
by [62]. 

In this case of n — 3, there is also a self-similar blowup, distinguished from 
the above profile, such as 


u(r, Tmax) ~ (81-5) (4nr?) ! 


forr | 0 [63]. In contrast with these cases of n = 1 and n = 3, the effect 
of diffusion and that of chemotaxis compete in the case of n = 2, and the 
formation of collapses [119] is expected only for n — 2. 

Then how did [33] get the idea of a threshold total mass for the blowup in 
the case of n = 2, particularly the threshold value 87? Actually, this is done 
by the study of the stationary problem of (1.1): 


V-(Vu-—uVv)=0 in Q, 
Av-avtu=0 in 9, 
du/dv = dv/dv=0 on д9, (1.17) 
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and we call this part of their study nonlinear quantum mechanics. 
First, we introduce the equilibrium state in the following way. In fact, the 
principal system to u is written as 


Ли = Vv. Уи + (ЛАи)и in Q, 
ди/д0 = 0 on д9. 


Since we аге interested in the nontrivial case of u > 0 and и = О, it follows 
that u > 0 on © from the strong maximum principle again. Now, writing the 
first equation of (1.17) as 


V -uV (logu — v) = 0, 


we have 
J u |V (logu — v)? dx 20 
Q 


similarly to (1.14), and hence 


logu — v = logo (1.18) 
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follows in Q with a constant o > 0. This unknown constant o сап be pre- 
scribed if we take into account the equality (1.11) valid for the nonstationary 
problem (1.1). Namely, in terms of A = [|и ||, relation (1.18) implies 


Ae" 


“= faerdx: 


Substituting this into the second equation of (1.1), we reach the elliptic eigen- 
value problem with the nonlocal term, 


Av + ү. 
— А? av = ———— in 
Ju е? dx 
j 
ый оп 8Q. (1.19) 
Qv 


Here, the parameter А = ||u||4 > 0 is regarded as an eigenvalue. 

The stationary problem, (1.17), admits a constant solution (u,v) — 
(АЛӘ, А/ (а |Q) with ||u|| = A. This trivial solution generates the branch 
of (constant) solutions to (1.19), 


бее ОАО | A > 0] 


in À — v space, which bifurcates nontrivial solutions to (1.19). 
Before proceeding to this bifurcation analysis, we want to mention a differ- 
ent problem very close to (1.19), that is, 


Ле” А 
—Av = ————— in 9 
foe” dx 
v=0 on д9. (1.20) 


This arises in the theory of combustion [51] forn = 3 and in statistical mechan- 
ics for vortex points [20, 21, 82] for n = 2. Analogous problems are also found 
in self-dual gauge theory [189]. For n > 3, the structure of radially symmetric 
solutions is studied by [45, 51, 75, 117]. Two-dimensional radially symmetric 
solutions, on the other hand, are easier to handle because they are given ex- 
plicitly. These elliptic problems are related also to the complex function theory 
and the theory of surfaces, and our previous monograph [166] is mostly de- 
voted to these elliptic problems. There are other monographs [5, 9, 96], from 
the viewpoints of geometry, combustion, and hydrodynamics. In many cases, 
if the problem is involved with the exponential nonlinearity against the two- 
dimensional diffusion, then we obtain the quantized blowup mechanism. 
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Taking these works into account, [33] studied (1.19) as follows. First, they 
applied the bifurcation analysis to the branch of trivial solutions Ce by restrict- 
ing the problem to the radially symmetric case, namely, © is put to be the unit 
disc, 


D = [x eR? |х| < 1}, 


and the solution v is supposed to be radially symmetric as v = v(|x|). Then, 
(1.19) is reduced to the two-point boundary value problem of an ordinary dif- 
ferential equation. 

Note that problem (1.20) can be treated similarly. Although the constant 
solution does not exist in this case, all radially symmetric solutions to this 
problem are given explicitly and form a branch 


Cra = { (A, v0) | à € (0, 8т)) 
satisfying lim; ро v; (x) = О and 


1 
lim v4 (x) = 4log —, (1.21) 
А\8л |x| 
and, moreover, any à є (0, 8л) admits a unique solution v; = v; (x), and there 
is no solution for А > 8л. See Figure 1.4. 


8л 


Figure 1.4. 


In (1.17), on the contrary, a branch С, of radially symmetric solutions bi- 
furcates from that of constant solutions, Ce, at some A = A, > ёл. From the 
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bifurcation theory it is confirmed also that C, is in А < A, near the bifurcation 
point. Then, it is natural to ask whether or not С, reaches or exceeds A = 8л. 

Under these conditions, [33] tried using the numerical computation to follow 
C, toward the direction where А decreases. What they observed is that it does 
not exist beyond A = 8л, which led them to another conjecture concerning 
(1.17) when €2 is a disc, that is, only a constant stationary solution exists if 
А15 1010 < X < 8л, while a very spiky stationary solution exists for each 
AinO < А — 8л < 1. See Figure 1.5. (Later, [144] showed that this extra 
conjecture holds in the affirmative.) 


v 


8л 


Figure 1.5. 


Taking into account that the nonstationary solution lies in the manifold 
|4111 = A of function spaces, [33] arrived at the original conjecture by this 
extra conjecture — that is, in (1.1), with п = 2, luol|1 < 8л will imply 
Tmax = +оо, while Tmax < +оо can occur if ||и0||, > 8л, because the 
“blowup solution should have the radially symmetric profile around the blowup 
point.” 

It is interesting but difficult to approach these conjectures rigorously. How- 
ever, in 1992 Jager and Luckhaus [73] introduced a simplified system as the 
limiting state of t ^ a | 0. There, the second equation of (1.1) is replaced by 


1 
-Av =u- | ийх in Q (1.22) 
I2| Jo 


with the side condition 


д 
[ vax =0 and —=0 on 3Q. (1.23) 
Q ду 
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For this system [73] showed that if n = 2, then the condition ||uo|| < 1 
implies Tmax = +оо, and Tmax < +00 occurs if uo(x) is sufficiently concen- 
trated on a point in © and ||uo||; >> 1. Then, in 1995, Nagai [106] showed that 
the threshold conjecture holds exactly true for radially symmetric solutions to 
(1.1). Thus, ||uol|; = 87 is the actual threshold of the blowup of the solution 
in this case. However, this was not the end of the story. 

Meanwhile, several tools to treat these systems were proposed mathemat- 
ically. They are summarized as the use of the Lyapunov function, the Trud- 
inger—Moser inequality, and the second moment of total mass. Based on these 
methods, it was proven that ||uvg||; < 47 implies Tmax = +оо in (1.1) for 
the general case [14, 50, 110]. (Here, we confirm that the bounded domain 
Q C R? is supposed to have the smooth boundary, consisting of a finite number 
of smooth Jordan curves. In fact, if dQ has corners, then this constant Алт must 
be reduced more. We shall see that the quantized blowup mechanism explains 
completely what this means.) 

Thus, around 1997, we were very close to a complete the proof of the con- 
jecture [33], except for the discrepancy of the constant, 4л and 8л. This dif- 
ference is due to Moser—Onofri-type inequalities in Hi (©) and H! (Q), but is 
not technical. In fact, the structure of the set of solutions to (1.20) and (1.17) 
are rather different. 

Before describing this difference, we point out that the above-mentioned in- 
equalities of real analysis were discovered in the study of Nirenberg’s problem 
in differential geometry. Actually, these inequalities are associated with a vari- 
ational functional. A key tool to approach our problem, the 47-87 discrepancy, 
called the concentration lemma, was proposed by [22, 23]. It focuses on the be- 
havior of a family of functions defined on S?, and using them we can show that 
if the blowup occurs in (1.1) with 4л < ||uoll, < 82, then the solution must 
concentrate on the boundary [108]. 

This means that we have to take into account the nonradially symmetric 
stationary solution to (1.17) to understand the whole blowup mechanism of 
(1.1). This is nothing but the methodology of [33], that is, the singular limit 
of stationary solutions controls the blowup mechanism of nonstationary solu- 
tions. However, we added a new motivation for unifying these two phenomena, 
threshold and collapse, by the blowup mechanism in this book. Another new 
viewpoint is the spectral equivalence of the variational structures of the equi- 
librium state, induced by the free energy and the standard elliptic theory. We 
call this part the theory of dual variation. 
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Now we describe what is known for (1.20). First, the blowup can occur only 
at quantized values of A [114, 115], namely, if 


{ Ax, vk Go) ] 


is a sequence of solutions to (1.20) with A = Ак and v(x) = у(х), satisfying 
Ак — Ao € [0, оо) and || || — +оо, then it holds that Ао є 87N. Fur- 
thermore, Ао/ (87) coincides with the number of blowup points of {ик} and we 
have 


—Au(x)dx — У 815. (dx), 


хоє& 


*-weakly in the sense of measures on Q, where S denotes the blowup set with 
the location controlled by the Green's function for — A in Q under the Dirichlet 
boundary condition. This phenomenon of concentration is already described by 
(1.21) in the radially symmetric case. 

To approach (1.17) in comparison with (1.20), examining the role of sym- 
metry is essential. More precisely, the general theory of Gidas et al. [52] guar- 
antees that any classical positive solution to a semilinear elliptic problem 


—Au = f(u) in Q with и=0 on д9 
with Q equal to the unit ball, 
В = {x ER" | |x| < 1}, 


must be radially symmetric, provided that f : К — К is Lipschitz continuous. 
This theorem is applicable to (1.20), and the set of solutions for © = D, two- 
dimensional unit ball, coincides with the branch С, с mentioned before. (Bandle 
[5] gave a different proof of the radial symmetry of the solution to (1.20) on 
the two-dimensional disc.) 

Now, we describe how (1.17) is different from (1.20). Actually, there are 
nonradially symmetric solutions to (1.17) even for Q = D [144], and these 
solutions play essential roles in the long-term behavior of the nonstationary 
solution. For instance, a family of solutions to (1.17) blows up only at Ao € 
4x N and this Ло is equal to 87 times the number of interior blowup points 
plus 4л times that of boundary blowup points. In this connection, it is worth 
mentioning that any family of solutions to (1.20) takes no boundary blowup 
point at all. See Figure 1.6. Thus, the 47-8л discrepancy is a consequence of 
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the boundary blowup point in the equilibrium state, and this is actually the case 
in the nonequilibrium state. 

Here is a theorem [145] concerning the formation of collapses in the blowup 
solution to (1.1). There, MM(Q) denotes the set of measures on О, — the 
x-weak convergence, and 


8m (x9 € 9), 
* = 1.24 
maro) hn (xo € д9). USE 


Theorem 1.1 Jf Tax < +оо in (1.1), then there exists a finite set 
Sca 
and а nonnegative f = f(x) € L'(Q) N C(Q \ S) such that 


u(x,t)dx — > m(xo)óxy (dx) + f (x) dx (1.25) 


хоє& 
in M(Q) as t ^ Tmax with 


т(хо) > m. (xo) (xo € S). (1.26) 
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We have also 


шп llull = +оо (1.27) 
t* Tmax 

and S coincides with the blowup set of u, namely, xo € S if and only if there 

exist xy — xo and f; ^ Tmax such that u (хк, tk) — +оо. Since 


Пи (t) = [ио 
holds for t € [0, Tmax), we thus obtain 
2-£(Q0S)+ g(92n96) < |1001, /(47) (1.28) 


by (1.25) and (1.26). This inequality is regarded as a refinement of the previous 
work concerning the criterion of Tmax = +оо, as it assures that ||uo||1 < 47 
implies S = Й and therefore Tmax = +00. 

Each collapse 


m(xo)àx, (dx) 


stands for the spores made by cellular slime molds, and if the equality holds 
in (1.24), then the quantized value of the mass of collapses on the boundary is 
counted as half of the one in the interior. 

Inequality (1.26) indicates that the mass of collapses made by the blowup 
solution cannot be under the fundamental level. If this estimate is optimal, then 
conjecture [33] follows with the value 8л replaced by 4т. More precisely, any 
А > 4л admits ио(х) > O such that ||uo||, = A and Tmax < +оо. This is 
actually the case, and if 


ио, > 4т 


and uo(x) is sufficiently concentrated at a point on the boundary, then we ob- 
tain Tmax < +оо [107, 146]. Thus, conjecture [33] holds in the affirmative if 
the threshold value is reduced to a half of the expected one. 

This sharp blowup criterion, on the contrary, means the existence of a fam- 
ily of blowup solutions to (1.1), each of which has one blowup point on the 
boundary of their own with the collapse mass as close as possible to 47. The 
next question is the mass quantization of each collapse, т(хо) = m.(xo) in 
(1.25). Actually, Herrero and Velázquez [64] constructed a family of radially 
symmetric solutions to the system studied by [73], satisfying 


u(x,t)dx — 8zóo(dx) + f (x) dx (1.29) 
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ast ^ Tmax < +оо with nonnegative f = f(x) € Llog L(D), where D C R? 
is the unit disc and L log L denotes the Zygmund space. Thus, the equality 
holds in (1.26) in this example, and we have also the stability of this blowup 
pattern [181]. 

What we call mass quantization of collapses in this book is the equality 
m(xo) = mx(xo) in (1.25). This is actually the case if the solution is continued 
after the blowup time as a weak solution [147], and if the solution blows up in 
infinite time [148]. In this context, we know that the Fokker—Planck equation 
admits a weak solution globally in time, provided that the initial value has a 
finite second moment, is bounded, and is summable [182]. This Fokker-Planck 
equation is derived from the Langevin equation, and describes the kinetic mean 
field of many self-interacting particles. Since system (1.1) arises as its adia- 
batic limit, we can expect that (1.1) admits a weak solution globally in time, 
and this implies the equality in (1.26). 

Unfortunately, this question of post blowup continuation is open; maybe it 
will not be true, because the Fokker—Planck equation is valid only when the dis- 
tribution of particles is thin, and its physical scale is different from that of (1.1). 
However, we can prove the mass quantization using the scaling argument, the 
success of which may be promised by the dimensional analysis stated above; 
that is, the concentration of the rescaled mass, called subcollapse, dominates 
the aggregation of the residual term, excluding the possibility of the formation 
of multicollapses [149]. 

In more detail, this question of mass quantization of collapses is related to 
the control of the blowup rate of the solution. Actually, the asymptotics (1.29) 
of Herrero- Velázquez's solution are derived from its local behavior, 


e- V2lleg(T-0|'? 


1 sx 
u(x,t) = Sat aa) {1 +o0o(1)} + “= = Цело) 
(1.30) 


ast ^ Т = Tmax uniformly in |x| < C(T — г) 1/2, where 
r(r) = (T 09102. e7 22 s T-0I | gg cr — p88 070-40] 4 о(1)) 


and u(y) = 8- (1 + | yl’) m This и(у) is nothing but the stationary solution 
on the whole space R?, but the rate r (1) is also important. 

In fact, this asymptotic behavior of the solution is quite different from the 
one derived from the subcritical nonlinearity, say, 


и — Ли =u”, u>0 in &2x(0,T) 
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with изо = Ofor1 < p < (n + 2/(n — 2)4, where Q C R” is a bounded 
domain with smooth boundary 0. In this case the local profile of the solution 
in the parabolic region is controlled by the ODE part ú = u” , and, for example, 
if © is convex and xo € Q is a blowup point, then it holds that 


1 
IDS шут (A) EES (1.31) 
ast ^ T = Tmax < +оо uniformly in |x — xo| < C (T — t)? [54, 55, 56]. 
Thus, the concentration is so slow that u(x,t) becomes flat in the parabolic 
region in this case, and consequently, the total blowup mechanism is not enve- 
loped there. 

On the contrary, we have 0 < r(t) < R(t) = (T — г)!/2 in (1.30), and 
therefore the standard backward self-similar transformation 


z(y,s) = (T —t)u(x,t) (1.32) 
with 


у = (х — хо)/(Т - 10^, 
s — —log(T — f), (1.33) 


reproduces a collapse again, which we call the subcollapse. More precisely, 
z(y,s)dy —  8móo(dy) 


holds as s — +оо in the sense of measures in R?, which suggests that the 
nonlinearity is supercritical in the case of (1.1), and the concentration, relative 
to the aggregation, is so rapid that the whole blowup mechanism is enveloped 
in the parabolic region. Here, the aggregation and the concentration indicate 
the growth of the local L! norm and that of the L^? norm of the solution, 
respectively. See Figure 1.7. 

From these considerations, it is natural to classify the blowup point by the 
blowup rate in accordance with the standard backward self-similar transforma- 
tion [165]. Namely, we say that xo € S is type (I) if 


lim sup sup R(tY'u(x,t) < +оо 
t—T | xeQ, |x-xo| C R(t) 


holds for any C > 0 and it is type (1I) for the other case: 


lim sup sup Rux, t) = +оо 
toT xeQ, |x-xo| C R(t) 
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with some C > 0, where 
T = Тых < +оо and R(t) = (Т —1)!/. 
Then, we can show the following theorem. 


Theorem 1.2 т any case, mass quantization m(xo) = т. (хо) holds in (1.25) 
for each blowup point xo € S. If it is type (II) and 


lim sup R(t,Y'u(x, th) = +оо 
Пэ +00 veo. lawl ROS) 


for th — T, then we obtain 
Z(Y, Sn +-)dy — mx(xo)do(dy) 


in Cx ((—оо, +оо), M(R’)), where s, = —log(T — t4). Here, zero extension 
of = z(y, z) is taken in the region where it is not defined by (1.32) and (1.33). 
If xo € S is type (I), on the other hand, then it holds that 


lim Fora (u(t)) = +00 
t— Tmax 
for any b > 0, where F(t) is the local free energy defined by 
FR(u) = J Vxo, R, 2RU (logu — 1) dx 
Q 
1 
= >| f Wro, R, 2R (X) Wry, R28 X) G (x, x )u @ u dx dx’ 
о/о 


for smooth function Y = yy. gon satisfying 0 € y x lv —lingn 
B(xo, К), уу = 0 in © \ В(хо, 2R), and % = 0 on 8Q. 
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The above theorem says that the type (II) blowup point is hyperparabolic, 
which means that the whole blowup mechanism is included in an infinitely 
small parabolic region called the hyperparabola, associated with the stan- 
dard self-similar transformation. Obviously, Hererro- Velázquez's solution has 
such a profile. Around this type of blowup point, a collapse with the quan- 
tized mass is formed by the concentration of particles, asymptotically radially 
symmetrically. However, this theorem says also that even around the type (1) 
blowup point, the whole blowup mechanism is enveloped by an infinitely large 
parabolic region called the parabolic envelope. If such a blowup point exists, 
then it arises from the wedge of the parabolic region, not necessarily radially 
symmetric, and possibly moving. Another profile of the solution around the 
type (D) blowup point is that the entropy is swept away to the wedge of the 
parabolic envelope, which has been shown to have a similarity of emergence 
by Kauffman [78]. Although the actual existence of a type (I) blowup point 
is open to discussion, even a type (II) blowup point can take such a profile 
in the other space-time rescaling; for example, Herrero- Velazquez's solution 
satisfies 


gin Fora) (и@)) = +оо 
for any b > 0. 

This quantized blowup mechanism, however, is not extended to the system 
associated with the chemical field as it is. In fact, in the full system some spiral 
movements are added to the blowup mechanism because of the time lag for 
the creation of the field from particles, and this may make it possible for the 
blowup set to be a continuum. In this way, each hierarchy of the mean field 
equations has is own mathematical principle, besides the physical principle to 
derive them. 


Global Existence by Blowup by 
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Formation Nonexistence of 
of Collapses Weak Solution 
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We have described that the system of self-interacting particles is subject to 
the story of nonlinear quantum mechanics. First, the stationary state is realized 
as a nonlinear elliptic eigenvalue problem with nonlocal terms. Next, quanti- 
zation of the singular limit of the stationary state induces that of the nonequi- 
librium state — its dynamics and the blowup mechanism. This hierarchy is de- 
rived from the physical principle of mass conservation and the decrease of the 
free energy. An important structure is the self-interaction associated with the 
symmetric kernel, which is to be called compensated compactness via sym- 
metrization. Finally, the equilibrium state is subject to the dual variation as- 
sociated with the particle density and the field distribution being dynamically 
equivalent to each other, and transformed through the Legendre transformation. 

The above table indicates how the proofs of Theorems 1.1 and 1.2 are com- 
pleted. In spite of several technical ingredients, it will be observed that mass 
quantization is a consequence of the L! threshold in the blowup criterion. 

Now, we discuss the structure of the present monograph. The book is divided 
into five parts. Chapter 2 is the introduction and presents the hierarchy of the 
system of equations, one of the main themes of this monograph. 

Chapters 3, 4, and 5 present the classical theory for the time-dependent prob- 
lem. First, Chapter 3 establishes the unique existence of the classical solution 
locally in time, and also the general criterion for the blowup of the solution. 
Then the existence and the nonexistence of the classical solution globally in 
time are discussed in Chapters 4 and 5, respectively. 

The third part — Chapters 6, 7, 8, 9, and 10 — deals with the stationary prob- 
lem. Chapter 6 formulates the problem, and then Chapter 7 shows quantization 
of the mass and location of the singularities of the singular limit of the solu- 
tion. This phenomenon has been already treated in our previous monograph 
[166], but the mathematical tool adopted here is quite different. That is, we 
make use of a delicate profile of the Green's function, rather than the complex 
function theory or the theory of surfaces. This analysis is applied to show the 
existence of the nontrivial stationary solution using the variational method in 
Chapter 8. Then, Chapter 9 describes the second theme, unfolding the Legen- 
dre duality via the Lagrange function. This spectral theory is realized as the 
dynamical and the stability equivalences. Then, in Chapter 10, the quantized 
blowup mechanism is suggested from observations of the stability and the in- 
stability of stationary solutions. 

The main theme, the quantized blowup mechanism, is proven in the fourth 
part, Chapters 11, 12, 13, 14, and 15. First, we establish the formation of col- 
lapses by the space localization of the method of Chapter 4 concerning the 
existence of the solution globally in time (Chapter 11). This consequence is 
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discretized in the time variable to study the blowup in infinite time (Chap- 
ter 12). The method of Chapter 5 for the nonexistence of the solution globally 
in time, on the other hand, is also localized in the space variable, and it is shown 
that the mass quantization of the collapse occurs if the solution continues after 
the blowup time as a weak solution (Chapter 13). In Chapter 14 itis suggested 
that the actual quantization is related to the blowup rate, and finally Chapter 15 
establishes the mass quantization of collapses using the parabolic envelope and 
the blowup criterion of the weak solution on the whole space generated by the 
limiting process for the rescaled solution. We use also the reverse second mo- 
ment and the forward self-similar transformation for this purpose. It is proven 
also that the type (I) blowup point shows the profile of emergence and the type 
(П) blowup point is hyperparabolic using the concentration lemma. 

The final part, Chapter 16, is an epilogue, where the general variational prin- 
ciple for the study of the mean field equations is presented, including the un- 
folding of the Legendre duality. It is an abstract theory based on the material 
discussed in the third part in the context of convex analysis, and applications 
to other systems are proposed. 


2 
Background 


Nobody has ignored living things who 
has thought of entropy seriously. 
— H. Tanaka 


This chapter is a short description of mathematical modelling of the problem. 
First, we describe the physical motivation. In fact, parabolic-elliptic systems 
with drift terms are found in several areas of science involved with the transport 
theory; statistical mechanics, quantum mechanics, physical chemistry, and so 
forth. Here, we mention two of them, the semiconductor device equation and 
the vortex equation. 

The first system, referred to as the DD model, is written as 


n; = У · (Уп – пуд) 
р = У: (Ур+рУф) р in 2x (0, Т), 


Аф =п = р 
0 
Eo ntu ow 
Qv Qv 
д д 
Lpp tz) on д2х(0,Т), 
Qv Qv 


ф=0 (2.1) 
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where n — n(x,t) and p — p(x,t) denote the densities of the electron and the 
positron, respectively, and ф = ф(х, t) is the electric charge field derived from 
those particles. As is described in the previous chapter, in the case of n = 0, 
this system is reduced to (1.1) with the opposite sign in the second term of 
the right-hand side of the first equation, if the second equation is replaced by 
(1.5), where G = G(x, x’) denotes the Green's function for —A in Q under 
the Dirichlet boundary condition. Here, the formation of the electric charge 
field provides the self-repulsive force to the electrons. Positrons are similar, 
and therefore this system is dissipative. Its physical modelling is described in 
[152], and several variants are mentioned in [6]. 
The second system is given by 


aya EY L 
cd (Vo a v) in R? x (0, T), Q.2) 
—Ay =o 


where 
—0/0x2 
vt = 
( 9/0x| ) 
for x = (x1, хо) denotes the antigradient. It comes from the Navier-Stokes 
system 


ы е, ш В? x (0, T), 


У.и= 0 
where 
uy 0/0x| 
и = | из and У = | 0/dx2 
из 0/дхз 


denote the velocity and the gradient operator, respectively, and p is ће pres- 
sure. If we take the two-dimensional model of x = (х1, хо, 0) and из = 0, 
then it holds that 


0 
Ухи= |0 for о = о(х1, x2). 
а) 


This system is also dissipative, but some underlying chaotic profiles are 
observed. 
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The direction of the self-interacting force in these systems — chemotaxis, 
semiconductor devices, and vortices — is different, that is, the particles create 
the field to be attractive, repulsive, and perpendicular to themselves, respec- 
tively. However, some common structures are noticed, and in particular, the 
first two systems share the physical principle of the second law of thermody- 
namics, that is, the decrease of the free energy. For instance, an equilibrium 
state is stable if it is a local minimum of the free energy, while the transient 
dynamics is controlled by the unstable equilibrium states. 

We note that the free energy is given by the inner energy minus entropy. If 
p = р(х) > 0 denotes the density of particles, then the entropy on the domain 
Q C К" in consideration is defined by 


-f p (log p — 1) dx. 
Q 


On the other hand, the inner energy is composed of the kinetic and potential 
energies and therefore it is defined by 


1 
-; / Н(х,х)р® рахах' + | pVdx, (2.3) 
QxQ Q 


where — H (x, x^) and V (x) denote the potential of the self-interaction and that 
of the external force, respectively. Here, from Newton's third law we have 


H(x, x) = Н(х', x), 


and the modulus a half of the first term of (2.3) is a consequence of self- 
interaction. If the self-interaction is due to the gravitational force, then we have 
Н (x, x) = Г(х — x’) for Г = T(x) given by (1.4). In any case, the system of 
equations describing these self-interactions is required to be provided with the 
property of the decrease of free energy, 


1 
Fi) = | pdoge - dx - ; | H(x.x)9@ pdxdx' + | руах. 
Q 2 JJ охо Q 


There is an approach by the inner friction and fluctuations of particles [8, 
185, 186]. We shall illustrate the classical theory before following the argu- 
ment. In both cases, the complete mathematical justification is hard, and here 
we draw the stories only. See the above-mentioned papers and the references 
therein for the actual rigorous proof. 
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First, the classical theory is based on the Newton equation. Thus, if m and 
N denote the mass and number of each particle, respectively, then it holds that 


vul = mV (xi) +m? Y Boy, x)] (2.4) 
jv 


fori = 1,..., №. Making N — oo with M = mN preserved, we obtain the 
limiting distribution f (x, v, t) dx dv: 
u” (dx, dv, t) =m У (ах) & (dv) 
— f(x, v, t) dx dv. 


This f(x, v, t) is subject to the kinetic model, referred to as the Jeans—Vlasov 
equation. In the normal form, it is given as 


fi = Ух: (Uf) + yVo- [Lf Vx(V – U)]), 
U (x, t) 
with a constant y > 0. 
In the next process of (dvj)/(dt) — 0, comparable to make y — +оо, the 
distribution function f(x, v, t) is replaced by the Maxwellian w(x, t)r "^. 


е" !/2. This is called the adiabatic limit. If n = 2, then w(x, t) is subject to 
the vorticity equation derived from the Euler equation, 


—Ay =o 
ор = =“. (ov (Y + v)). 


In the stationary state of this system, о = w(x) is associated with the elliptic 
problem 


-Ay =8( +V) 


with the nonlinearity g unknown [179, 180]. If the particles are spatially con- 
centrated as 


N 
w(x, t) = У ôx (dx), (2.5) 


i=l 
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on the other hand, then the concentration spots are subject to the Hamiltonian 


System 
d А 
TU Ух, x2, ..., XN) (2.6) 
dt Н 
fori = 1,2,..., N with the Hamiltonian 
WG tes XN) = — X. V (xi) + y H (xi, xj). 
i j<i 


If the gravitational force acts as the self-interaction, then H = H (x, x’) is 
given by H(x, x^) = T(x — x’). If this H (x, x’) is replaced by G(x, x’), the 
Green’s function of — A provided with the Dirichlet boundary condition, then 


AT 


is added to the right-hand side of the Hamiltonian, where G(x, x’) and R(x) 
denote the Green's function and the Robin function, respectively; that is, 
R(x) = K(x, x) with K = K (x, x’) defined by 


1 
K(x, x) = G(x, х) + z-log|x - x]. 
л 


However, this hierarchy of the system of equations is not subject to the second 
law of thermodynamics, the decrease of free energy. Actually, it is governed by 
three laws of conservation; mass, momentum, and energy. As a consequence, 
the solution has the profile of chaotic motion. 

Contrasted with this classical theory, the other approach assumes friction 
and random fluctuations of particles, and replaces the Newton equation by the 
Langevin equation: 


dxj — vj dt, 


m dv; = Vy ( -mV(x) 4m Y HG, xi)) — Bvdt + (2BkT)"/2 awi. 
jzi 
Here, k, Т, and £ are the Boltzmann constant, temperature, and friction coef- 


ficient, respectively, and (wi) denotes the white noise. Its kinetic model be- 
comes the Fokker—Planck equation, in the form of 


fr = —Vx Wf) + [У (У — О) + BKTV, . Qf t Vf) 
U(x,t) = [| Н (x, x) f(x’, v, t) dx'dv, (2.7) 
QxR" 
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where 
ох.) | f(x, v, t) dv, 
R^ 


is the density and therefore 


А =/ p(x,t)dx 
Q 


stands for the total mass. Then the adiabatic limit of this kinetic model is ob- 
tained by B > +оо; 


pi =V: (оу (V —U)) + Ap. 


If V = 0 and the kernel Н = H (x, x’) is replaced by the Green's function 
С = G(x, x’) with — A +a under the Neumann boundary condition, the above 
equation is nothing but the simplified system of chemotaxis, (1.1). 

As was described in the previous chapter, the equilibrium state of this system 
is given by the semilinear elliptic eigenvalue problem, (1.19), with the nonlin- 
earity prescribed as the exponential function. The spatially localized solution 
(2.5), on the other hand, is subject to the gradient flow with V+ replaced by V 
in (2.6): 

=ч = Ve Hx, X2, ..., XN), 
where i = 1,2,..., N. If H = H(x, x’) is replaced by the Green's function 
of — A + a with the Neumann boundary condition, denoted by G = G (x, x^), 
then the spatially localized particles are in the interior or on the boundary ex- 
clusively, and the gradient flow is defined by 


x Gi) 
2 


dxi 
XO) = V. ( - xG0V GD + DO xO NEC: x) + SRO), 


jfi 


where R(x) is the Robin function and 


Gyn 1 (x € 2), 
ada 1/2 (xe8Q). 


Furthermore, location of the N blowup points of the singular limit of the sta- 
tionary solution, (1.17), forms a stationary point of this ODE system [166]. 
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The Fokker-Planck equation (2.7), on the other hand, is provided with the 
free energy, 


fu || fog f —1)аха» 
QxR" 
-; |] Н (х, x) f(x, о, Of (x', v, t) dxdx'dvdv, 
2 Q2x R21 


and this new hierarchy is derived from the physical principle of the second law 
of thermodynamics. These two hierarchies are summarized in the following 
table. We are not concerned with their mathematical justification. Our interest 
is in the quantized blowup mechanism observed in the second hierarchy. 


ODE Newton Langevin 
Kinetic Jeans-Vlasov Fokker-Planck 
PDE Euler Keller-Segel 


Time-localized | Elliptic eigenvalue | Liouville-Gel' fand 


Space-localized Hamiltonian Gradient 
Physics || Conservation laws Free energy 
Mathematics Chaos Quantization 


Part of the biological background to (1.1), on the other hand, is the micro- 
scopic derivation made from the biased random walk [3, 128]. Another is the 
reinforced random walk [127]. The underlying structure is the movement of 
many particles controlled by the other species. In this chapter we discuss the 
argument for the latter. We discuss mostly the one-dimensional lattice £, but 
the n-dimensional lattice £” is treated similarly. See also [152] for more de- 
tails. 

First, we identify £ with 


Z={...,-n-1,-n,-n+1,...,-1,0,1,...,.2-1,n,n+1,...}. 


If p,(t) € [0, 1] denotes the conditional probability that the walker stayed on 
site n = О at time t = 0, and is on site n = n at time t = t, then we obtain the 
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master equation: 


дрп 


эу = baia Tapa — (Ту + Ty Pn, (2.8) 


where T+ denotes the transition rates that the walker staying on site n jumps 
to site n + 1 in the unit time. We consider the case that these transient rates 
T are controlled by the other species living in the sublattice Ё, of which the 
mesh size is half that of £. Let the density of that species be 


ш = (..., W-n—1/2, Ш—п, Ш—п+1/2,...,Ш—1/2, 


wo, Ww1/2, + Un —1/2, Un, Un--1/2; oe 2 


If the transition probabilities depend only on the density of the control species 
at that site, then it holds that 1 = T(w,) and hence (2.8) is written as 


дрһ 


ap = Т(шл—1)рл—1 + (штат) рача = 2 (Wn)Pn- — Q9) 

Therefore, writing x = nh by the mesh size h of the lattice, we obtain 
— = h — (T O (h^). 2.10 
5 = fas (fanp) + 00) (2.10) 


If we have the scaling t^ = At, then we can take T (ш) = AT (ш). Under the 
assumption lim} уо АА? = D > 0, it follows formally that 


др д? 
Эг = Po (Т (ш)р) 
by putting г for rt’. Thus, the response function T (ш) represents the micro- 
scopic mechanism of the jump process. On the other hand, the variables p and 
w are coupled, and w is subject to another equation involving p. 

In the barrier model, the transient rate at site п is determined by the densities 
of the control species at site n + 1/2. Thus, the control species which governs 
the jump process makes a barrier to the particle. We have 


T*(w) = Т(шь+1у2) 
and the master equation (2.9) is now reduced to 


OPn 
ot 


= ЁЎ(шп—1у2)рп—1 + T (wn 41/2) Patt 


— (Т (wn41/2) + T (Wn—1/2)) рп: 
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Here, the right-hand side is equal to 


T (wn i2) (пі — рп) + T (wa—1/2)(Pn—1 — Pn) 


= hf wns) = fan, (22 + о@)) 


ао) +0 


and we obtain 


DRE др 
= = р (то?) (2.11) 


under the same scaling lim; уо Ah? = Р > 0. 

We note that the mean waiting time of the particle at site n is given by 
(T + T in (2.9). In the case that it is independent of w and n, it holds 
that 


Ti (ш) + T; (ш) = 2А, 


where А. > 0 is a constant. If the barrier model is adopted here, then T+ (w) = 
(MORES, /2) follows. These relations imply 


T (Wn1/2) 


Е T (Wn41/2) + T (wn-1/2) 


The renormalization is ће procedure of introducing а new jump process by 
replacing the right-hand side as 


T (Wn+1/2) 


eos. ee usu 
T (Wn41/2) + T (wn—172) 


with some T (w). Writing 


T (wn4+1/2) 

T (Wn41/2) + T (ws-1/2): 
T (wn—1/2) 

T (Wn—1/2) + T(ws41/2) 


N* (wn41/2. Wn—1/2) = 


М (Wn—1/2; Un41/2) = 


we have 


Ї# (и) Б 2AN * (иһ, Wn—1/2), 
ДАМ  (wn-1/2, Wn+1/2), 
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and the master equation (2.9) is reduced to 


1 Opn 


DUET = № (шл—1/2, Wn—3/2) Pn—1 + М (Wn41/2, Wn+3/2)Pn+1 


— IN * (ия+1у2, Wn—1/2) + NT (шл—1у2, Wn41/2)} Pn. (2.12) 


In this model, the sublattice is assumed to be homogeneous so that N* is inde- 
pendent of n. Letting N (u, v) = N+ (u, v), we have N (v, и) = 1 — N (u, v) 
and 


T (u) 
N (u, v) = —————. (2.13) 
T (и) + T (v) 
Putting x = nh, we see that (2.12) has the form 
1 dp 29 (0p дш 2 
= һ ( — 2p(N, — Ny =) h3). 
X8r ахах M a 
Therefore, under the scaling limp o Ah? = D > 0 we obtain 
др д (др дш 
Z -D—(I-2 Nu №) | 2.14 
Bp c ge Agr ve ( : x) Fem 
Here, we have 
T(v)T’(u) 1 
Ny(w, w) = ——— 9 — = 2(108 700) 
(T) +T) lu=v=w 


and №, (ш, w) = —N,,(w, w) by (2.13) so that equation (2.14) is written as 
др 9 (др д 
— = D— | — – p—logT . 
ot Ox ( Р x is 2 
In the п space dimensions, we have 


д 
= = DV -(Vp— pV log T (w)). 


This is the form of the first equation of (1.1), and there the chemotactic sensi- 
tivity function and the average particle velocity are given by 


x(w) = D(log T(w))’ 


and 
v = —DV log p + D(logT(w)) Vw, 


respectively. 


3 
Fundamental Theorem 


We study the system of chemotaxis, or the adiabatic limit of the Fokker-Planck 
equation, and thus, 2 C R” is a bounded domain with smooth boundary д9, 
and V = log W stands for the potential of the outer force, where W = W(x) > 
0 is a smooth function of x € Q. 

This system is also involved with the parameter т > 0 and the self-adjoint 
operator A > 0 in L?(Q2) with the compact resolvent, defining the relaxation 
time and the field formation, respectively. Then, this system is given by 


и = У: (Vu — uV (v + log W)) in Әх (0, T), 


д д 
—u — u— (0 +102 №) = 0 on д9 х (0, Т), 
дъ ду 
а 
РОЦЕ fo ѓє (0, Т), (3.1) 


where и = u(x,t) and v = v(x, t) are unknown functions of (x,t) € Q x 
[0, 7). The initial value is provided with 


u|j.o-— uo(x) >20 in Q, (3.2) 
and if we take the full system of t > 0, then the additional initial value 
vl=0 = vo(x) in Q (3.3) 


is also prescribed. 
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The operator A can be — A-Fa with the Neumann boundary condition, where 
a > Oisaconstant. It may be — A with the Neumann boundary condition under 
the constraint Js -dx = Q, that is, Av = u if and only if 


1 
-Av =u- | ийх in Q 
|Q| Jo 
Qv 
w- ET f vax=0. (3.4) 
Qv Q 


In the third case, it is —A with the Dirichlet boundary condition. 

These cases are studied by [38, 73, 106], and are referred to as the (N), (JL), 
and (D) fields, respectively, in this book. Excluding the boundary blowup of 
the solution to the (D) field is open. Except for it, we do not have any essential 
differences in these fields in the study of the quantized blowup mechanism of 
the simplified systems. 

Unique solvability of (3.1) with (3.2) and (3.3) locally in time is more or less 
known [152]. In this chapter we follow the method of [150] and give a scheme 
valid for the semiabstract system, (3.1)-(3.3). Because the simplified system is 
easier to handle, we will concentrate on the full system. 

We propose for А to be regarded as an operator in L? (Q) for p є (1, оо), 


satisfying 
|^" 


with a constant A(p) > 0. Here and henceforth, W’:?(Q) denotes the usual 
Sobolev space composed of the functions defined on €2 whose derivatives up 
to mth order belong to LP (Q). The identity operator is denoted by / if it is 
necessary to indicate explicitly. Putting 


A(p) (3.5) 


< 
LP(Q),W2?P(Q) 


Ag — A — BI 
and X, — {z EC | 0 < [аго z| < w}, we suppose the existence of В > 0, 


о € (0, 7/2), and M > 1 such that Ag is of type (о, M) in L? (Q), that is to 
say, CV У, C p(Ag) holds with 


Td 


for z € CXV X, and each > 0 admits М, > M satisfying 


era"! 


< 
LP(Q),LP(Q) T 


M; 


< 
LP(Q), LP(Q) T 
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for z € CX X,,,. Here and henceforth, p(Ag) = C V o(Ag) denotes the 
resolvent set of Ag, so that o (Ag) indicates its spectrum. 
These operator-theoretic assumptions guarantee the generation of the ana- 


lytic semigroup 
le^] 
t20 


in LP (Q), and the (N), (JL), and (D) fields actually satisfy them. (See Tanabe 
[168, 169].) For these concrete cases, on the other hand, the method of Sobolev 
and Morrey spaces has been proposed to show the unique solvability of (3.1) 
locally in time [14, 187]. This method requires more real analytic profiles than 
the assumed kernel G(x, x^) of A^, but reduces the assumption to initial val- 
ues. Here, we use the operator-theoretic approach, because we are interested in 
the classical solution mostly, and we can reduce the real analytic assumption 
to A under the cost of the regularity of the initial value by this method. Thus, 
we show the following theorem. 


Theorem 3.1 Let (3.5) hold and Ag = A — BI be of type (w, M) in LP (Q), 
where p > max{2,n}, В > 0, о € (0, x/2), and M > 1. Then, if the initial 
value is taken as 


(uo, vo) € WP? (Q) x A (LP (Q)), 


system (3.1) with т > О admits a unique classical solution (u,v) locally 
in time, that is, и = u(x,t) > O is continuous on Q x [0,7] and c?! 
in Q x (0, T, v = v, t) belongs to C! (0, T], L"(Q)) and to С([0, Т], 
A (LP (Q))) for some Т > 0, and (и, v) solves (3.1) with (3.2) and (3.3). 
Furthermore, u(x,t) > 0 holds for (x, t) € О x (0, T] if uo Æ 0. 


Proof: We put t = 1 for simplicity. Then, by 
U =u-exp(—v — log №), 
system (3.1) is transformed into 


U, = AU + V (0 + log №). VU —v,-U in Qx(0,T), 


ðU 
— —0 on д9 х (0, Т), 


Qv 
d 
T + Av = U -exp (о +100 М) for гє (0, Т) (3.6) 


with the initial value 


U|;-9 = Uo(x) and vip =vo(x) in Q, (3.7) 
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where Uo = uo- exp (—vo — log W). If Ay denotes the differential operator A 
provided with the Neumann boundary condition, then they are reduced to the 
system of integral equations 


U(t) = e'^" Uo + Гао [V (0(5) + log W) - VU (s) + v (s) -U (5) |45 
0 


v(t) = e! ^v + | e 0794 [U (s) - exp (v(s) + log W)] ds. (3.8) 
0 


Here and henceforth, le AN ] 0 and fe~ 3 >р denote the semigroups gener- 
ated by Ay and —A, respectively. 

In what follows, p > max(2, n] is fixed. Then, Sobolev’s imbedding the- 
orem guarantees 0 < uo є W'?(Q) C C(Q) and vo є A^! (LP(Q)) C 
W?P(Q) c C! (Q). This implies 0 < Up € W}? (Q). 

To get the solution by the contraction mapping principle, we take 


BET) = (о, v) € C ([0, T], L^(Q) x L?(Q)) | 


T 
| lud: < 12, вар Av@)lly < L, 
0 te[0,T] 


sup IU (е) утро xL, 00) = Uo, 
te[0,T ] 


T 
v(0) = vo, | о, (0015 dt < 2d 
0 


and set F(U, v) = (F,(U, v), Fo(U, v)), where Т, L > 0 are constants and 
Zi, v)(t) = ^N Uo 

+ | en [у (v(s) + log W) - VU(s) + 0, (5) - U (s)| ds 
£X(U, v)(t) = e "^v 

+ |: gr 94 [U (s) - exp (vs) + log W)] ds. 
Then the fixed point of F in B(L, Т) is obtained by the following lemma. 
Lemma 3.1 We have L, T > 0 satisfying 


F (B(L, T) С B(L,T) (3.9) 
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and 
IF Wr, и) = Z5, wlixary = $ MUL. v) = U2, lx G10 
for (U1, v1), (U2, v?) € BCL, T), where 


IW, Dlx = sup |UOllwrra + sup ПАУ), 
te[0,T] te[0,T] 


T 1/2 T 1/р 
+{/ [uo oar] +{f | ©] гаг}. 


Proof: We can show that (3.9) and (3.10) are satisfied for L > 1, arbitrarily if 
T > Ois taken to be sufficiently small. The proof of these relations is similar, 
and we only show the former. 

The operator-theoretic features of — A y necessary for the proof of this lem- 
ma are well known. Thus, there is a constant M, > 0 such that 


< MC 


[Can + 012 et < 
LP(Q),LP(Q) 


for t > 0, and furthermore, 
(Ам + DI? (L?(Q)) = WP (2) 
and 
[ег | LP(2),LP(Q) € 1 
hold true. On the other hand, the relation 
AV? (LP(Q)) стро) c c(Q) (3.11) 


is obtained by (3.5) and the interpolation theory. 
First, we note 


| Aw + o AW, vO], s le” C An +"? vo], 


t 
| 
0 


The first and the second terms of the right-hand side are estimated from above 
by 


(—Ay + 1)'/2 e@ “AN 


[V (o) + log W) - VU(s) + v GS) - U (5)] | as, 
p 


| Aw +)! Vol, 
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and 
t 
My |а 97 7| GG) + log W) -YUG) + n) UG] d. 
0 


respectively. 
We have constants К; > 0 (i = 1, 2) determined by © and p, that is, 


Ilo = KiU wi, 
and 
| (An +1)" U|, = к |0 | yur: 
From the first inequality we have 
Уо < KiA(p) Av. 
Therefore it holds that 
|У (0(5) + log W) - VU (s) + о, (5) -UG)]|, 
< [v(v&) + teg w)],, [VIO], + Iw 2], LUO. 
< Ki(A(p)|Av() |, + | Vlog иу |, + [1 ME wo: 
For (U, v) € B(L, T) this implies 
cart AG. vO] < [Can +d! vo] 
p p 
+2TM1K;ı (A(p)L + У log WIL) L 
t 
«nnt | (t 5) 1? por (8911, ds. 
0 
Here, the last term of the right-hand side is estimated from above by 


p-l 


t 1 
ne (Rey) fue ds) es, 
0 


and we end up with 


ПА СО, v) Ol wi o(oy € K2 Оо wie) 
2T MiKi (A(p)L + l|Vlog Wl.) L 
2(р e) 


1 1 
jd IT eM Ka 
p-2 
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for t € [0, Т]. Therefore, if we take L > 0 as large as 


K2 | Uo [з < L/2, 


and then take Т > 0 as small as 


Ad) 1 
(р 2. "MiKiL? < 1.2, 
p- 


2T Mi Ki(AQ)L + |У 10|.) + 
it holds that 


ZU, v)(t ED 
a oleam 


The function W = F(U, v) solves 


W,=AW+V(v+logW)-VU-vu,-U in х (0, Т), 
aw 


—=0 on 02x (0, Т). 
дъ 
Therefore, testing W;, we get 
T 1 
LATER 
T 
+ | (v toc vo, po U fy): wol 
1 T 
ув +] [т 
py 2 2 
+5/ (Iv @ +108 W) -VU f? Ju U) ar. 
This implies 
T 
f, wlat = | vu; 
T 
«f (IV c +log W): VU]; + fur U |) at 
0 
2 2 
< [vuol - sup [VO] + | log |.) 
tc[0, T] 


- sup [vuol 
te[0,T] 


2 T 2/p 
+ sup wol (f lute) roe. 
гє[0,Т] 0 
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and hence 


T 
f, Walidi = [vuoli 
+T (Ki A(p)L + |V log |)? K222 + T?/07» К214 


follows. Again, taking L > as large as (КИЛЕ < L/2 and then T > as small 
as 


T(K1AQ)L + |Vlog W|) K?L? + TP?" KAS < L/2, 


we have 


f 2 
LATET 
0 


for any (U, v) € B(L,T). 
We turn to the estimates for Z = F2(U, v). First, we note 


JAz«], = le ^ Avo], 


t 
d | / Ae "9A [vo А РОНЕ] ds I, 


T 
«f [Ae 9] LP(Q),LP(Q) LAM 


| ue"? — uc)e"? |. as. (3.12) 


Here, the second term of the right-hand side is equal to 


(е - D[w -u me”) I. 


We have 
lent | озо» < M2 
for t > 0 with a constant M» > 0, and this term is estimated from above by 
(Mz + D: |W]. - ([Uoe | „+ UO? — oe" |. 


For the third term, we apply the smoothing property, 


[йе sein < Mat (3.13) 
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for t > 0, where Мз > O is a constant. Then, it is estimated from above by 
t 
Ms: [Wa f= sy Umer -uce as. 
0 
Now, we note 
Ju we” — ue"? < |uo - uc], ехо (LOL) 
t 
«quel exo [ sup pool If seal. 
te[0,7] 5 
From р > 2, the first term of the right-hand side is estimated from above by 
VO- ue UO- UON” exp (PO) 


t 2/p 
< (Ole HOAS Olas elol): 


This implies 
JU ce"? — ue"? |, 
Е г 1/ 
(р—2) 2 
= (ию e Ioco" n EP qui] 


-|t —s|!/? . exp | sup KiAQn | Av], 
te[0,7] 


р 


+ |0 (8) |. - exp [KiA(p) sup lavol} 
te[0,T] 


T 
Af, rte "sn 
0 


and therefore for (U, v) є B(L, T), we have 


| U (t)e" — U (s)e* |, 
< QKi|L)9 P [t — s|VP L?/P . exp (Ki A(p)L) 
+KıL - exp (K1A()L)  L |t 8”. 
These estimates are summarized by 
|0 ce"? — Ue], 
< a(L)@ — s)? + aL) — s) VP, 
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where a; (L) > 0 15 a function of L for i = 1,2. 
Returning to (3.12), we obtain 


[AZO], < М | Ао] „+ (M2 + D) |W eV], 
t (Mz 1 |W]: [аат + LAM. 
+ MW] [paT + — aor tn]. 
Therefore, the condition 
sup |Az»(U, DOl, xL 
te[0.T] 
holds if L > 0 is as large as 
M»|Avo] , + (M2 + 1) |W - euo] , < 2/2, 
and T > O is as small as 
ом +1) |W], laor" a 
+ Ms|W | [p aor!" + - + 2 а()ті- te] < 1/2. 
Finally, using 
dZ 


4, tAz= QUE 


we obtain 
T 1/р Т 1/р Т 1/р 
n izla) <I f [7] «lj ШШК 
< Т!/Р. AZ(t)|_ +7'/?. |W 
< cue [Azo], и |. 


. exp | sup Ol} - sup vol, 
te[0,T] te[0,T] 
< TPL ът. |w] -exp(KiL)- KiL. 
Thus, we have 
T 
/ |F2U, 0) |50 < L? 


for (U, v) є B(L, T) for T > Osufficiently small, and the proof is complete. 
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Now we complete the following proof. 


Proof of Theorem 3.1: From Lemma 3.1, we have a solution to (3.8) in (U, v) 
€ B(L,T) for T > 0 sufficiently small. It becomes a classical solution to 
(3.6) with (3.7) by Ug є W!?(Q), vo e AW! (L?(Q)), and p > n, and 
consequently, the solution to (3.1) with (3.2) and (3.3) is obtained. 

The positivity of u(x, t) follows from the strong maximum principle applied 
to the first equation of (3.6). Finally, uniqueness of the solution to (3.8) is a 
consequence of the proof of Lemma 3.1. 

In fact, if (U1, 01), (U2, v2) € B(L, T) are fixed point of F for some L, T > 
0, then (U1, v1)(t) = (U2, v2)(t) follows for t € [0, Т] with some Т € 
(0, T). Now, the continuation argument gives (U1, v1)(t) = (U2, v2)(t) for 
t € [0, T]. This implies the uniqueness of the solution to (3.1), because any 
solution with the required regularity is transformed into a fixed point of F on 
B(L, T) for some L, T > 0. The proof is complete. 


We proceed to the second topic of this chapter. That is, system (3.1) satisfies 
the standard criterion for the blowup of the solution, and hence Tmax < +оо 
implies Ит} Т ах ||u(f)]loo = +оо. Moreover, it is shown that there is p > 1 
such that if 


lol, x С 
holds with a constant C > 0 independent of t € [0, Tmax), then we have 


Tmax = +00 апа sup kols < +00. 
t>0 


Furthermore, we show that this uniform estimate assures the compactness of 
the semiorbit 


O= { (u(t), v(t)) ls 


in C? (Q) x C?(Q). The proof for these facts is given by [14, 50, 110] based on 
Moser's iteration scheme [2], but here we make use of the maximal regularity 
theorem of Dore and Venni [41]. 

In fact, as a special case, this theorem assures that if the maximal accretive 
operator A in LP (Q) admits constants В, > О and y є (0, 2/2) such that 


| A^ Bye! (3.14) 


| LP(Q),LP(Q) © 
for s e R, and if u = u(t) € C ([0, T), LP(€2)) solves 


^ ы Аты 
ЛЕ 
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for t € [0, Т) and 
u(0) — 0, 


then it holds that 


T T T 
| Juco [gar + f |Au(]5ar < ca. »[ | /« | at. 
0 0 0 


where C(T, p) > O isa constant determined by Т > 0 and p є (1, оо). (This 
constant C (p, Т) can be taken independently of Т [57, 132], but this refined 
version is not necessary in later arguments.) 

We also suppose 


A^*(L* (Q)) = W?9*4 (Q) (3.15) 


for q € (1, со)апа o є (0, 1/4). These conditions (3.14) and (3.15) are actu- 
ally satisfied for the (N), (JL), and (D) fields [61]. 

Henceforth, || - ||cm+0(q) denotes the standard Schauder norm, where т = 
0, 1, ... апад є (0, 1). Then, we can show the following theorem. 


Theorem 3.2 Assume the hypotheses of Theorem 3.1 with p > п + 2, and let 
Tmax be the supremum of the existence time T > 0 of the solution to (3.1). 
Suppose, furthermore, that (3.14) and (3.15) hold with p > n4-2, q € (1, oo), 
and a € (0, 1/4). Finally, take 

(uo, vo) e WP (Q) x A! (L^(Q)) 


for р > max(2, п}. Then, if Tmax < +00, we have 


df, Ino, = em 


Conversely, if Tmax = +00 and lim SUP; оо oly < +оо, then it holds 
that 


sup [Oleo + Olena] <+, (3.16) 
tz 


where 0 € (0, min {5 1— zi. On the other hand, if 
kol, «c 


holds with p > max{2,n} and C > О independent of t € [0, Tmax), then we 
have Tmax = +œ and ѕир, || w(t) i < +00. 
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Proof: We take the case r — 1 without loss of generality. We shall show that 
if T < Tax, 


t= sup [uO] (3.17) 
te[0,T] 


and à € (0, Т), then there is a constant C (ô, £) > 0 independent of Т such that 


sup Пасо ense, + PO cera + [AO], |= c'e. 0. (3.18) 
te(5,T) 


This implies 


lu | C240.1-0/2 (OQ x (8, T )) F ||| C24+9,1+6/2(Qx (8, T)) = C(8, £) 


from the standard theory [85]. 

Since the blowup time of the solution assured by Theorem 3.1 is estimated 
from below by ||uoll w1. p(o + llAvollp, inequality (3.18) implies the first asser- 
tion of the theorem. In fact, taking a sequence fy 7 Tmax as that of initial times, 
from the above criterion we see that Tmax < +00 cannot occur in the case of 


sup ОЕ « +00. 
k 
In other words, we can exclude the possibility 
lim inf lue), < +оо with Tmax < +оо. 
The second assertion of the theorem also follows from (3.18). In fact, if 


Tmax = +оо 


and lim 50р, +оо lut) | < +оо, then inequality (3.16) follows as a conse- 
quence of (3.18). The last assertion of the theorem is obtained by the proof of 
(3.18). In fact, it shows that £ of (3.17) is replaced by 


t 
sei lol P 


for p > max{2, n} in this inequality. 
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Thus, the main part of the above theorem is reduced to (3.18), which we 
prove by several lemmas. For the moment, the exponent p is taken in p > n+2. 
First, we show the following lemma. 


Lemma 3.2 The inequality 


sup Ols < Co (3.19) 
te[0,T] 


holds with a constant Со > 0 determined by #. 
Proof: The assumptions to A imply 


JAl/e-t4 | а < Митев! 


(Q2),LP(Q) — 


with some M4 > О and f, є (0, В). From the third equation of (3.1) this gives 
t 
[auo], = Ma] A! wo] „+ ма [ (r — s) eA huc], ds 
оо 
< № |А? ||, + м | se Віз д5 (QP £, 
0 
and hence 


sup |A'7w()|,, < С, (3.20) 
te[0,T] 


follows with a constant С > 0 determined by £. This gives (3.19) by (3.11), 
and the proof is complete. 


Inequality (3.19) implies 


sup [U()]|., x £- exp (Co + | log W|) (3.21) 
te[0, T] 


for U = u-exp(—v — log W). Now, we show the following lemma. 


Lemma 3.3 The inequality 


sup |VU@|, = C (3.22) 
te[9,T] 


holds with a constant С» > 0 determined by £ and à € (0, T). 
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Proof: We may suppose Т > 1 and à € (0, T — 1). Then, we shall prove that 


sup | vu], < Co (3.23) 


te[to,to4-1] 


for to € [6, T — 1]. Here C2 > 0 15 а constant determined by £ and б, and аге 
independent of T and tg. So are C; > 0 (i = 3,...,6) prescribed later, and 
thus inequality (3.22) follows from (3.23). 

First, we see that 


t 
v(t) = | e 79A, (s)ds 
0—86 


satisfies 


d 
"T Aw =и 


for t € [to —6, 0+ 1] with vj (fy — ô) = 0, and therefore the maximal regularity 
theorem guarantees 


to+1 dvi б [ © 
—— || dt + A dt < C3. 
J Vene Лаас 


On the other hand, we have 
v(t) = vi(t) + v(t) 
for t € [fto — ô, Tmax), where 
v(t) = e “FA (n — 8). 
Inequality (3.13) implies 


IF 
dt 


for t € [to — 6/2, T], and hence 


p - А (О, < M3 - 287! . |2|!/P Co 


to+1 0+1 
| |v, [ае + | | Av]: < Са (3.24) 
to—ô/2 m 19—8/2 2 


follows. This gives also 


to4-1 
| | Vow) |2 dt < (К\А(р))?С. (3.25) 


to—ô/2 


50 Free-Energy and Self-Interacting Particles 


Let tı = to — 8/2. Then, from the first and the second equations of (3.6), for 
t € [0, 1 + 6/2] we have 


|(— Aw € Ua nl, s [(— А +1) ено), 
t 

+ | || (—Aw + Ру oU AN [V(v(s + tı) + log W) 
0 


VU +t) tus +t) UG o г)]| „45 
< Ми? |Q\'/? . €- exp (Co + |logW |.) 


t 
+m | E= 5) 12 |У (Gt) log W |. |VUG +t], ds 
0 
t 
+m f a= 57 [UG tlh Пов + п) ds. 
Here, by (3.25) we have 


ГА 
Í (t— s) Y QG + п) + log W) |o | VU G +01) |1,45 
0 


ІЛ 


0+1 Vp 
| veo. + Ive "at 
to—6/2 
t à 5 (p-D/p 
| И] (2 —s) D |VU(s коа) 
0 
< (к1А(р)Су/? a 5/2? | v log w |...) 


t Ў Е (p-D/p 
: u (t— s) 20-0 | vu (s «gas 
0 


and by (3.21) and (3.24) 
t 
J e- 9P ue + ооо, 
0 


(p-D/p i 
| А pu 


t 
< €-exp (Co + | log wi) . И] (t 2:3) 20-0 d; 
0 
Furthermore, it holds that 
g(t) = |vua- nm], s Ka] (An t+ D'ZU( 0), 
Therefore, for a = p/2(p — 1) є (0, 1) we obtain 


t 1/(20) 
b(t) < Cs |+ f (t зова) | 
0 
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Then, Gronwall's lemma implies 
P < Cs (r1? +1) 


for є (0, 1+6/2]. Restricting t in [6/2, 1+46/2], we get (3.23), and the proof 
is complete. 


Now, we show the following lemma. 


Lemma 3.4 It holds that 


sup fol C?*9 (Q) + | Ava) a] < C7 (3.26) 
te[d,T] 


with a constant C? > 0 determined by 0 € (0, min{5, 1 – 21). £, and ó € 
(0, Т). 
Proof: Similarly to the proof of the previous lemma, we suppose T > 1, take 


6 € (0, T — 1), and show 


sup |4000) eso < C (3.27) 


telto,to+1] 


for tọ € [8, T — 1]. The constants C; > 0 (i = 8,..., 13) given below are 
determined similarly by £ and ô, and are independent of fo and Т. Therefore, 
(3.26) will follow. 

First, for 0, € (0, min(5, 1— 51) we have 


к + [v | EC 
Жа s Um (I ( | c^ (9) [vc | C^ (Q) 8 


by (3.20)-(3.22) with à replaced by 5/2. This implies 


t < С 
ee ЕП luc )| cQ = С9 


and hence 


sup [uc] w^i«(q) = С10 
telto—8/2,t0+1] 


follows for q > 1. For œ = 01/2 € (0, 1/4) we have 


sup Auo < Сп 
telto—ô/2,to+1] 
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by (3.15). Therefore, writing 
Alt u(t +t) = 


t 
AMY e Aut) + | Al Уот А. A%u(s +tı)ds (3.28) 
0 


with ti = to — 5/2, we get 


spp At’), < Cr (3.29) 


te[to,fot+1] 


for any y є (0, о) because 


[Ае 4 [ше кай) < Мр? 


holds for B > 0 with Mg > 0. 
We have 


AY (L*(Q)) c W?"*(Q) c c*(Q) 
and 
ATIY (p*(Q)) c w?*?r4(9) c c?t*(Q) 
ifo = 2у — à 7 0. This condition holds for large q, and then 


Sup TETTOT A + boleo} < Сз 


telto,to+1] 


follows from (3.29). The exponent 0 can be taken arbitrarily in 6 є (0, 20), 
and the proof of (3.26) is complete. 


Now, we proceed to the following lemma. 


Lemma 3.5 We have 


n | U(t) MITT = C14 (3.30) 


foro —1-— 12 with a constant Суд > 0 determined Бу £ and ô € (0, Т). 


Proof: Similarly to the proof of the previous lemma, we suppose T > 1, take 
6 € (0, T — 1), and show 


sup |U @) cea) < Сд (3.31) 


t€[to,to--1] 
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for to € [6, T — 1]. 
Letting w = V (v + log И): VU — v; - U, we have 


f 
|. Лора = с 
ю—8/2 Р 


by (3.26), (3.22) with б replaced by 8/2, (3.24), and (3.21). Similarly to (3.28), 
we have 


(Ayn +1)” U(t) = (“Ау + D e'^"U(t) 


t 
+ | (Ау + DY eX w(s +t) 45 (3.32) 
0 
for t = tg — 8/2. The second term of the right-hand side is estimated as 


t 
| / (Aw Ty ef IAN w(s + й) ds I, 
0 
t 
< М, | (t — 5) |5 + п)|| „45 
0 


t А (p-D/p | 
< М; И] (t—5) УРТ as| . p 
0 


with М, > 0 and hence 


sp || (-Av +)” UM], < Cie 


té[to,to+1] 
follows for y € |o. 21). This gives 


sup | (Ам +D 0(0) |, = Cio (3.33) 
te[9,T] 


and then (3.30), because W?%:P (Q) c C!** (Q) holds for 


_ Xp 1) mE ER n+2 
р р р 


0 > 0. 
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Now, we complete the proof of Theorem 3.2. First, we confirm that inequal- 


ity (3.18) holds. In fact, it is a consequence of 


U (t <C 
ane | ( )| C?-9(Q) = 17 


by (3.26). 
To show (3.34), we note that 


sup | HO] с о, < Cig 


holds for 62 € (min(4, 1 — ny) by (3.26) and (3.30). This implies 


C 
A5, Intl, 20 


by (3.26) and the third equation of (3.1). Therefore, 


СОЕ 


follows for q > 1, where 
w = V(v+logW)- VU — v- U. 
We have 


sup | (-Aw  D* wO < Сә 
telô,T] 


(3.34) 


by а = 02/2 < 1/4. Then, the second term of the right-hand side of (3.33) is 


estimated as 


t 
| | (— Ау + DY ef ^N w(s + fj) ds | 
0 q 


t 
= fts | q= s) YTS ds - C5 
0 


with Mya > 0, and hence 


sup | Ау +D 00) |, = € 
tel, T] 


follows for у € [0, 1 + a). We have 


W?r4(Q) c c?**s(Q) 
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for 63 = 2a — F = 0 — 2: Taking large q, we have (3.34) for each 0 є 
(0, min(5, ] — ney). Thus, inequality (3.18) is proven. 

To confirm the final part of Theorem 3.2, let us note that Lemma 3.4 holds 
under the assumption of Theorem 3.1. Thus, the solution (u, v) constructed in 
the previous theorem is in 


(u(t), v(t)) € C? (©) x A^! (c*(Q)) 


for є (0, Tmax). In other words, the condition p > n + 2 is only necessary to 
confirm (3.14) in Theorem 3.2, and the initial values can be taken in 


(uo, vo) € WEP (Q) x A^! (L?(Q)) 
for p > max(2, n]. Furthermore, then, Lemma 3.2 holds if £ is replaced by 


sup lut) I, (3.35) 
te[0,T] 


for p > n, and the proof of Lemma 3.3 is valid similarly for p > 2. Thus, 
we get the final assertion of the theorem because the value given by (3.35) for 
p > max{2, n) can take place of £. 


So far, we have confirmed the local well-posedness and the standard blowup 
criterion for (3.1). We conclude this chapter by a note on the convergence of 
the full system to the simplified system. We study this problem in an abstract 
setting, which is applicable to the concrete problem, say, (3.1) for the appro- 
priately regular initial value uo, vo. Thus, if —L and —H are generators of 
the holomorphic semigroups on a Banach space X, denoted by {e~‘ Peso and 
(e! P |, respectively, then this full system in the abstract form is indicated 
by 


и + Lu = N(u,v), и(0) = ug, 
Tv + Ни =и, v(0) = vo, 
where т > Qand N : X x X — X isa locally Lipschitz-continuous mapping. 


Let u” = u*(t), v? = v" (t) € C ([0, T], X) be its solution, that is, 


t 
и" (t) =e uo «f е0-91 ү (u* (5), v' (s)) ds, 
0 


t 
ШО =e tay | ent (79H rlut (8) ds, (3.36) 
0 
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for t € [0, T]. Let C > 0 be such that 


|. sup оо «c 


max | sup |u ||, sup 
te[0, 7] te[0, T] 
for0 < t < 1, and take L > O in 
мк, 0) — Ne v] о (а — v] + о) 


for u, v, u', v € B(0, C) C X. We also suppose the existence of M > 0 and 
ó > O such that 


le^] <M and Je] < me 


for є [0,7] and > 0, respectively. Finally, we assume the existence of 
и = u(t), v = v(t) € C (0, T], X) in 


max | sup lu) |. sup bol} <C, 
te[0,T] te[0,T] 
satisfying the simplified system in the sense that 


t 
u(t) =e ug «f e "SEN (u(s), v(s)) ds, 
0 
v(t) = H^ lu(t). (3.37) 


Then, from the first equations of (3.36) and (3.36) we have 


t 
ЖО, — u(t) | < ML. ] MEM — и(ѕ) | + | о" (5) — v(s) |] ds. 


Next, the second equations of (3.36) and (3.37) are written as 
т 


—1 
v'(f) 2e Tyg + | e 3H ut (t — ts) ds, 
0 


v(t) = i e 4 y(t) ds. 
0 


Then, it holds that 


v'(t) – v(t) = ent Hyg + f fu" (t — t$) — u(t — ts)} ds 
0 


oo 


rd 
«f eH {u(t — Ts) —u(t)} as+ f e u(t) ds, 
0 а 


FAF 
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and each term of the right-hand side is estimated as follows: 


ane | < Мет" 


| [ eS (u(t — т) —u(t)} ds | 


lr 
< uf e |а — ts) — ut) | ds, 
0 


| ie P UM — ts) — u(t — ts)} ds| 


< м | ЖО — и (5) ds, 
0 


oo oo E 
| | e u(t) ds | < c| eds = Сд te 9t 
tlt tlt 


Thus, we obtain 
Jur) —u@|| + 100) — va] 
< M(L +1) ih Lut) = (в) | + |v*G) vo} ds + BT) (3.38) 
with 
В") = Ме" * | wl ie ere 
22 e 9 |а — ts) — иб) | ds. 


Here, the first two terms of В" (7) converges to zero locally uniformly in t € 
(0, Т], while the last term is estimated from above by 


т^!Т 
м | g^? sup | u — 1$) — ut) |45. 
0 tc[0, 7] 
It also converges to zero by the uniform continuity of u — u(t) € C ([0, T], X) 


and the dominated convergence theorem. 
On the other hand, (3.38) is written as 


"OE г | 2.) ds + B'(s) 
0 
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with a = M(L+1) and вт (t) = |и*(@)—и()| + |070) — v0) 
Gronwall's lemma guarantees 


| , and therefore 


t 
g(t) < a | e (0799 BT (s) ds + B* (r) 
0 


for t є [0, T]. We have ѕир, сту B' (t) < C’ with a constant С’ > 0 inde- 
pendent of 0 < т < 1, on the other hand, and therefore the dominated conver- 
gence theorem guarantees again 


lim |u (t) — u(r)| = lim |070) — v(0| 20 (3.39) 
тү0 т}0 


locally uniformly in t є (0, Т]. 

Concluding the present chapter, we note that similarly, convergence of the 
generators {Ak } TON implies that of solutions. An interesting example is the 
convergence of the (N) filed to (JL) field as а |, 0. 


4 
Trudinger-Moser Inequality 


This chapter studies the existence of the solution to (3.1) globally in time: 


и = V.(Vu—uV(v--logW)) in Qx(0,T), 
д д 


—и—и— (0 +102 И) = 0 on 09 х (0, Т), 
Qv Qv 


d 
p +Av=u for t € (0, T), 
u|,g— uo(x) in Q, (4.1) 


where Q C R” is a bounded domain with smooth boundary 0Q and W = 
W(x) > 0 is a smooth positive function defined on О. The initial value uo = 
ио(х) is a nonnegative function not identically equal to 0, and in the case of 
т > 0, the additional initial condition v|;=ọ = vo(x) is imposed. Then, we 
shall show that à = |o], < 4z implies Tmax = +00 in the case of n = 2. 

More precisely, following Theorem 3.1, we suppose sufficient regularity to 
the initial value for unique existence of the classical solution locally in time. 
Then, 7max > 0 denotes the blowup time, that is, the supremum of its existence 
time. Also, sometimes || - | and (, ) are written in place of the L? norm || - ||; 
and the L? inner product, respectively: 


in - [f s]. ow) = f vwds. 
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We confirm that 


lut], = [uo], (t € [0, Tmax)) 


f eo 
Q 


and the positivity of the solution и = u(x,t) to (4.1), u(x,t) > О holds for 
(x, t) € О x (0, Tmax). Furthermore, the Lyapunov function is given as 


follows from 


1 1/2„,||2 
Уш.) = f (u(logu — 1) — u log W — uv) dx + ;|А v|5. 
Q 


In fact, we can apply the argument of Chapter 1, and writing the first equation 
of (3.1) as 


ur = V -uV (logu — v — log W), 


we obtain 
d 2 2 
Ewa trolit [ u|V (logu — v — log W) | dx =0 (42) 
Q 


for t € (0, Tmax). Thus, W (u(t), v(t)) is a nonincreasing function of t. 

Based on the description of Chapter 1, we study the case n = 2 mostly. 
Results stated in this chapter are valid for both simplified and full systems. 
Remember that in the (D) field, A is — A with the Dirichlet boundary condition. 
In this case, if |o], < 8л then 


Tmax = +оо апа sup lol < +00 (4.3) 
t>0 


can be proven. On the other hand, in the (N) field, A is —A + a with the 
Neumann boundary condition, where a > 0 is a constant. Then, [uo], < 4л 
implies the same conclusion (4.3). This is also the case of the (JL) field, and in 
the next chapter we show that these results are optimal. 

We make use of several versions of the Trudinger—Moser inequality. In fact, 
the result on the (N) and (JL) fields is associated with Chang—Yang’s inequal- 


ity [23], 


А 1 21 
(2 [е dx) =A r UACEK (4.4) 
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valid for v e H! (Q), where K is a constant determined by & C R?, a bounded 
domain with smooth boundary. On the other hand that on the (D) field is a 
consequence of the Moser—Onofri inequality [102], 


log (a / e ax) < d vo? 41 (4.5) 
[О] Jo ` lór" "2 


valid for v € HÈ (9). This form (4.5) holds for any bounded domain Q c R?, 
and its optimality is shown by [108]. In this connection, we expect that K — 2 
is optimal in (4.4). That is, (4.4) will hold with K — 2 if Q C R? is bounded 
with smooth boundary д9, and this value will not be improved. It is also worth 
mentioning that the constant 8л in the right-hand side of (4.4) must be reduced 
if Q has corners. See [23] for more details. 

Here, we shall spend a couple of pages for the background of the Trudinger- 
Moser inequality. Namely, we have 


wig es 2776. Орка), 
: CPO) (p>n) 


for each open set Q C R”, where Wa Р (©) denotes the closure of C (2) 
in WP (Q). The former and the latter cases are referred to as the Sobolev 
and the Morrey imbeddings, respectively. In the critical case p — n, Wy PQ) 
is imbedded into the Orlicz space, which was shown by Pohozaev [130] and 
Trudinger [177] independently. Moser [102] gave a sharp form, one of which 
is stated as follows. That is, there is a constant C > 0 such that if ш is a smooth 
function defined on the two-dimensional unit sphere 52, then 
/ ud$ —0 and |Уш|„<1 
52 
imply 
/ eqs < C. 
52 
If v Æ 0 satisfies Is vdS = 0, then for w = v/| Vv], we have 
J £r ds ue, 
52 


Here, we have 


1 2 
vule], sre! + Ivo 
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and hence it follows that 


[nass c oo (lvi 
o < -exp (— ТВ 


Letting К = log (C/(47)), we have 


tos (= f e" ds) zt P AK (4.6) 
4л Jg T l6z 2 | | 
As for general v € H!(S?), we take 


1 
=== 
4л 


for v in (4.6), and obtain that 


lo (— f eds) s — [vol tof, vdS+K. (47) 
4л Jg 167 2 


Later, the best constant of this K is obtained as K = 0 by Onofri [126] and 
Hong [66], and that is the exact form of the original Moser-Onofri inequality: 


1 
e (z- Је ds) = — ion | vvlz + x f. vds, 


valid for any v e H!(S?). 
Moser [103] noticed that the term | Vv Е /(167r) in the right-hand side of 


(4.7) is replaced by | Vv |5 /(32л) in ће projective space 7?, and proved ће 
existence of the solution to Nirenberg's problem in this case. This problem has 
been studied extensively, and Chang-Yang's inequality (4.4) was presented in 
that context. 

The term | Vv |5 / (8л) in the right-hand side of this inequality is directly 
associated with the criterion, that | uo], < 4л implies Tmax = +оо in (1.1). 
Its discrepancy to the conjecture [uol < 8л of [33] for Tmax = +оо ac- 
tually occurs by the concentration toward the boundary of the solution. More 
precisely, this discrepancy is a consequence of the formation of the boundary 
collapse, and in this context smoothness of the boundary д2 is essential in 
(4.4). Namely, the constant 87x in the right-hand side of this inequality must 
be reduced if dQ has corners, and so is |o], « 4л accordingly in (1.1) for 
Tmax = +00. 

Coming back to system (4.1), now we describe how these Trudinger-Moser 
inequalities are applied to its study. In fact, use of the free energy as a Lyapunov 
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function in the study of the long-term behavior of the solution was adopted first 
for the semiconductor device equation (2.1) by [11, 15, 49, 99]. However, since 
(4.1) is not dissipative, the free energy is not always bounded from below in 
(4.1). Its boundedness is actually achieved by Chang-Yang's inequality (4.4) 
and Jensen's inequality under the constraint that 


[voli <4 


This fact was the starting point of [14, 50, 110] to establish Tmax = +оо in the 
case of | uo А < 4л. For the simplified system, we have an alternative proof 
using Brezis-Merle's inequality [18] and Young's inequality. This method was 
proposed by [108], and was adopted to the full system by [60]. In the final 
chapter of this book, we shall present the third proof, based on the dual form 
of the Trudinger-Moser inequality. 

In this chapter, we describe the former argument for the simplified system 
of the (N) field, and show the following theorem. 


Theorem 4.1 /f A = ||uo||1 < 42 holds in 


и = V.(Vu—uV(v-logW)) in Әх (0,7), 
O0—^v—av-u in &2x(0,T), 


д д 
2и —и-— (0 +1087) = 0 on д9 х (0, Т), 
Qv Qv 
д 
8S =O an OKT), 
Qv 
и|—0 = uo(x) in Q, (4.8) 


then (4.3) follows, where © С R? is a bounded domain with smooth boundary 
д9, and W = W(x) > О and uo = uo(x) = 0 are smooth functions defined 
on О. 


For the proof to perform, we set a — 1 for simplicity. Then, it holds that 
Wu, v) = [ (u(logu — 1 — log W) — uv) dx + ыр, 
for 
lela = УЙУ»; + 19. 
We put 


A= wo]; = Ie], (€ I0. Tmax)) (4.9) 
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and apply the L! estimate of Brezis and Strauss [19] to Au = v, where A 
denotes — A + 1 with the Neumann boundary condition. See also Stampacchia 
[156, 157] for this type of elliptic estimate. In this case of two space dimen- 
sions, for each q € [1, 2) we have 


ILIO] yin < Са (4.10) 
with a constant C, > 0 independent of t € [0, Tmax), where 
1/4 
lol yee = (Vol + ||). 
It holds also that 


W (u(t), v(t)) < W (uo, vo) (4.11) 


for 0 < t < Tmax, where vo = Aq! uo. 


We take 
u = u(t) = | e” dx 
Q 
with the constant b > 0 prescribed later. Using 


[ zen 
QA 


we apply Jensen's inequality as 


[Pae ia 


This means 
0< f (ulogu — buv) dx — à logà + Alog m- (4.12) 
Q 
On the other hand, we have (4.4) and hence it holds that 


1 
log и = log (s fe dx) + log |Q] 


p? 
- Wop +o) 
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by (4.10). Combining this with (4.12), we obtain 
p? 2 
0s z-| vel x | (“dogu — 1 — log W) – buv) dx + OW) 
л Q 


= Wu, v) 4 (1 -» f uvdx — Е z a [vol 
m í Q 2 8x 2 

1, 2 
Henceforth, C; > 0 (i = 1,2,...) denotes a sequence of constants inde- 


pendent of t € [0, Tmax). Then, again by (4.11) we have 


1 ь? 2 1, 42 
(5 = с) sla 6 - 0 [war sc. 


In the case that 
A= [но], = lol < 4л (0 <t < Tmax), 


we can take b > 0 in 


1 b 
b>1 and ~——A>0. 
2 8x 


Then, we have 
[Ol < Cr. f (uv)() dx < Co, 
and 
[^ logu)(t) dx < W (u(t), v(r)) + (1 + | log Wi JA + (К dx. 
Hence it holds that 
[^ logu)(t)dx < Сз for t € [0, Tmax). (4.13) 


Writing u — Ww in (4.8), we have 


w=V-j+b-j in Qx(0,T), 
O=Av—v+Ww in Qx(0,T), 

д д 

Е. on д9 х (0, T), 

Qv Qv 

u| o поб) in Q, (4.14) 


66 Free-Energy and Self-Interacting Particles 
with 
b=VlogW and Ј = Уш – шур. 


In fact, we have 


д д 
— logu — —logW = 0 on dQ 
ду ду 


and hence (д) / (00) = 0 holds on the boundary. On the other hand, the first 
equation of (4.8) is equal to 


Ww, = V-(Vu — uVv — wV W) 
=V-(WVw — WwVv) 
= WV.(Vw—wWVWv)-- VW. (Уш — шут) 


and hence (4.14) follows. 
We have 


[е pwax=- | imas 
Q Q 


--pvwl - 5 | he - woyas 


lA 
| 

< 

Є 


1 1 
2+ = 1131015 + 51 Hio ls 
апа 


|o- owes | b -(wVw — w*Vv) dx 
Q Q 


1 
=f (5b: Vw? — w?b: vv) dx 
"By 


=- | (prse wb vo) аз 


2/1 
< [wls(;1v -bls + 101.171): 
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Now, we apply Sobolev’s imbedding W9/5(Q) C L3(Q) and the elliptic es- 
timate. Then we obtain 


1/3 
lolis = (18 +108) Л yas 
< 5 ||, = С5| | Illes: 


Therefore, multiplying w to the first equation of (4.14), we obtain 


14 

2 dt 

We make use of the following lemma [15]. It is derived from Gagliardo— 

Nirenberg's inequality [48, 120]. In fact, we have WL!(Q) c L?(Q) if Q C 

R? is a bounded domain with smooth boundary д9. From this fact, it is proven 
that each 1 < q < p < +оо admits a constant Cp, > 0 satisfying 


lwli + [Ywl = Co (113 +1). (4.15) 


lwl, < Cpa [ш *- ШШ? (4.16) 


for апу w € H!(Q), where a = 1 — 2: Then, inequality (4.16) implies the 
following lemma. 


Lemma 4.1 Any = > 0 admits С, > 0 such that 
lwli = ew] wlos iwi |, + Ce] wo] (4.17) 
forwe H'(Q). 
Proof: We take М > 1 and x € C™(R) satisfying 
0 (s|<N), 
хб)={ 2 @(5—М), 
Is| (0512 2N). 


By means of | x (s)| < |s|, we have 


| bol — xw] s 2? | ке < 2? QN)" - [v], 
wis 


On the other hand, we have |x (s)| < 2 and hence it holds that 
[xin = Vx] + [xo] 
= |x ww] + |х) | 
= |x Vw] + |х) | 


< 4[vwl; + [®]; < wlia 
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This means 
[x ai S 2101, 
and by (4.16) we have 
Ilg < Сосо [а beo], 
< C52? | |25" dog А) [ов |w} |. 

Thus, we obtain 

|]? <2” {hol - xol? + [хш]? 


< Cs [NP Jw], + dog v)" po] tog lwl J} 


Then, inequality (4.17) is obtained by making N large for the case of p — 3. 


We have Poincaré-Wirtinger's inequality 


2 1 2 
[Vol = mlw- у] vds (4.18) 


with u2 > O being the second eigenvalue of —A in 2 under the Neumann 
boundary condition. This implies 


lwla n; | vw]; Ir" [ш], 


< иу "|vw]; + ter [wa 


By (4.13) it holds that 
[е log ш) (7) ах < Сә for t є [0, Tmax). 
Therefore, using (4.17), we see that any є > 0 admits С, > 0 satisfying 
[ш]; < elvwl2 + cs, 


and it follows that 

ld 2 1 

12 Jul + wl} < [уь + Cv 
by (4.15). Again by (4.18) we have 


d 2 2 
q; vlz + мо s Си 
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and hence 
JwOl,< Cir O<t < Т) (4.19) 


holds true. 
Now, we multiply ш? to the first equation of (4.14). We have 


[ооа =- | j Vw! dx 
Q Q 


= -2 f w |V w|? 4х+2[ и?2Ур - Уш х 
Q Q 


3/2 


and writing шу = w^" ^, we obtain 


ld 


8 4 
– — аас [ [уш dx = Ji wi Vo-Vun dx | (b-j)w dx. 
3dt Jo Q 2o Q 


9 


Here, the first term of the right-hand side is treated similarly as before, and we 
obtain 


1 
| mv vias =; | ves vata 
Q 2 Jo 


1 2 1 2 
——-] Av-wydx == | (Ww – о) шу dx 
2 Jo 2 Jg 


1 1 
< [зш + [ше 


1 1/9 3/3, 1 2 
< ||. [шу +5 191131013: 


Similarly, for the second term we have 
[o . jw? dx E f b. 2 — у») ах 
Q Q 
1 
= b. 65 = u've) dx 
Q 3 
1 
=- f w? (voe vo) dx 
2 3 
2 1 
=— | wilzV-:b-c-b.Vv| dx 
2 3 


2f1 
< wi (ео + 10.1996). 
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Then, we obtain 
ld 
3 dt 
similarly to (4.15). 


8 
|]; + sl veil = сз (reals + 1) 


Here, we recall that (4.19) is established, and hence it holds that 


[wO us < Сз. 


This implies 


IK logwi)(t)dx < Cia. and |wi(0], < Cis. 
Q 


and we can argue similarly. Thus, we obtain | w(t) |5 < C15, or equivalently, 


lwl x Cie for гє [0, Tmax). 


Now, Theorem 3.2 guarantees (4.3), that is, Tmax = +оо and 


sup ОИ « +00, 
t>0 


and the proof of Theorem 4.1 is complete. 


(4.20) 


Having proven the main result of this chapter, we mention some other tech- 
nical devices. We have the following facts for the other cases than (4.8). First, 
simplified system of the (JL) field is treated similarly: 


ut = V-(Vu—uV(v+logW)) in 
-Ау= и – у Qudx in 
fo vx =0 for 
i-u — u? (v+logW) 20 on 
дъ 


3, =O on 


и|, о = uo(x) in 


If |uo|, < 4 holds in (4.21), then it follows that 


Tmax = +оо and sup lOl 
t>0 


Q x (0, T), 
Q x (0, T), 
t € (0, T), 
aQ x (0, T), 
aQ x (0, T), 
Q. 


« +00, 


(4.21) 


where Q C R? is a bounded domain with smooth boundary д9 and W = 


W(x) > 015 a smooth function defined on Q. 


4. Trudinger-Moser Inequality 71 


On the other hand, inequality (4.5) is available for the simplified system of 
the (D) field, 


u,=V-(Vu-—uV(v+logW)) ш х (0, T), 
—-Av=u in X x(0,T), 
i-u — иф; (v - logW) =0 on 08 x (0, T) 
0=0 on 3Q x (0,7), 
u|l о = ио(х) i Q. 
|г=0 o( ) (4.22) 


Consequently, if |o], < 8л, then we obtain 
J (ulogu)(t)dx < Ci; for t є [0, Tmax). 
2 


In this case we have v > O0 in € x (0, Tmax), and therefore it holds that 


28 ей on 99. 
дъ 
Under the assumption 
ау) on д9, (4.23) 
дъ 
we obtain 
5 ule vule = [uv oto W)- Vudx 
zgr!” l2 ү E 
-5 V (v + log W) - Vu? dx 
2 Jo 
=-5 | ^ (v + log W) · и? dx 
2 Jo 
1 3 1 2 
< Sul + ов |, bell 
and 


sui +2 [vut a= [ови vu dx 
за "3 Q 3 Jo 
2 
= -5 | дож юр) иа 
3 Jo 


т ол. 0, 3 
< 141 + 12108 W| lul- 
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Then, we can argue similarly as in the (N) field. Thus, if 
[uo], < 8. 


then Tmax = +оо and sup, IO) i < +оо hold in (4.22), where Q c R? 
is a bounded domain with smooth boundary 0Q and W = W(x) > Oisa 
smooth function defined on Q satisfying (4.23). 

The above results for a global existence of the solution are valid even to the 
full system. To treat this system we make use of the parabolic L! estimate 
instead of the analogous elliptic estimate. In two space dimensions, by 


d 
to e Av =u with | vl;zo = vo 
and (4.9) we have 
sup [VO yis < Ca (А vo], + Dol) (4.24) 
t= 


for each q є (1,2) and ғ > 0. Therefore, we still have (4.10) for each q є 
[1, 2) under the assumptions on the initial value stated in Theorem 3.1. Then, 
we obtain (4.13) even in this case, using the Trudinger-Moser inequality and 
the Lyapunov function W (u, v) similarly. On the other hand, deriving (4.20) 
from energy method, we obtain 


t 
f Поа = cr fort € [0, Tmax). 


Consequently, we obtain the same conclusion that the conditions | uo | | <4хт 
for Ше (N), (JL) fields, and | uo || < 8л for the (D) field to the full system, 
respectively, imply (4.3). See [14, 50, 110] to confirm details. 

Other methods to show (4.3) are the following. First, we can avoid the use of 
the maximal regularity theorem, or the final part of the conclusion of Theorem 
3.1, to guarantee the results stated in this chapter. In other words, it is possible 
to derive (4.3) only from the energy method, if we apply Moser's iteration 
scheme to our system. This argument can be localized, and then we can obtain 
the first step of the proof for the formation of collapses, Theorem 1.1. This 
kind of localization is efficient also for the study of the full system [109]. Next, 
use of the Trudinger-Moser inequality and Jensen's inequality to derive (4.13) 
can take the place of the Brezis-Merle type inequality and Young's inequality. 
This argument was adopted by [108] for (1.1), but here we shall describe it for 
(4.22), the simplified system of the the (D) field. 
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Brezis-Merle's inequality for 
—Av=u in Q with v=0 in dQ 


is indicated as 


= 2 
J exp (= aes) ) dx Gy. (4.25) 
Q lu |1 5 


where © is a two-dimensional domain and ô € (0, 47). On the other hand, the 
Lyapunov function W = W(u, v) is reduced to the free energy, 


1 
Fw) = | ulogu — 1 —logW) dx — = | uv dx, 
Q 2 Jo 


in this case, (4.22) of the simplified system. Here, Young's inequality is appli- 
cable as 


1 av 
auv < ulogu + -e (u, v > 0), 
e 


where a > 0 is a constant. Namely, from F(u(t)) < F(uo) we obtain 


1 1 
(«- 3] uvdx < Ji e™ dx + O(1). 
2/ Jo e Jo 


In the case of A = | u А < 8л, we have also 
J е dx = O(1) 
Q 
for0 «a — 5 < 1 by (4.25) and hence it holds that 


[ wax = оа) and [ uiogudx = 00). 
Q Q 


This means (4.13), and again we can show that [uolh < 8л implies (4.3) 
in (4.22) with (4.23). (Let us confirm that for the (D) field the threshold of 
à = [ио | for Tmax = +оо is 8л.) 

We have several other versions of (4.25) applicable to the (N) and (JL) fields. 
By them, we can show similarly that if д2 is smooth then | ио А < 4л implies 
Tmax = +оо in simplified and full systems of the (N) and (JL) fields. Use of 
the Brezis-Merle inequality is also efficient to show the concentration toward 
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boundary of the solution to the simplified system of the (N) and (JL) fields in 
the case of 

Tmax < +00 and 4л < |o], < 8л. 


Inequality (4.25) also has а parabolic version and such а phenomenon, with 
concentration toward the boundary, is examined even in the full system. See 
[60, 108, 109]. 

The fact that 


T=Tmax<+oo => lim |u@||, = +оо (4.26) 
t—T 
indicated in Theorem 3.1, is also proven by the energy method. In fact, if и = 


u(x,t) denotes the solution to (4.1), the standard theory [85] guarantees that 
T < Tmax and 


lim sup lol < +оо > Тах > Т. (4.27) 
іэ Т 
On the other hand, from the proof of Theorem 4.1 we see 


lim sup | (ulogu)(t)dx < +оо = limsup|u(r)|,, < +оо. (428) 
О ї—>Т 


t>T 


Now, we shall show 


lim inf [ (ulogu)(t)dx < +оо 
toT Q 


> tim sup | (ulogu)(t)dx < +оо. (4.29) 
Q 


t>T 


Actually, relations (4.27)-(4.29) imply 
T = Tmax < +œ => lim | (ulogu)(t)dx = +оо, (4.30) 
t>T Jo 


and (4.26) follows in particular. 

First, we take the case W = 1 for (4.29) to prove. For this purpose we make 
use of the following fact comparable to Lemma 4.1. It will be applied also in 
the proof of the formation of collapses. 


Lemma 4.2 We have a constant K = K (Q) > 0 determined by the bounded 
domain © C В? with smooth boundary д9, satisfying 


2 2K? -1 -1 2 
иг dx < —— (ulogu +e )dx- u |Ми| dx 
Q logs Jo Q 


+ 2K? ull; + 35210] (4.31) 


for any s > 1. 
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Proof: We have W^! (Q) < L?(Q) and there is K = K (Q) > 0 that admits 
the estimate 


lwla < K? (Ivwlfr + lwli) (432) 


for any w € W! (Q). Letting w = (и — s)+, we have lwl < lu 


Is - f иза > | (2-0) dis 
{и>} {и> 5} 2 


1 1 
-u° dx — / -u^ dx — 8° |Q] 
2 {u<s} 2 


1 3 
> 5 | wax — 59101, 
2 Jo 2 


2 
|vwl? < {| vul dx) 
{u>s} 


<f “ах. f u`! [уи]? dx 
{u>s} {u>s} 


1 
< — (ulogu te) dx | u`! Гуи? ах, 
log s Јо Q 


lr 


IV. 
a 


and 


where s > 1 and ulogu > ет! for и > 0 are made use of. These relations 
imply (4.31) and the proof is complete. 


Dealing with the case W = 1 of (4.8), i.e., (1.1), we multiply logu to the 
first equation. This implies 


d 
— wlogu dx + f u`! |Vuļ? ax+ [ ах = | и?. 
dt Jo Q Q Q 


We also have v > 0 in Q x (0, T) in this case, and hence obtain 
d 2K? 
2 | ulogud (1-25 І 7) ах) 
5 [wos х + Joss Eo dus ) x 
f иуи dx < 202 |40]? +35219] 
Q 
by (4.31). Then, taking 


s = s(t) = exp eef (u logu + e) dx) 
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and 
Ј = Ј() =f (ulogu te l)dx, 
Q 


we have 


Z < 2K? uo], +3 2l exp (4K? J). 


From this differential inequality, we can conclude that (4.29) holds true. 
To treat the general case (4.1), we take w = W -!u and transform it to (4.14). 
Then, multiplying log w to the first equation, we obtain 


[ oes = f (V-j+b-j)logwdx. 
Q Q 


The left-hand side and the first term of the right-hand side are treated similarly, 
and we obtain 


d 
< | w(log w — 1) dx «f w7! [уш] dx + | шо ах 
dt Јо Q Q 
= | Wu? dx + J (b - j) log wdx. 
Q Q 
The second term of the right-hand side of the above equality is equal to 


о-в war = | b: dogw Vw- uv) dx 
Q Q 


= | (b - V (w(log w — 1)) — (w log w)b- Vv) dx 
Q 


-f (w(log ш — 1)V - b + (wlog w)b - Vv) dx, (4.33) 
Q 
and the first term of the right-hand side of this equality is treated similarly. For 
the second term, we make use of another linear theory valid for the second 
equation of (4.14). That is, if 

| | dv 

—-Av+v=f in Q with p79 on OQ 
v 


holds for the two-dimensional bounded domain © with smooth boundary д2, 
then it follows that 


[Ж кже иы» 
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where 

If Go] 
——— |4 
71) 


denotes the Zygmund norm of Iwaniec and Verde [72]. We also make use of 
the inequality 


ГА ові, T [ | f | log (e+ 


(Fleer = f (Ifltogis +e") dx + e- e7 19 
Ie 


proven in Chapter 9. Then, the second term of (4.33) is estimated from above 
by 


| w log ш, - (f. wlogwdx + O(1)). 
Now, we take s > О and put (w log ш) (ys for w in (4.32): 
|w log w)xtuzsi [È < K(|V(w log wxw) |? + [wog wxw |). 
The left-hand side is estimated from below by 
К wy dx — (s logs + e-!)^ |Q], 


while the second and the first terms of the right-hand side are estimated from 
above by 


| (w log w + el) dx 
Q 


and 


2 
| llog w + 1j|Vw| ах) 
{w>s} 

<f wllogu +12. f w- !|Vwl dx 
{w>s} {w>s} 
1 2 -1 2 

<- | (w(üogw-41)^dx- | w |Уш| dx, 
S ЈО Q 


respectively. Based on these estimates, we can argue similarly to the previous 
case, and conclude that (4.29) holds true. Thus, we obtain (4.30) to (4.1): 


T = Tnx < +œ > lim [ (ulogu)(t)dx = +00. 
t>T Jo 


5 
The Green's Function 


The criterion | ио | i= 4л is sharp for Tmax = +оо in the simplified system of 
the (N) field, 


u; = У: (Vu — uV (v + log W)) in Q x(0,T), 
0= Av—av+u in Qx(0,T), 


д д 
u-u-(v-logW)-0 on д9 х (0,T), 
Qv Qv 
д 
00 0 on 9Qx(0,T), 
Qv 
и|_у=иох) in О, (5.1) 


and in this chapter we prove the following theorem [146]. 


Theorem 5.1 /f Q C R? is a bounded domain with smooth boundary 8€2 and 


| ио(х) dx > 4л 
Qn B(xo, R) 


holds for xy € 082 and R > 0 in (5.1), then there exists п > 0 determined by 
À = [ио апа lluoll r1 on BG, 9) such that 
1 2 
S |x = xo|l^uo(x) dx < n (5.2) 
К^ JonB(xo,AR) 


implies Tmax < +00. 
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Here and henceforth, В (хо, К) denotes the open disc with the center хо and 
the radius R > 0: 


B(xo, К) = {x € R? | Ix — xol < R}, 
and the requirements of the above theorem are satisfied if 
A= [uolh > 4л 


and ио(х) dx is sufficiently concentrated at хо є dQ. Therefore, we can con- 
clude that А = 4л is the threshold for the blowup of the solution to (5.1). 
This is also the case of the simplified system of the (JL) field, and is proven 
similarly. 

On the other hand, if ||uo||1 > 8z and uo(x) dx is sufficiently concentrated 
on an interior point, then Tmax < +оо follows. This blowup criterion is valid 
even to the (D) field, and therefore 8л is the threshold for blowup of the solu- 
tion in the simplified system of the (D) field. 

We emphasize that these criteria on Tmax < +оо are established only to 
the simplified system. Actually, we have a different kind of condition for the 
blowup of the solution to the full system [69, 146]. This criterion is given in 
terms of the value V (uo, vo) in accordance with inf {= (и) | u € Si}, where 
S, denotes the set of stationary solutions for А = |[uo||1. There, the possibility 
of the blowup in infinite time is included but we expect that only the blowup in 
finite time occurs in this case, and also that A = 4л and A = 87 аге thresholds 
of the blowup of the solution in finite time even in full systems of the (N), (JL), 
and (D) fields, respectively. We further expect that the blowup in infinite time 
occurs only when the total mass of the initial value A = ||uo||1 is quantized, 
such as A € 4z.N and à € 8z.N for the (N), (JL) fields and the (D) field, 
respectively, and the solution converges to a singular limit of the stationary 
solution in infinite time. 

We note that Theorem 1.1 guarantees that if 


Tmax < +00 


occurs with А = [ио € (47, 87) to (1.1), then exactly one blowup point of 
the solution lies on 0&2. This is also the case of (5.1), and in this connection, 
we expect that the blowup point never arises on the boundary for the simplified 
system of the (D) field, if the environment function W — W (x) satisfies (4.23). 

Now, we come back to (5.1). For the proof of Theorem 5.1, we make use 
of a remarkable structure of the simplified system. It may be referred to as 
the compensated compactness via the symmetrization. The threshold values 
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4л and 8л are technically associated with this process. On the other hand, the 
left-hand side of (5.2) indicates the local second moment of u(x,t) dx. The 
total moments are virial quantities, and their use in the study of the blowup 
of the solution was adopted by [16, 106] for radially symmetric cases. The 
Green's function fits in naturally with that process, and in that context Biler 
[13, 14] introduced the method of symmetrization mentioned above. Actually, 
this technique of symmetrization for the double integral operator associated 
with the Green's function has been used in the study of the weak solution to 
Euler and Navier-Stokes systems in the vorticity formulation, such as (2.2) 
[37, 143]. There are several studies concerning the formation of singularities, 
using the second moment [95, 141, 178]. 

To explain the idea, here, we describe the following argument [17], where 
the system 


и = V.(Vu—uWVv) in Qx(0,T), 


д д 
Sa MT кие on 02x (0,T), 
дъ дъ 
ulo = ио(х) in 9, 
with 
v(x,t)— | Go(x, x )u(x', t) dx’ 
Q 
for 


1 
Go(x, x’) = T(x — х) = — log ——— 
2л |x = x’| 


is proposed to describe the motion of the mean field of many self-interacting 
particles under the gravitational force. In this system, if Q C R? is star-shaped 
with respect to the origin, then we have 


d 
= | iuc dx = | Ix? up (x, t) dx 
dt Q Q 
=- f 2x- Vu ито) dx 
Q 
=- f 26 uds + f ude + | 2ux -Vudx 
aQ Q Q 
za | | 206.02: убо x u0, Day ds 
о/о 


1 
=at | J p(x, x )u(x, thu(x’, t) dx dx’, 
2 Jo Jo 
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where A = |[uo||1 and 
/ 4 / / 1 
p(x,x ) = 2х.УуСо(х,х)+2х'.УуСо(х,х')= ——. 
л 

Thus, it holds that 

d 1 

аА 

аі 2л 
for 

10 = f йиз) 

Q 


and therefore, if A = ||uo|| > 8л and Tmax = +оо, then 7 (t) becomes 
negative in a finite time. This is a contradiction and Tmax < +оо follows from 
lluol > 8. 

In the above case, the concentration to the origin of the initial mass is not 
necessary to infer Tmax < +оо. Actually, this condition of concentration fits 
in when the kernel has the additional regular part. Besides, we have to localize 
these arguments near the blowup point in our case, and this process is justified 
again by the method of symmetrization. Namely, it assures that the local L! 
norm has a bounded variation in time, and the strong concentration implies a 
contradiction before this concentration is broken. These arguments are valid 
for the general simplified system, and for (5.1) we have the following lemma. 


Lemma 5.1 Given the simplified system 
u, =V-(Vu-—uV(v+logW)) in Әх (0, Т), 
д 


д 
—u – и—— (0 +102 М) = 0 on 09 х (0, Т), 
ду Qv 


Av=u for t €(0,T), 
let A-! be provided with the integral kernel G = G(x, x’): 
(А lu)(x) = (КОШ dx. 
satisfying 


f [со х9 ахах < +00. (5.3) 
Q FQ 
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Then any C? function wy defined on © satisfying 


д 
S - ый 
OV lag 


admits the estimate 


d 
— d 
5] i 


a2 
= 5 lew | iot 


+ (Айы + [Vlog W]e: Ytl) G4 


for t € [0, Tmax), where 
py (x, x) = у(х): У, G(x, х") + Vy (х')- Ver G(x, x’) (5.5) 
and à = ||uoll1. 
Proof: Since A is self-adjoint, the kernel G = G(x, x’) is symmetric: 
G(x, x’) = G(x’, x). (5.6) 
Furthermore, the second equation of (5.4) is replaced by (1.5): 


v(x, t) =f G(x, x )u(x', t) dx’. (5.7) 
Q 


Testing v € C 2(Q) with ov | J27 О to the first equation of (5.1), we obtain 
the weak formulation, 


С u(x w(x) dx - | u(x, t)Av(x) dx 
dt Jo Q 
=f ио, Vue.) Vode + f uVlogW- Vy dx 
Q Q 
= [| [Уу (x) . УхС(х, x) Ju, Du’, t) ахах! 
Qx 
+ [ uv tog w vds 
Q 


1 
== [| py (x, x )u(x, t)u(x', t) dx dx’ 
2JJ охо 


+ | uVlogW-.Vwydx, (5.8) 
Q 


84 Free-Energy and Self-Interacting Particles 


by (5.3), (5.6), and (5.7), with oy (x, y) defined by (5.5). Then, (5.4) follows 
from (1.11): 


lul = [ио], =å, (5.9) 


and the proof is complete. 


In the standard fields of the (N), (JL), and (D), it holds that 


1 1 
G(x, x’) = — log ——— + K(x, x’) 
2л |x — x'| 


with K € CH? (Q х Q) for є (0, 1). This implies 
(у(х) — Vya’): œ- x’) 


|2 


py Qi. x) = — + C6 (Qx 9). 


2л |х —x 
Here, the first term of the right-hand side belongs to L??(€2 х Q), although it 
is not continuous. More delicate analysis is necessary on 0&2, but the estimates 
proven below induce that the local L! norm of и has a bounded variation in 
t € [0, Tmax). This is also a key fact to prove the finiteness of blowup points. 
Namely, we show the following lemma. Inequality (5.3) for G = G(x, x’) 
in consideration is assured also in the proof. 


Lemma 5.2 Let Q с В? be a bounded domain with smooth boundary д9, 
and let G = G(x, x) be the Green's function of —A + a in © under the 
Neumann boundary condition, where a > 0 is a constant. Then, the function 


py (x, x^) = VYE) -VG x, x) + VG) УС, x’) 
belongs to L® (Q x Q) if y € C?(Q) satisfies 
ду 


ду зо 


, 


and it holds that 
lov [ (охо) E к |у leg. (5.10) 


where К = K (&2) > 0 is a constant determined Бу Q anda > О. In particular, 
we have 


Ki 
< ——[УУ св, 


+ (Аш + [Vlog WTVH.) 61D 


а 
s |. V (x)u(x, t) dx 


for t € [0, Tmax). 
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Proof: Using the decomposition of the unity and the compactness of О, the 
assertion is reduced to the cases that supp y C О and supp у C ОП B(xo, R) 
with xo € Q and0 < R « 1. 

To treat the first case, we take the fundamental solution eo(|x|) of — ^ + a: 


(—A + a)eg = óo(dx). 


Actually, it is given by the series 


(r) ( ) Pd La a EET 
r) = T a) > =~ 108.57 05: 
кыш. бл Ол a УТ 
4 6 
а а т 1 a a a ғ 1 
Arcem los bm eee — sepe (5.12 
Ta A qe eU Ie A тезеро) 
and we have 
1 1 1+0 (2 
ео (|x|) = ax ОВ] + Coe R9 (5.13) 


for 0 e (0, 1). 
Given x € О, we define Ко = Ko(x, x^) by 


G(x, x^) =e (|x — х!) + Ko(x, x^). 


It holds that 
(Ay +a) Ko =0 (x' e 9) 
and 
д д 
Т ы ae (|x — х7) (x e д0). 


Therefore, we have Ko € Ce (Q x О) from the elliptic regularity. This, 
combined with (5.13), implies 


1 1 
G(x, x’) = — log ——— + K(x, x’) 
2л |х = x'| 
with K € CH? (Q х ©). 
We also have K є Ct? (2 x 9) by (5.6), and hence 


loc 
(x — x) (VV) — Vy ^) 
2л |x — x! |? 
+ у(х) У, K(x, x’) + Vy(x)- Vr K (x, x’) 


оу (х,х') = — 
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belongs to L (Q x 9) because supp у C © is assumed. 

To treat the second case of supp у C ОП B(xo, R) with xy € д9 and 
0 < К « 1, first we assume that © is simply connected. 

In this case we have a smooth conformal mapping 


X: Q SR. 
satisfying 
хоњ» 0, 
X(Q) = В = (Gi, x2) | x2 > 0}, 
Х(д9) = aR? = { (х1, хә) | X2 = 0} . (5.14) 


We also take a smooth extension, denoted by С, to the whole space R? of 
c=a Pda o X7! 
defined on R2. Then, for 
e£, 8) = eo E — £|. 6) (5.15) 
with eo(r, a) given by (5.12), we have 
(—Ag + €(€)) (6, 8") = ô (d£?) 


for £’, £ є R^. 
Now, we take the cut-off function 


с = (01У) e CR?) 
satisfying 


1 (y € BOO, 1/2)), 


Hi 
0 (y e RN B(0, 1)). PIU 


0<¢(ly) <1, son=] 


Then we apply the elliptic theory and take 
ез = ex&, &') e С"? (R? x R^) 
satisfying 


(—Ag + êE) eE, E) = c£ = EN- (66) — 66) еб, 8) 
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for ё, £' є R?. In this case, 
e(€, 87) = е(Е, E^) + e0(&, E^) 
solves 
(—Ag + 2087)) eE, E) = &(4&')+@@&) (5, E e В) 
for 
ф= GE. EN = [c(|£ — El) — 1} (66) – 66) er, £) є COR? x R^. 
Let 
Е(Е, Е) = е(Е, Е) +e, &) 
with £/ = (£1, —&) for &’ = (£1, £5). Then, given £ є RẸ, we have 
(—Ag + c£) EE, £) = à (dE) + ÔE, E^) (ев), 


д 
3, EG. Е) 20 (&' € 9R2), 
Ver 


Ô = ÔE, E) = PE, EN + (Ar + с) еб, EL) 
= PE, E) + (—Ag + с(@')) eE, EL) 
+ (e(&^) — 2(&*)) eo (I& — nl , 6&9) € C? (R? x R°), 


because бе, (d£) = 0 holds in RÀ ifé c RŽ. Here, X is conformal, and the 
above relation induces 


(Ax +a) E (X(x), Х(х)) = (4х) + ф(х, x^) (x' e Q), 
E (Xœ), Xx’) 20 (x' eaQ), 


for each x € О, where 
e = eG. x) = | Хо) Ф (ХО), xo») e c*( x ©). 
Therefore, 


Куб, x") = G(x, x’) — E (Xœ), Х(х”)) 
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satisfies 
(—Ay +a) K(x, x) = ф(х, x’) (x' € 9), 
д 
35 Ki(x, x) 20 (хє AQ), (5.17) 


for each x є Q, and from the elliptic regularity K;(x, x’) is extended to an 
element in С210(0 x ©). 
By (5.12), these relations, 


С(х,х) = Е (X (), X (x’)) + Ki(x, x’), 


Кү e C? (Q x О), E = e1 ey, e2 € С (R? x R?), and (5.15), imply 


1 1 
TL с ле __ 
2n ГУ ХО) 
1 1 
log 
2л IX (x) — X a)l 


G(x, x") = 


+ + K(x, x) (5.18) 


with Ky € C™!1+? (0 x ©). We also have 
K(x, x’) = Ko(x', x) 
by (5.6) and it follows that 
Кє Сс (Q x R) Nn CH? (о х ©). (5.19) 
In this way, we obtain 
Vyr(x) - Vy Ko(x, x) + VV (x) Ve Ko(x, x) e CCO x ©). 
Now, we recall that y € C 209) satisfies 


ð E 
OV ecd" supp ABOU) (5.20) 
ду ag 


for хо є 0€2 and 0 < К « 1. To examine the first term of the right-hand side 
of (5.18), we set 


1 1 
раи 
1х) = 3c los Туу xe) 


Writing 


1 1 
V = уо Хт! and 86,8) = 5-log рр 
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we have 


V(x): V&GiGo x^) + Уу (у). VeG1G x’) 
= c(£)VW(£) - Veg, E) + c(E)V UE’) - Vere (&, E) 
M m E’) - (c(E)VWU(E) — cQ VUE’) 
2л |§ — Е 
e LY (Q х Q). 


To treat the second term of the right-hand side of (5.18), 


1 1 
G(x, x) = lo К 
enr е хус халы 
a ` ИО f 
we make use of ~ зо = 9. In fact, this condition gives 
ow Е 
982 16-0 


апа hence 
VYA): У, боб, x) + V^) УуОз(х,х'/) 
= cE) VVE): Veg E, ED + c) VW Ув E E) 
[ew 6) — суче 65] @ 80) 
2л |g -&up 
[OVE + ce, | G +) 
ж-ы 


Ee L” (Q x 9) 
follows. These relations are summarized as 


pEL® (Qx 9). 
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We now proceed to the general case of Q. In fact, it is multiply connected, 
and given y € С ?(Q) with (5.20) for x; € AQ and 0 < А « 1, we can take 
a Jordan curve y C д9 containing xo , and obtain the domain satisfying 


dQ = y and О c Ê. Either Ê or R? \ Ê is simply connected in this case. 
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Replacing $2 by this О, we repeat the previous argument. We obtain, instead 
of (5.17), 


(“Ау +a) Ki(x, x) = ф(х, x) (x' e О). 
0 
3» Кү(х,х”) = һ(х,х”) (хє 29), 


with 9 € C? (Q x ©) апал € C* (Q x д9). This А satisfies 
h(x,x) 20 


for (x, x") є Q x y. On the other hand, С = G(x, x’) is extended smoothly 
for (x, x") є (QU y) x (д9 \ y) by the elliptic regularity. This is also the case 
of E (X (x), X (x^). and we can assume 


h e C? ((QU y) x AQ). 
Therefore, from the elliptic regularity again, 
Kı = Kı (x, x”) 


is extended to an element in C®?+? ((Q Uy) х Q), and then (5.19) is replaced 
by 


Kr e c9? ((QU y) x R) пс (Q x (Qu y)). 
From this relation, the conclusion 


py € L* (Q х 9) 


follows similarly. 


From the proof the above lemma, we see that (5.10) is refined as 


1 
lov [охе = 5; IV соо) t c(Q2|vv |. (5.21) 


where C(&2) > 0 is a constant determined by Q. Inequality (5.21) controls the 
rate of variation in time of the local mass of u(x, t) dx through (5.11), and this 
provides the principal motivation for the proof of mass quantization. 

In what follows, we make use of the specific cut-off function, denoted by 


Ф = Qxo, R',R» 
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where хо € €2 and 0 < R’ < R « 1. First, if xo € Q, we assume that R > 0 is 
as small as B(xo, 2R) C Q, and take o € Со (В?) satisfying 0 < o < 1 and 


1 (x € B(xo, R^) 


(5.22) 
0 (хє B(xo, R)). 


ф(х) = 


Given xo € 0&2, we take the conformal mapping X : © — R? described in the 
previous lemma. This X satisfies, similarly to (5.14), 


xo 0, 
Х(В(хо, 2R) n Q) c R$ = {(x1, x2) | x2 > 0], 
Х(В(хо, 2R) N ƏN) с 985 = {(x1, x2) | x2 = 0] 
for 0 < R « 1. Given R’ є (0, А), we can furthermore impose 
X (B(xo, R) n О) C B(0, r^, 
X ((B(xo, 2R) N ©) V B(xo, R)) с R? V B(0, г), 


with 0 <r «& 1 andr’ є (0, г) proportional to R and R’, respectively. Then, 
we take £p , = ё „([у|) € Cg? (R2), satisfying, similarly to (5.16), 


1 (ye B(0,r)) 
0 rr = 1, rr = 
< ty r(Iyl) < OAS о ай: 
and put ф(х) = £y, (X (x)). Then, it holds that 


аы орау 
Е 


оп dQ because X is conformal and ¢ is a function of |y|. Thus, we have g = 


Qxo, к", R (X) satisfying 


à 
SX id (5.23) 
Qv ag 


besides (5.22) in the case of xo € д9. This qx, р к satisfies 
| Dex, wn |, = O((R — R7) 
uniformly in хо € О for each multi-index a, because of 


| рех | = oq). (5.24) 
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Returning to the proof of Theorem 5.1, we recall that xo is given on 09. 
This is because the blowup near the threshold value ||uol|; = 4л occurs on 
the boundary, and the second moment to be used for the proof of this theorem 
must be localized around the boundary point хо є dQ. 

Thus, for А > 0 sufficiently small, we take 


Pi = Pxo,4i-1R,2-4i-1 R 


and set 
(2? ud е к 
HE Go 
for i — 1,2. Then, it holds that 
[уу = 49; Veil = O(R y; ^. (5.25) 
We also have 
m(x) = O(|x—xol?), _ Vin(x) = O (lx — xol) (5.26) 


by (5.24). 
Regarding m(x) as the weight function, we define the moment 


ny = | ui Ото co ds 


localized around xo € 0&2. Eliminating v = v(x) of the right-hand side of 


dI 
a = f umy dx 


using the second equation of (5.1), and then making the symmetrization and 
cut-off process, we can show the following lemma. 


Lemma 5.3 Under the assumptions of the previous lemma, if 
p(x, x^) = [Vimv)GO - VG, x] уох) 
+ [Vinya УС, x] va Go. (5.27) 
then it holds that 
< CRT! (Ix — xol + |x’ — xol) 


р(х) yo (^) + CRT! |x! — xo] vox)! (5.28) 


with a constant C > 0. 
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Proof: From the proof of Lemma 5.2, if Q is simply connected, then relation 
(5.18) holds with (5.19), where (71, 72). = (71, —n2). Even if it is not the 
case, these relations are localized to each component of д9, and generally we 
have 


1 


MAE RITU T 


n 4+K(x,x') (5.29) 


1 
log —— ———— 
2л IX (x) — X ^). 
for x, x’ є В(хо, 16R) П Q with 
K € (con n eme (Bav. 168) AQ x Bap, 168) П q) . (5.30) 


First, we take the term associated with 


1 1 
Gi(x, x’) = 6,8) = 5- log ЕЕ] 


for ё = X (x) and £' = X(x’). Since X is conformal, it holds that 


(=) (С) ox 

—)- |—)=|—|-7ld. 

Ox Ox Ox 

Defining 

ЕЧ 
c(§) = = and W;(5) = W(x), 
I x) 
we have 


r(x, x^) = [У (ту) (x) - Ve Gi x, x] vo) 
+ [Vx (my) (x') Уу Сбх, х") | Wo) 
= cE) WE) V; (IEP ¥iG)) - Veg. £^ 
+с@)%® (Уе (|| iE) : Vere. £^ 
= 3 = Е / 2 
= Spe pene EME) + IEP Ve e) 
= ENVEE VE) + |E P ven e]. 
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This implies o; = —(I + II + HII + IV + V) with 


1 
I= TONENE) 


un I [co Ew 6) — ENVEE’) 
__€-8) » (ie? le'l? 
I = =. Yew eC) va^ (IE? - [e]? 
@—#) , эе 
IV = 22. (у, — Ver V 
mpeg EO ау eo^ [E 
GN ИЕ 
V= крт ИОС IG - EWE) (Е. 


We have с(&) = 1 + O (|х — xol) and hence 


1 
== {1 + O (Ix = xol) (х) уо (x). 


Similarly, we obtain 


= iure) — c(£)) о 6) (E) 
+ c(&^)W (27) (Ч (6) — Wi (£^) 
+ c(&)(W2(E) — WE) Wi (E^) 
= O (||) ENVE) + 0 (|#'|) OCR") WE’) 
+ 0 (|8) oc w^ 
= O (|x' — хој) (Yo) Wile) + ORD о (х7) 
+ O(R yi x) 
=~ Syne neg Е) 6 +2) 
т Ыр 57 ` 
= 0 (Ix — xol + |x’ — xol) О(К yi Geo? yox) 
IV = 0 (Je) OR) WE) = О(|х' — хо A!) у) 
v = o (|2) ORD [чеч 
= o( 


|x” = хок) i! 


II 
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where (5.25) is used. These relations are summarized as 
/ 1 / 
piG x) + ha" 
C ; 1 sy 
+ x y (lx — xol + |x! — xol) О) vae) 
C 
Ts |x’ — xo] va x)? 


by y» > үл. 
We turn to the term associated with 


1 1 
Go(x,y) = g' (6, 8) = DRE ЕТ 


Using AL he = 0, we obtain 


OW; 
0&2 


£5—0 


fori = 1,2. Writing ®;(€) = ¢;(x), we also have LA ю=0 = 0, which 


implies Е | = O(R~*&). Using V; = Фі, we have 

OW; 

| 5 7? (v? RE) (5.31) 
similarly to (5.25). 


Now, we have 


pax, x^) = [У (тут) (х) У Со (х, x^] va) 
+ [Vanya - VeGaG. х) уз (х) 
= c(&) Чо (Е) Ve (E Wi (E) - Veg" (5, £^) 
+ cé) E) Ve (El PEN) Veg* (EE) 
= — (VI + VII + VIII + IX) 
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with 
_ (@—ё&) ; ee 
NE C [coi wi o^) — es i wo] 
уп = S 55. (eye ey, EWE) — cE IE PU wo) 
2л|ё — &P? 2 5 
(6+8) M" 
x E " ED [ctio ENE) +E AGW E) 6] 
( + &) mM | 
= T — T Геба чита, 8940087) + cE Vn? Vig ENNE). 


Similarly to С (х, x^), the estimate 


(&i — &0)? 


Ace pp m6 


Vr Vir 


< CR (Ix — xol + Ix' — xol) y œ) ya G^) + CR |x! — xolva (x)? 


holds. On the other hand, we have 


(£5 + E)? 
л|& — £|? 
_ @ + БАГА 

z|£ — & P 


VIII — COLAO AGD) 


lee) = c6) PEPE) + ENPE) — VE) 


WHE) + с(2 7) EN HE) — vc] 
(& + &)&5 


л|& — £P? 


_ & +8 
л|& — &P 


cl) V, (E) WE) + 


- O(I& — 21) (Ч. EWE) + O(R wo (^ + ORDY E’). 


Now, estimate (5.31) gives 


Vig 6) + Vig (E?) = O (boi E + eae) n7) 
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and therefore from &, E, > 0 we have 


(€ + £)) | 
E саа — c(&)|£ ^ Wig (E) wo (£^) 


+ с(&7) (1812 — [EP We, (E) Wo (E^) 
HENIE Pre E) + Vig E) Vo (5) 
— cE EP Wie EVE) — voce} 


(£5 + E2) | 
а IL (12 — 21) 11241, G) wo ^) 


+с@)О(ё& — 210815 16D) Vig EWE’) 
+ ENIE Po((Exn G^ + eji 69) R7?) WE) 
+E EP Wie E )o0(R 11 — e) 


1/2 


= O(R- je? WE) Wo’) + O(R^ (IEL + 17)) 


Wi? (Ew (^) + OCR EPH? (6. 


These relations are summarized as 
[pers x!) ул GOV 
< © (Ix — xol + li — xol) va Q1 yo) 
+o — хору (x^)? 
Finally, from (5.30), (5.25), and (5.26) we have 
[отуло - VK Gc, x] a) + [У Оту) G^ VK Gs x20) 
= Woe") (ODl — xol o) + OCR) b = хоруу œ) 
+ узо) (O(DIx' — хол) + OCR) Ix" — хо E) 
= O(1) (Ix — xo йуз?) + Ix хото) ya) 
+ OD (Ir — хотоо) + Ix — xoi С) 2 yao). 


The proof is complete. 
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Now, we give the following proof. 
Proof of Theorem 5.1: We have 
aX aX 


= VEL =2-——.Х 


=o) |< a 


ax 
=2-^®.х›=0 оп ðQ. 
Qv 


Also, we have the following estimates similar to (5.26), where xo = (x01, x02) 


m(x) = |x — xol? + O( |x — хој), 
my, = 2 (xi — xio) + O( |x — xol? ), 
тух, = 28;; + O( |x — xol ). 


Defining 


po | u(x, тууу (x) dx, 
Q 


we obtain 


d 
—l = / umi, dx = -f (Vu = ио) - Vmyi) dx 
dt Q Q 
=f илолүл)ах + | uNVv- Vmyi) dx 
Q Q 
«f иу log W - Vini) dx =I+ 04+ III 
Q 
from the first equation of (5.1). Since 
IVy;|  CR^! 2 and Ayi] < CR?) y; 
hold similarly to (5.25), we obtain 
I= | иу Ат + 4Ут Ууу + mA} dx 
Q 
= 1/2 
<4 | win de e cR J 5n udx 
Q Q 


<4M,+CR 127)”, 


5. The Green's Function 
where M; (t) = fo Vi (x)u(x, t) dx. We also have 

III — (КОЛ -Vm + ту log W · Уу) dx 
< CR! | |x — хо| yiu dx + СЕ”! | |х — xol? yi’ udx 
CR [ Ix — xol V] udx < CRAM”. 

Now, we apply the second equation of (5.1) to II and obtain 
П = I [ u(x, t)VxG (x, x’) - У, (ту) ux, t) ахах 
= | [ u(x, t)ya(x )VxG(x, x) - Ух(тул)(х)и(х',т) dx dx’ 


«f | поо ovs) 
QIQ 
-V myi (u(x, t) ахах = ТУ + У. 


J] s Ахах 

о/о 

[| wie 4хах' 
|x' —xo| » 16R, |x—xo| «8R 


and estimated from above by 


Ii |---| dx dx’. 
|x—x'|>8R 


Therefore, it follows that 


Here, 


of V is reduced to 


V< cr- f [ |x — xol у (х) u, t)u(x', t) ахах! 
QJQ 
= ce f |х — xol Vi (х) ибх, t) dx < CR 1332 117, 
On the other hand, we have 


1 
IV = >| | u(x, t)o (x, x’)u(x’, t) dx dx’ 
2 Jo Jo 
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by the symmetrization, and then Lemma 5.3 implies 


1 
ш + ТА = | | u(x, t) 
л QJQ 


ЕЕЕ 
< cra f |х — xol y1 (х) /2и(х, t) dx 
HORA | ly = xol OWO, дая 
= cra f Ix — xol (iG)! + yul, t) dx 
+ cra f |x — xol (уо (х) — va G)u (x, t) dx 


sn o ps с | (у(х) — Wi(x))u(x, t) dx. 
Q 


Thus, we have 


1 
IV < - М? CROP]? + c | Qa (x) — ya (х) и (х, f) dx. 
л Q 


These relations are summarized as 


d 1 
qi 541 - ZM + С.К (+! үг" cM; — Му) (5.32) 
л 
for t € [0, Tmax) with a constant C, > 0 independent of А > 0 sufficiently 
small, say 0 < А < 1. 
Here, we have 


M»(t) — Mı (t) 


[^ 


/ үә (x)u(x, t) dx 
R/2«|x—xo| x8R 


2 
= J |е — хоо e dx < 24 (12 
Q 


lA 


and hence 


dI M? 
4 €4M,— сув (ДА a AUTE? 
л 


follows. We also have 


ОТЕ [ kea HO CP CET 


< п) + 16R? |. бб 4» 
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and therefore 


dl M? 
T SM cL + CR! (232 +!) pg 
л 


© 4С›(}3/° 3m AP |. (у(х) — Wi(x)) u(x, t) ax] 


is obtained. 
Here, from (5.11) we deduce 


and 
|= f (v2) тоо) о, nas] < c 0 17. 


noting 0 < А < 1. Therefore, we obtain 


dI M,(0)? 
F « 4M,Q) - 87 , Ca RT! G3. + А12)? 
VIA 


T 4С3(22 + AP | Qa (x) = Va Qo) uoc) dx] 
Q 
L GUERIR ыу? 


Finally, we have 
|. Wa) iG) weds = i (йу 


(x0,4R)\ Bro, R/2) 
< AR? (0). 


Thus, writing 
B = C(A? +41), 
a(s) = Ca(A ^ + A9) G? + 5), 


Mit» 
л 


J(t) = AMi(t) — -8BR-lp(n!7, 


and I(t) = Ц (t), we obtain 


dl 
a J(0) +a(R 121/2) + BRIO. (5.33) 
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Under the assumption of M4,(0) > 4л, we can take y > 0 so small that 
inequality (5.2) implies the existence of T > satisfying 


J(0) + a(R- T?) + BR7'1(0)'? = —28 <0 
and 
1(0) —28T <0. 


Then, the standard continuation argument guarantees that 


dl 
qn and J(t) < I(0) 


for t € [0, 7). This implies 


dI 


— < —26 (0<t <T) 
dt 


and 


I(T) < I(0) — 26T <0, 


in turn. Then it is a contradiction and the proof is complete. 


The case хо € © is treated similarly, where the second moments /; (7) 
(i — 1,2) can be localized without using the conformal mapping. Namely, 
we replace the weight function by 


m(x) = |x — xol? . 
Then, the second term of the right-hand side of (5.29) is not involved in the 
proof of the analogous fact to Lemma 5.3. Therefore, the inequality 
«CR! (Ix — xol + |x’ — xol) 
Wi (x)? ya) + CR |x" — хо] vao)? 


takes the place of (5.28) with р(х, y) kept in the right-hand side of (5.27). 
Consequently, inequality (5.32) is replaced by 


1 
p(x, x) + aw GOV» (x) 


dl M? 
Ex < 4M) - 5L + C,R UP + AV + Cà (M2 — Му), (534) 
л 


and the following theorem is obtained. 
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Theorem 5.2 If Q C R? is a bounded domain with smooth boundary 8€2 and 


J ио(х) dx > 8л 
В(хо, К) 


holds for xy € О and 0 < R «& 1 in (5.1), then there exists n > 0 determined 
by A= [ко and lluoll r1 (BG, Р) such that 


1 
z) |x — xol? uo(x) dx «mn 
К J B(x0,4R) 
implies Tmax < +00. 


Inequality (5.33) has a general form including the case of xo € Q. In details, 
taking 


КООН и xol? (xo € Q) 
IX(x)I? Eo] | (xo € 82) 


and ук = VL RaR we put 
RO= f moue ve ах 
2 


AE [e Dg) dx 
AM R(t)” 


+8ВЕ—\14к(@)!? 
ma (xo) 


Jn(t) = AMn(t) — 
for 0 < А < 1. Then it holds that 
dIg -1,1/2 -1 1/2 

7-0) < Ј800) +а(к t^) + BR Ір(т) (5.35) 
for t € [0, Tmax), where 
B = C,Q?P +417) 
and 
a(s) = C, (a! + A5) (5? +5) 


with C. > 0 determined by ©. 
Inequality (5.35) will provide a motivation for the proof of Theorem 1.2. 


6 
Equilibrium States 


Self-assembly is the beginning of the selfness of life. 
— Н. Tanaka 


In this chapter, we begin the study of the stationary problem to (3.1): 
и = V.(Vu—uV(v-logW)) in ©х (0,7), 


д д 
—u — u— (0 +102 М) = 0 on 09 х (0, Т), 
ду ду 


а 
тИ for ѓє (0, Т), (6.1) 


where $2 C R” is a bounded domain with smooth boundary 09, W = W(x) > 
0 is a smooth function of x € Q, and A > O is a self-adjoint operator in 
L?(Q) with compact resolvent. This study provides several heuristic supports 
Theorems 1.1 and 1.2, although it does not bring any rigorous proof or tool to 
them. 

In the nontrivial case uo(x) Æ 0 of 


и|—0 = uo(x) = 0, 


we have u(x,t) > 0 for (x, t) є О x (0, Tmax), and system (6.1) is provided 
with the mass conservation 


[uc], = [uo] (62) 
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and decrease of the Lyapunov function, 
= - с HUM 
W,v)- | (ulogu — ulog W — uv) dx + 51А v| (6.3) 
Q 


satisfying (4.2): 
qu v) + tlu + | ulV dogu—v—logW)|* dx 20. (64) 
Q 


We recall that Tmax > О denotes the supremum of the existence time of the 
solution and || - | and ( , ) indicate || - ||; and L? inner product, respectively: 


1/2 
I - lf vax] А (vw) = f шах. 
Q Q 


ELIT =0 


If 


holds at some f = tg € (0, Tmax), then it follows that 

logu — v — log W = constant in Q 
for u = u(to) and v = v(tg) from the third term of the left-hand side of (6.4). 
Thus, we obtain 


AWe" 


=T Wedi (63) 


и 


for А = ||ио[|1. In the case of t > 0, (6.4) implies also 0; (0) = 0. Therefore, 
in both cases of t > 0 and т = 0, we have 


и = Av 


by (6.1), and hence 


AWe" 
vedom(A) and Av = ————— (6.6) 
/» We" dx 


follow, where dom(A) denotes the domain of A. If v = v(x) solves (6.6) 
conversely, then (u, v) with u — u(x) defined by (6.5) is a stationary solution 
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to (6.1) satisfying (6.2). Thus, the stationary problem for (6.1) with |[uo||; = А 
is formulated as (6.6), which is equivalent to 


logu — A lu — log W — constant, IL А = А (6.7) 


in terms of u = u(x) > 0. 

Problem (6.6) with и = 2 arises in several areas — geometry, fluid dynam- 
ics, field theory, combustion theory, chemical reaction theory, and so on — and 
we can use the method of complex variables, spectral analysis combined with 
isoperimetric inequalities on surfaces, the bubbled Harnack principle, and so 
forth [166]. Another device is the method of rescaling, often called the blowup 
analysis [88]. 

An example of (6.6) is 

AWe" 


—Av--—————— in 2, 
Is We" dx 


v—0 on д9, (6.8) 


where Q C В? is a bounded domain with smooth boundary д9, and W = 
W(x) > 0 is a smooth function defined on О. This problem is related to the 
complex function theory and the theory of surfaces, but if W = 1 it arises also 
in statistical mechanics as the mean field equation of many vortex points in 
Onsagar’s formulation [82, 20, 21]. 

Another example is the prescribed Gaussian curvature equation studied by 
Kazdan and Warner [80], 


We" 


Aj = ЕЕЕ X 
g” ie We" dug 


V) on M, (6.9) 
where (M, g) is a compact Riemannian surface, and V = V (x) апа W = 
W (x) are smooth functions on M satisfying W(x) > 0 somewhere and 


J V dv, = 1. 
M 


This problem is relative to the stationary problem of chemotaxis associated 
with the (JL) field, and here, © is replaced by the two-dimensional Riemannian 
surface M without boundary and A, and dv, indicate the Laplace-Beltrami 
operator and volume element, respectively. 

The constant case of V — V (x) often arises in (6.9): 


We" 1 


xA ud е OP ааа 
g” TT vol (M) 


) on M. (6.10) 
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In fact, the solution of Tarantello [171], describing the limiting state in the 
relativistic Abelian Chern-Simons gauge theory concerning superconductivity 
in high temperature, solves (6.10), where (ЛИ, g) is a flat torus, A = 4л, and 
W = expuo with uo = uo(x) satisfying 


Ax N x 
— Aug = ——— — 4л by, (dx) on М 
Ug(M) 2. 5 
and 
J uodvg = 0 
M 


for p1, ..., py € M. On the other hand, Nirenberg’s problem is nothing but 
(6.10) in the case of М = S? and A = 87 [4, 22, 26, 86, 103]. 
Finally, we note that (6.6) in the (N) field is described as 


AWe” . 
—Av+av = ————— in &, 
fo We" dx 
д 
3, =9 in д9, (6.11) 
v 


where © С R? is a bounded domain with smooth boundary 0Q, а > 0 is a 
positive constant, W = W(x) > 0 is a smooth function defined on О, and v is 
the outer unit normal vector on д9. 

Variational structures of these problems have their own real analytic profiles. 
For instance, v = v(x) is a solution to (6.8) with W(x) = 1 if and only if it is 
a critical point of the functional 


1 v 
Rv) = sve] юв ( f e dx) 


defined for v € Hi (9). Then, the Trudinger-Moser inequality [102] assures its 
global minimizer for A є (0, 8л), and hence the solution to (6.8). If Q с R? 
is simply connected and A є (0, 8л), then this problem has a unique solu- 
tion [113, 162]. It is proven by the bifurcation theory, spectral analysis, and 
an isoperimetric inequality on surfaces [5]. If €2 has genus g > 1, on the 
contrary, then the mini-max principle is applicable, and there is a solution for 
А € (8л, 1677) [39]. It is proven by the concentration behavior of blowup func- 
tions associated with the Trudinger-Moser inequality. (See [25] concerning the 
nontriviality of this type of solution applied to the mean field equation (6.9) 
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with constants W (x) and V (x).) If W(x) is not constant in (6.8), on the other 
hand, then the associated functional 


І 
Tv) = vol; —atog( f. we" ax) 


defined for v € He (Q) may have the minimizer for А = 8л [121]. 

If W = W(x) is constant, then problems (6.10) and (6.11) admit constant so- 
lutions. Nonconstant solutions to these problems are obtained by the mountain 
pass lemma [161, 144], where the blowup analysis is applied. In more detail, 
the blowup of a family of solutions can occur only at the quantized value of 
А in 8x: N or 4x N [18, 88], and therefore, first, existence of the solution is as- 
sured for almost every à by Struwe’s argument [74], and then the solution for 
the nonquantized value of A is obtained by this quantization. 

In general, the quantized blowup mechanism for the family of solutions 
plays a fundamental role in the study of this kind of elliptic problem [155]. 
This quantization was observed first in (6.8) with W(x) = 1 using complex 
variables [114, 115]. Then, [18, 88] introduced the method of the Green's func- 
tion and that of the blowup analysis using sup 4- inf inequality [140], and after 
that, some refinements were done [87, 94, 190]. If the boundary condition is 
not imposed, then the multiblowup points can occur to the solution sequence 
[18, 32, 88]. On the contrary, extra constraints on the family such as the bound- 
ary condition make any blowup point simple, and furthermore, their locations 
are controlled by the Green's function [87, 94, 115, 190]. 

The quantized blowup mechanism stated above induces a related, but dif- 
ferent approach to (6.6) from the variational method, that is, the topological 
degree [87]. The advantage of this method is its stability under rough pertur- 
bations, and we shall describe this situation in more detail for the Gaussian 
curvature equation (6.9). A related topic is the reverse theory of the classi- 
fication of the singular limit as А — Ag € S8zN, that is, singular pertur- 
bation, constructing classical solutions close to each singular limit for (6.8) 
with W(x) = 1 [100, 184]. After several refinements and generalizations 
[101, 163, 183], Baraket and Pacard [7] showed that the classification of [115] 
is optimal; the generic singular limit of [115] generates a family of classical 
solutions converging to it. 

Describing the topological degree approach, we recall that the blowup of 
the solution sequence occurs only at the quantized values of A, and there- 
fore we have local uniform boundedness of the solution associated with A 
in each connected component of R X 87N. In particular, the total degree of 
the solution, denoted by d(A), is constant in each connected component of 
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à € [0, со) \ 8x: N. The quantized blowup mechanism admits even continuous 
perturbation of W = W(x) > 0 in the uniform norm. In more details, d (A) 
does not depend on the continuous function W = W(x) > 0, nor on the 
conformal deformation of M, and therefore we can take suitable representa- 
tives in calculating d (A). In a serious papers, C.-C. Chen and C.-S. Lin used 
this structure, and applied the methods of moving plane and moving sphere 
[27, 28, 29, 89, 90, 91]. Then, using the blowup analysis, they succeeded in 
calculating d (А) precisely, and the total degree d (à) is determined by the topol- 
ogy of M [30, 31]. In more detail, by the study of the linearized operator using 
the scaling argument, they calculated the discrepancy of d (A) at each quantized 
value A € 82N. 
Actually, for (6.10) we have 


40) = (" X) 


if A € (8x: m, 8zr (m + 1)) with m = 0, 1, ..., where x (M) denotes the Euler 
characteristics of M and 


m2(m2 — 1)... (т —mi + 1) 


mı (mı > 0), 
ex 
m 1 (m, = 0). 


If g denotes the genus of M, then it holds that x (М) = 2 — 2g. In particular, 
X (S?) = 2 and hence we have 


= _3у...(— 0 m22) 
40) = aa cq eq qm (6.12) 
idi 1 (m=0), 


for à € (82m, 8л (m + 1)) whenever M is homeomorphic to 52. In the case 
that M is homeomorphic to the torus T?, we have x (М) = 0, and it holds 
that 


d(a) = 1 (6.13) 


for any л € [0, oo) V 8x N. 

In the (JL) field defined by (3.4), if О C R? is simply connected, then the 
domain Q is conformally equivalent to the chemisphere. Attaching two copies 
of them, we obtain (6.9) on S? by the boundary condition of (9.5). Therefore, 
the latter problem is transformed into the former problem with even symmetry. 
Similarly, if © is doubly connected, then we reach the problem on the torus. 


6. Equilibrium States 111 


Therefore, if we can find W = W(x) such that any solution to (6.10) has such 
a symmetry, then formula (6.12) is transformed into a form valid for this prob- 
lem, that is, A replaced by 24. (So far, this argument is not justified, although 
there is K = K(x) such that any solution to (6.10) for M = S? is rotation 
invariant [89].) 

Concerning (6.8) with 0 < W = W(x) є C! (Q), we have 


шөт) 


for A € (8mm, 8л (m + 1)), where g denotes the genus of ©, and in particular, 
if Q is not simply connected, then any A ¢ 8z:N admits a solution [31]. Using 
the quantized blowup mechanism again, this existence result is valid for all 
à € 81N and 0 < W = W(x) € C(Q), and in this way we have an extension 
of the result of [39] concerning the existence of the solution in the case of 
pg. 

In this book, problem (6.6) is regarded as a stationary state of (6.1), and the 
effect that these profiles of the stationary problem suggest for the dynamics 
of the nonstationary problem is studied. In fact, we call т > 0 апат = 0 
the full and simplified systems, respectively. In the simplified system, we have 
v = A~'u, and therefore the Lyapunov function WW(u, v) defined by (6.3), 


Wu, v) =f (ulogu — ulog W — uv) dx + рар, 
Q 


is reduced to the free energy: 
F(u) = Wu, A lu) 
= [ (ulogu — u log №) dx — Lau, u). 
Since the stationary state is regarded as a critical point of the free energy, this 


F(u) induces a variational structure to (6.1), that is, in the stationary state, 
u = u(x) > 0 is a critical function of the functional F defined on 


Р, = fu : measurable | u > Oae., lu] = a} Р (6.14) 


and a similar variational structure is adopted for (6.8) [20, 21]. 

On the other hand, problem (6.6) has a variational structure of its own; it is 
not hard to see, at least formally, that v — v(x) is a solution to (6.6) if and only 
if it is a critical point of the functional 


E 1/2, 42 v 
Aw) = zla" — nog ( f we dx) 
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defined for v € V = D(A!/?). Furthermore, the linearized operator around the 
stationary solution v — v(x) is associated with the bilinear form defined on 
Vx’, 


1 2 
Alg, p) = Гата – f peace s | рах | , 
Q Q 


where 


AWe" 


im Јо We" dx’ 


and the abstract theory of Friedrichs-Kato [77] concerning the self-adjoint op- 
erator and associated bilinear form is applicable. 

In this way we have two structures of variation to the stationary problem of 
(6.1). Actually, they are equivalent to each other. Here is the key identity for 
the proof: 


AWe” 


у (-- We" dx’ 


v) = Ж (v) КАВА. (6.15) 


This means that the functionals F (u) and 7, (v) + à log X are nothing but the 
restrictions of YV(u, v) to the manifolds 


M = [e | v= Ати, Ju], =] 
and 
N= [e Ino uz 


respectively. Then, we can see that the intersection of these manifolds coin- 
cides with the set of stationary solutions. However, these manifolds M and M 
meet transversally, and the spectral equivalence described above is never triv- 
ial. Here, an algebraic property of YV(u, v) takes a role and we have the vanish- 
ing of W, and W, on the tangential bundles of M and M, respectively. Nev- 
ertheless, this spectral equivalence is still reasonable, because F (u), W(u, v), 
and 7, (v) + Alog A are regarded as the free energies for (6.1) with т = 0, 
0 « t < +оо, and т = +оо, respectively. 

Actually, the Lyapunov function W(u, v) defined by (6.3) has a remarkable 
structure. The first term, 


| u(log и — 1) dx, 
Q 
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indicates physically (—1) times entropy, but is associated with the Zygmund 
norm mathematically. This structure is described at the end of Chapter 4; the 
Orlicz space L log L({2) is provided with the norm 


ГА 
= 1 ——— | dx. 
[fz ogi [^ og (^ Jr x 


We note that L log L(€2) and exp(&2) form a duality, which is regarded as a 
local version of the one between Hardy and BMO spaces valid in a two-space 
dimension [135]. In this context, the third term of W (u, v), 


f wae, 
Q 


is nothing but the paring of this duality, and the fourth term, 
1 
zla ^l 
2 


is usually equivalent to the square of ће Н! norm. Actually, in the concrete 
cases of the (N), (JL), and (D) fields, we have V = D(A!/”) for V = H! (Q), 
V = Н!) п 12(9), апа У = НД (9), respectively, where 


1000) = E e L*(Q) | J vdx =0}. 
Q 


In the case of n = 2, furthermore, we have a fine real analytic structure of 
H! c ВМО, which guarantees 


2 
У(и, 0) ~ [ulz iog L + lelg = (v, H) L log L,exp 
provided with the inclusion and the duality 
V — exp = (Llog LY. 


These structures are useful for the construction of the local dynamical theory 
around the equilibrium point of (6.1). 

Equivalence of these variations can be extended to the general system pos- 
sessing the Lyapunov function. The underlying structure is nothing but the 
Toland duality in a convex analysis, where the Lyapunov function acts as the 
Lagrange function. 'This formulation covers many mathematical models pro- 
posed in mean field theories, and especially their local dynamics around the 
equilibrium point is described in a unified way. See the final chapter. 


7 


Blowup Analysis for Stationary 
Solutions 


This chapter studies the quantized blowup mechanism of the stationary system 
of chemotaxis. Actually, Ma and Wei [94] took 


0 AW(x)e" 
Е Jo W(x)e" dx 
v=0 on д9 (7.1) 


—Av Q, 


and showed the following theorem, where Q C R? is a bounded domain with 
smooth boundary д9, апа W = W(x) > Qisa C! function of x € Q. 


Theorem 7.1 /f {(Ax, vg)} is a family of solutions to (7.1) satisfying 
Ак — Ao € [0, +оо) and | Uk | — +оо, 
then ào € 8x N. Furthermore, passing through a subsequence, we have 
Ao = 87-16 

with S being the blowup set: 

S= [xo EQ | ор (хр) > +оо, xy — xo for some {хк} C a]. 
We have S C Q and 

(к) > У 81G(x, xo) (7.2) 


хоє& 
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locally uniformly in О \ S, and the location of blowup points is controlled by 


У, (82 K (x, xo) + У 82 G(x, х0)))| 
x9 eSM xo) 


+ Vx log W(x)|,_. =0, (73) 


х=х0 x=x0 — 


which is valid for any хо € S. Here, С = G(x, х!) denotes the Green's func- 
tion for — ^ under the Dirichlet boundary condition, and 


1 
K(x, x’) = G(x, x) + 5, 98 |x — x'| 
л 


is its regular part. 


This theorem is a generalization of [115] for the case W(x) = 1, where 
the method of complex variables is applied. The idea is roughly described as 
follows [166]. 

First, we take 


z—xp-ix, and Z-—X|-—1Xx2 


for x = (x1, x2) € Q, and put 


S — 0: — АА (7.4) 


for the solution v = v(x) to (7.1). Then, the equation 


Ae" 
—Av= 
fo e" dx 
reads 
o v 
vz = ——e 
24 4 


foro = А/ ds €" dx, and hence it follows that 
Sz = Uzgez — 0:00 = 0, 


and therefore s = s(z) is a holomorphic function of z. On the other hand, (7.4) 
is regarded as the Riccati equation of v and hence ф = e^"? satisfies 


Pez + 5 = 0. (7.5) 
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Now, we take the fundamental system of solutions to (7.5), denoted by 
{ф1, фә}, satisfying 


д 
Ф. = a ee =1 


and 
д 
s es = Ф|. = 0, 


where z* = хү +1x;3 is obtained by the maximum point x* = (хү, x5) of v(x). 
Then it holds that 


e"? = fi(z)óv) + fida) 


with some functions fj and f? of Z. Here, we have 


Лб) = С1ф (z), f2) = Crd2(z) 


СРЕ 2 е] 


xx" 8 x=x*? 


where fi(z) = f,(z) and fo(z) = f (©), and therefore 
e"? = Cy loi? + С lol. (7.6) 


Next, given a family { (Ak, Uk (x))} satisfying 


Aj ek 
— Avg = —— Q, vu =O on д9 (7.7) 
Јо е% dx 
апа 
lim Ap =A li = 
jim Ax = Ао € [0, +оо), lim |x|, = +оо, 


we apply the arguments of reflection and the boundary estimate [36, 52], and 
show that (vy (x)) is uniformly bounded near the boundary up to its derivatives 
of any order. Thus, we obtain S C Q, and hence the uniform boundedness 
of the holomorphic functions {s,(z)} near 0Q. This implies ||s¢ loo = О(1) 
by the maximum principle, and then Montel's theorem assures the existence 
of a subsequence, still denoted by {s;(z)}, and that of a holomorphic function 
50 = so(z) of z e © such that 


Sk(z) — so(z) (7.8) 
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locally uniformly in Q. 

The holomorphic function s = 5; (z), on the other hand, induces the analytic 
functions фі = фи (2) and фо = фрю(:) of z є Q similarly, and the above 
convergence (7.8) implies the existence of their limiting functions denoted by 
o1(z) and фуд (2), that is, 


Jim фи (©) = фо), im éi2() = pok), 


locally uniformly in z є ©. Then, making k — oo in (7.6) for (v, фі, $2) = 
(vk, фи, фо), we obtain 


e 0/2 = Co |фо2]? 


with Co» € [0, +оо], because Су = e|"klloo/2 —› 0. Here, vo(x) is the 
limiting function of (v (x)) in the weak topology of W ?(Q) for q є (1,2), 
which is assured by the L! estimate [19]. We can show also that Ар < +оо 
implies Co»? < +оо, and that the blowup set of {vg}, denoted by S, coincides 
with the set of zeros of $9». Therefore, S is discrete in Q from the theorem 
of identity, because the analytic function фо? cannot be identically zero. This 
implies the finiteness of S by S C ©. We can show also 


Le dx > +оо (7.9) 
Q 


and therefore vg = vo(x) is a harmonic function of x є Q \ S. However, each 
хо € S is a removable isolated singular point of 
l 2 
$0 mE U0zz == 5 “02? 
and then the residue analysis of vanishing coefficients of poles of the first and 
the second orders guarantees the mass quantization in the form of 
—Avo(x) dx = У 875, (dx), 


хоє& 


and also the control of the location of the blowup point (7.3), respectively. 
In this argument, relation (7.9) takes an important role. In this connection, 
we mention that first, the above problem was formulated by 


—Auv,-o,e* in Q, v —0 in д9, 


with ох |, 0 [115]. This formulation includes the case 


i= or | e* dx — +оо, 
Q 
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where vj (x) — +оо occurs for any x є 2. (Radially symmetric solutions on 
annulus have such a profile. See [92, 111, 116].) 

To treat the general nonlinearity, [115] used the estimate of [53] derived from 
Obata's identity [122], and consequently some technical conditions about the 
nonlinearity were assumed. Then, using another argument, [190] eliminated 
these assumptions, and thus the asymptotic behavior of the solution presented 
in Theorem 7.1 is valid for any exponentially dominated nonlinearity, homoge- 
neous in space. On the other hand, [7] constructed a family of solutions for the 
homogeneous case W(x) = 1 under the nondegeneracy of the blowup points. 
In fact, (7.3) in this case means that (xf, ..., x5) is a critical point of 


1 
Мб, Am) = 5 DRG) + 2 x)» 
where $ — bs SH XA If this critical point is nondegenerate, then there 
is a family of solutions ((A, v(x))) for (7.1) satisfying (7.2) locally uniformly 
оп © X S. In this connection, we have the previous work [155, 183] on the 
rectangular domain. See also [166] for their background and motivations. 

To treat the inhomogeneous case of (7.1), [18] made use of a rough estimate 
to derive (7.9). Later, [125] proposed the method of symmetrization stated 
below. It assures mass quantization first, and then derives (7.9) as its conse- 
quence. Actually, [18] proposed a real analytic argument based on the linear 
theory. More precisely, we can show the following theorem, using Brezis— 
Merle’s inequality (4.25), although the proof is not provided here. 


Theorem 7.2 Let Q с R? be a bounded domain, and suppose that vg = 
v (x) e C?(Q) solves 


-Лу = Vy(x)e* in Q 


with М(х) satisfying 
0<Vi(x)<b in Q and f е dx = O(1), 
Q 


where b > 0 is a constant independent of k = 1, 2, .... Then, passing through 
a subsequence, we have the following alternatives. 


1. (vy (x)) is locally uniformly bounded in Q. 
2. For any compact set К C Q, it holds that 


ирк > —OQ. 
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3. There is a set of finite points fyi, Жез Ур} and sequences {xi} fori = 
1,..., ріп © satisfying 


xi — y; and у(х!) — +оо. 
Furthermore, for any compact set К С Ф \ fyi, te yp} we have 
SUDKUK — —&O 
and 
p 
V. Ge? dx — V ^ G8, (dx) 
i=l 


in M(Q) with some ĉi > 47. 


Li and Shafrir [88] then introduced the blowup analysis to this problem and 
refined the above theorem as follows. 


Theorem 7.3 If { У; (х)} converges locally uniformly їп О, then in the third 
alternative of the above theorem it holds that ĉi € 8x.N for i = l,..., p. 


The first fundamental technique of the blowup analysis is the scaling. More 
precisely, if 


—Av = V (x)e" (7.10) 
holds, then (x) = v(8x + xo) + 21og ô with 6 = e-" *0/? satisfies 
— Ai = V (ôx + хо)е? (7.11) 


and therefore any result valid for (7.10) is applicable to (7.11). The next tech- 
nique is to “envelope” the blowup mechanism inside this transformation, and 
to show the vanishing of the residual term other than the collapses. For this 
purpose, sup + inf inequality or asymptotic symmetry is used [87, 88]. Later, 
we shall follow this story for the nonstationary problem (1.1), by different tools 
and structures. 

As described above, generally, the multiblowup of С; z^ 8л can occur, al- 
though it is not the case if the boundary condition is provided. Actually, it is 
indicated in [88] that the following theorem is obtained by G. Wolansky, and 
we can see the proof in [87, 118]. 
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Theorem 7.4 т addition to the assumptions of the previous theorem, if 
(Vi (x)) are C! functions satisfying 


[УУ С 
апа it holds that 


тах vy — min vx x С» 


with the constants C1, C» independent of k, then in the third alternative of 
Theorem 7.2 we have €; = 8л for i =1,..., p. 


Now, we return to [94]. In fact, problem (7.1) reads: 


—Av-—V(x)" in Q, 


v=0 on д9, 
with 
AW (x) 
V(x) = =. 
e) fo Wire” dx 


First, we show that the blowup set is contained in © by the argument of [52]. 
Namely, given хо € д9, we take B(x1, r) C 9“ such that B(x1, r)NQ = {xo}. 
Then, using the Kelvin transformation 


xX—x 
y= бо апа ш(у) = v(x) 
х = x] 


we obtain 


—Aw-f(y,w) in ©/, 
w=0 on aM, 


where x € Qh y € €' c B(0,r) and 
r^ 2 У 
РОУ, ш) = V(x +r Je". 
ly| yl 
Now, we take the outer normal derivative from €? at 


yo = хо х Є an’, 
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putting y = р(хо — x1)/r with р = |y| € (0, r): 


лош] = E Gv (a+ ооо) е 


[-4r7! Vo) T VV(xo)- vs] е“. (7.12) 


Here, 


X] — X0 


Vx, = 
0 r 


denotes the outer unit normal vector on д2 at xo. The right-hand side of (7.12) 
is negative for 0 <r < 1 by 


VlogV = Vlog W 


and W(xo) > 0, and therefore the moving plane method [52] is applicable. 
Consequently, we have r > 0 and ô € (0, 1) such that for any xo € д9 and the 
unit vector & satisfying Б . эх | < 1 — ô, it holds that 


d 
—v(xo4- 5$) < 0 
ds 


for s € (—r, 0). The L! estimate [19] guarantees 


| Uk [ил = O(1) 


for q € [1, 2), and therefore we can show that the blowup set S of {vg} is 
contained in © by the method of [36]. On the other hand, we have ux (x) > 0 
from the maximum principle and also ||vg|loo = +оо from the assumption. 
Therefore, the first and the second alternatives of Theorem 7.2 are excluded, 
and now Theorem 7.4 implies 


V.G)e' ах — 8л Y ôx (dx) (7.13) 


хоє& 


in M(Q). Then, convergence (7.2) in W 4 (Q2) follows from the L! estimate 
for q € [1, 2), and also it is locally uniform on Q \ S by the elliptic regularity. 
To show (7.3), we make use of the Pohozaev-type identity [79, 80]. 


Lemma 7.1 /f D C В? is a domain with C? boundary ðD, and v € C?(D) 
and V € C! (D) satisfy 


—Av=V(x)e” in D, 
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then it holds that 


д 1 
J VV (x)e” dx = / (vv == |Vv|? v + Уде") ао, 
р 9р Qv 2 


where v denotes the outer unit normal vector on 0D. 


Proof: The proof is elementary. In fact, we have 


-f AvVvdx -f V (x)e"Vvdx 
D D 


x Vixjervda - | VV (x)e" dx, 
aD D 


which means 


| vetas || vaeva + | AvVv. 
D aD D 


Here, we have 
м= | ну | vivivjdo — | vivij dx 
D 9р D 


=] (ummy = wow) do + | ойу dX 
др D 


=] (vivivj — vivvij + vjvvii) do — І 
др 


and hence 


1 
[j= =f. (viv; 0; — vivvij + vjvvii) do 


follows. This implies 


1 д д 
/ AvVvdx = >| M eee (Vv) + vvAv | do 
D 2 aD Qv Qv 
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(7.14) 


Qv 1 д 
= —Vvdo + = ——(vVv) + vvAv | do 
aD Qv 2 aD Qv 


Qv 1 


= J —Vvdo — >| (A(wVv) — V(vAv)) dx 
a D 


p 9v 2 


Qv 1 2 
= —Ур – – VIV d 
[> v ; f, IVv|* dx 


д 1 
= J (F v0 - - |Vv]? ) ас, 
9р дъ 2 


and then (7.14) is obtained. 
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Now, we complete the following proof. 


Proof of Theorem 7.1: Taking xo € S and small r > 0, we apply (7.14) for 


AW (x) 


у(х) = Jo Waer dx Woe dx 


and D — B(xo, r). From 
—Av = И (х)е" in D, 


this implies 
J [V log W] Ve(x)e"* dx = J [V log Vi] Vie" dx 
D D 


д 1 
zi vue dx = | [7 vw – = 
D aD Qv 2 


where the left-hand side converges to 


2 
vul + vens] do, 


82 V log W (xo) 


by (7.13). 

To treat the right-hand side, we make use of convergence (7.2), which holds 
locally uniformly іп © V S, and the elliptic regularity. We also apply (7.13) for 
the third term, and in this way we see that the right-hand side converges to 


доо 1 2 
ТРЕЕ, Ja ; 
Же v0 5 | vol“ v јао 


where vo(x) = 87 2 ues G(x, xo). Then, letting 
vi (x) = 81 G(x, xo) 
and 


v(x) =8" у, Сбх, хо), 


хуєб\{хо} 


we obtain 


0 1 
lim (vw — L |V vo]? v) do = lim (1 + П) 
r40 Jap \ дъ 2 r40 


7. Blowup Analysis for Stationary Solutions 


with 


à 1 
i J (vo, I Vil? v) do 
9р ду 2 


апа 


Qv Qv 
П = (vv je Vi Уо») de; 
aD Qv Qv 


Furthermore, we have 
v1 (x) = vi (x) + v(x) 
with 


1 1 
011(х) = 8m - — log 
2л |x — xol 


and 


vi2(x) = K(x, xo), 


and hence it follows that 


Qv Qv 


д д 
limII = lim (2+ zr UN — Ур vu) do. 


г{0 r40 Jap 


Here, we have 


д 1 1 
lim | (tog )f 04e. = — fe). 


r40 Jap дъ N2z |x — xol 


1 
lim v(— log 
r0Jap 2л ~ |x — xol 


) f@)dox — 0. 
li v( Li l )A )v do, = 0 
im — log ———— Jj (x)v do, = 0, 
ri0Jap “2л |x — xol 3 » 
for continuous f (x) and j (x). Thus, we obtain 
| ду 
limII = lim — —Vvodo = —8z Уо (хо) 


г40 r40 Jap ov 


= 64m? M WG(xo, х0). 
FECYET 
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On the other hand, we have 


lim J = lim (III + IV) 
г{0 г{0 


1 
m= | 2l yw — =|Voul?v )do 
aD Qv 2 


д Qv 
IV = J PX VS + АЛ iia — Ур · Vujov | do. 
aD Ov Qv 


Similarly to the case of IL, we obtain 


with 


and 


lim IV = —64z? V,K(xo, xo). 
г{0 
Finally, we have 
д 1 2 
— log |x — xol V log |x — xol — = IV log |x — xoll“ v do 
9р Qv 2 
/ ( 1 X — хо 1 x— xo ) 
= : = 5 | do 
ap Nx = хо Ix —xol 2 |x — xol 


1 = 
= | a Odo — 0 
ap |x — xol 


as r | 0. Then, (7.3) follows and the proof is complete. 


Problem (7.1) is the stationary state for the (D) field. For the (N) and (JL) 
fields, there arise boundary blowup points, which are hard to control by the 
above-stated methods. However, the method of symmetrization is efficient even 
for this problem, and the following theorem is a special case of [124]. Thus, 
several techniques are available for this kind of problem: Brezis—Merle’s in- 
equality, blowup analysis, sup + inf inequality, Kazdan-Warner's inequality, 
complex variables, symmetrization, and so forth. 

The rest of this chapter is devoted to the following theorem [124, 125]. 


Theorem 7.5 Let Q C R? bea bounded domain with smooth boundary 9&2, 
W = W(x) > 0 be a C! function on Q, and the C? function vy = у(х) solve 
(6.11) for X = Ag > 0: 
AkW Uk 
— AU, + ашк = AW ayers _ 
fo W (x)e”k dx 
QU, _ 


— on д9. (7.15) 
дъ 
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Suppose Ак — А € [0, +оо) and set 
Ak W (x)e'* 


uk(dx) = To Wae% dx’ 


Since (uu (dx)) is bounded in M(Q), we may assume without loss of gen- 
erality that 
Lk (dx) — u(dx) (7.16) 
in M(Q) for some (dx) € M(Q). Then the following alternatives hold: 


1. There exist smooth v = v(x) and further subsequences of {vg}, still 
denoted by the same symbol, such that vy — v uniformly on Q and 


AoW (x)e" 
Шах) = -—— ur dx 
Ja W(x)e" dx 
We note that this v(x) is always a solution for (7.15). 
2. We have Ao € 4x NN and there is a nonempty S С © satisfying 
2-# (SNQ) +#(SN IAQ) = Xo/(4z). 
For this S, it holds that 


шах) = У m.) (dx) 


хоє& 
with m.(xo) defined by (1.24): 
made 8m (xoEQ,) 
* 0 Van (хоє 29). 


Furthermore, we have 


Vx (m.G K(x, х) + у, malxp)Gr, x») 


x9 eS M xol 


х=х0 
+ V, log Wo) zy GID 
х=х0 


for each хо € $, where С (x, y) denotes the Green's function of — А +a 
under the Neumann boundary condition and 


1 

;,leglx—-»l (ye ©), 
ke oae ns | 

zlog|x—yl Q € dQ). 


In (7.17), Vy takes only the tangential derivative in the case of xy € д9. 


128 Free-Energy and Self-Interacting Particles 


Let us note that only tangential derivatives are taken for the boundary blowup 
point to control, and system (7.17) is well-posed under this agreement. 

For the proof, we employ the argument of symmetrization, introducingu; (x) 
by их(х) dx = ui (dx). Then it holds that 


Лу + ау = ир in Q, A =0 on д9 
and 
Лик = V-(uxV (uy --logW)) in Q 
with 


д д 
——ик— икт (vk t+logW)=0 on д9. 
Qv Qv 


Testing v € C 2(Q) with da = 0 on ðQ, we obtain the weak formulation 


1 
- | Аў них) =; |f oso uem шахах) 
Q QxQ 
+ | Vlog W(x): Vy(x)ug(dx) (7.18) 
2 
with 
py (x, x) = Vy (x) Vy G(x, x) + Vy (x)- Vy G(x, x’). 


First, we show that the limit measure и (4х) is a finite sum of delta functions. 

Then, we take the second moment of ик (dx) to control their masses and loca- 

tions. These processes are called the rough and fine estimates, respectively. 
First, rough estimate is a consequence of the following lemma. 


Lemma 7.2 If the first case does not occur in the previous theorem, then the 
second case holds with m, (хо) replaced by m(xo) in т(хо) > m.(xo)/2. 


For the proof, we take wy = vk + aAp Uk with —Ap being the Laplace 
operator in Q under the Dirichlet boundary condition. Then, it holds that 


—Awz -—Vx)e"* in Q (7.19) 
for 


ALW (x)e7 ^0 % 


"(2 7 7 weer dx ` 
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At this moment, direct application of [88] has an obstruction for the boundary 
blowup point, and we adopt a different approach based on Brezis-Merle's in- 
equality. This argument is valid for rougher cases than the ones that [88] treats, 
such as the lack of uniform convergence of {V;(x)}. Actually, Corollary 4 of 
[18] is stated as follows. 


Lemma 7.3 Let (wy) be a sequence of solutions to (7.19), and suppose the 
existence of С, С», and єс independent of К such that 


(Vel, С, [well < C2 


and 
| [ие dx < ву < Ax/p', 
Q 


where p € (1, oo], and (1/p)+(1/p’) = 1. Then {шу} is bounded in 10 (2). 
Here and henceforth, w = max(0, w}. 


Now, we give the following proof. 


Proof of Lemma 7.2: Given {(Ax, vg)} as in Theorem 7.5, we apply the L! 
estimate of [19] to (7.15). This implies 


eel wie = 0(1) 
for each q € [1, 2), and especially 
| vi I, = 0(1) (7.20) 


follows for each p є [1, оо) by Sobolev’s embedding theorem. 
The maximum principle guarantees vy (х) > 0, and hence it follows that 


[ woven are | W(x) dx. (7.21) 
Q Q 


The right-hand side of the first equation of (7.15) is represented as Vg (x)e"t, 
where 


V(x) = АИ (x) 


and 


у (х) = v(x) — log (f, W (x)e"* dx) К 
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Under this notation, we have 


Лу +ац = Velarde іп Q, 
a 1 
SEE eG on д9, (7.22) 
Qv 
with 
|| „= oq) (7.23) 


for each p є [1, оо). Actually, (7.23) is valid even for p = +оо. Now, we 
claim the following lemma. 


Lemma 7.4 If 


lim sup J VkGOe"t dx < 4л (1.24) 
B(xo,2R) 


коо 
holds with В (хо, 2R) С Q, then it follows that 


| Vi. | L^ (B(xo,R) — оа). 


Lemma 7.5 For each ху € д9 and each sufficiently small R > Q, there exists 
с € (0, 2) satisfying the following properties: if 
lim sup f V (х)ет dx « 2л, 
k—oo JB(xg,2R) 


then it holds that 


| DN | 1,®(В(ху,о R)) — оа). 


Proof of Lemma 7.4: We take v? by 


—AvP-Fav,-—0 in B(xo,2R) 
v; —0 on ӘВ(хо, 2А). 


Then lvl w2.» (Bag. 2R) = O(1) follows from (7.20). Especially, we obtain 


[оу (7.25) 


Regarding 
—A(uL — vz) = V x Je" e*t Yk, 
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we shall apply Lemma 7.3 to шк = vy — ve with Vj (x) replaced by Vie"t., 
In fact, first, the relation 
2 
| Ve" [кебй = O(1) 


holds for every p € [1, co) by (7.23) and (7.25). Next, we have 
vi = vk — tos ( f W (x)e'* dx) 
Q 
< vk -ve( f W(x) dx) 
Q 
by (7.21), and hence 


| Wk+ tou. = | DN [чун Өй) F | v eee. 
= 0(1) 


follows from (7.20) and (7.25). Finally, from the assumption (7.24) there are 
p € (1, оо) and eo > О such that 


j 
Үе k 
B(xo,2R) 


1 
e"* dx = / Vze”k dx 
B(xo,2R) 


4л 
< £o < — < 4л. 
p 


Therefore, the desired conclusion follows from Lemma 7.3. 


Proof of Lemma 7.5: We make use of the argument of Chapter 5 and extend 
vi outside Q by reflection. More precisely, we take the conformal mapping 


X : В(хо, 2R) ПО — R? 
satisfying the following properties: 


X(B(xo, 2R) n Q) c RÊ := ((Xi, X2)|X2 > 0}, 

X(B(xo, 2R) N ƏN) c AR}, 

X(B(xo, 2R) n Q) > BO, 1) n RẸ, 

Х(В(хо,о Куп Q) C BO, 1/2) NARF, (7.26) 


where o € (0, 2). 
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Henceforth, we will write f* = f o XT! for each function f defined on 
B(xo, 2R) N 2. Then we obtain 


—Axvl* +a |g'| vt = |0 |2 Vte'* in вО, рп, 
dul* 


= B(0, 1) n dR2, 
3X; on B(0,1) 


where g’ is the derivative of g as a function of the complex variable X, + 
i X5. Furthermore, f denotes the even extension of a function f defined on 
B(0, 1) aR: 


А РОХ, Хо) (X € BO, DNR), 
Хү, X2) = 
И | —X>) (X € BO, 1)\R2). 


To simplify the writing, we abbreviate f * to f . From the Neumann condition 
of Td on B(0, 1) N 9R2, we see that ôl satisfies 


—Ахў +alg' ôr = |g' Vre" in В(0,1). 


Here we have lg є L®(B(0, 1)), and therefore similarly to Lemma 7.4 the 
condition 


lim sup / 18120 ,е dX < 4л 
В(0,1) 


k—oo 
implies 
| à | = 0(1) 
k 1L99(B(0,1/2)) ` 
This means 
lim sup f Ме? dx < 2л 
k—oo J В(хо,2К) 
implies 


| v | L9 (B(xo,o R)) — оа) 


and the proof is complete. 


Now, we give the following proof. 
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Proof of Lemma 7.2: Recalling 


Ak W (x)e"* 


1 
———4х=\У "*dx — ша 
fa Wen dx x к(х)е * dx A (dx) 


шах) = 


in M(Q), we put 
S = [xo € 9 | n (xo) = 4x] U [xo € д9 | n (fixo = 2л}. 


We have #S < oo by u(Q) = Ag < oo. Now, we divide the proof into the 
following two steps: 


1. If S = Ø, then the first case of Theorem 7.5 holds. 


2. If S Æ Ø, then the second case of Theorem 7.5 holds with m, (хо) re- 
placed by m(xo) > mx (хо) /2. 


Moreover, we divide the second step into the following two substeps: 
1. The case when SN Q z Ø. 


2. The case when S N Q = Ø. 


Step 1. (S = 0): In this case we have lvi, Посе) = O(1) by Lemmas 7.4 
and 7.5. Especially it holds that 


| «coe |, = Vere |, = OW) 


for each p є (1, оо) from (7.23). Combining this estimate, (7.20), and the 
standard elliptic estimate to (7.22), we obtain 


IU = оа). 


Thus, we obtain the first case of Theorem 7.5 by Morrey’s theorem. 


Step 2. (S # Й): In this case, we have Ao > 27. This step is reduced to the 
proof of 


| W (x)e"* dx > +оо. (7.277) 
Q 


In fact, similarly to the case S = Й, we have from Lemmas 7.4 and 7.5 that 


lvi |с = OW (728) 
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for each subdomain w in © C 9 \ S. Taking smaller c, denoted by the same 
symbol, we obtain 


|v re = O(1) 
from (7.20) and the local elliptic estimate to (7.22). Therefore, if (7.27) holds, 
then (7.23) gives 

АМ (х)е _ Vg (x)e"* 
ds W (x)e'* dx jo W (х)е% dx 


6 (7.29) 


in L? (Q V S) for every p € (1, оо). This implies supp и = S and then the 


conclusion of Lemma 7.2 follows. 
For (7.27) to prove, we distinguish two cases. 


Step 2.1. (SN О 4 Ø): In this case, we take xo € SN Qand R > 0 
satisfying B(xo, 2R) C Q and B(xo, 2R) N S = {xo}. Given є € (0, 2R), we 
set 


We = B(xo, 2R) \ B(xo, £). 
Let v; be the solution to 
—Av; cav, = Vi (x)er in We 
v; =0 on Jwe. 
Then, UE — vg is harmonic: 
-A(v-w)-0 in a. 
On the other hand, from Lemma 7.4, Lemma 7.5, (7.28), and (7.23), we have 
1 1 
[Vide roy x [Ve @e”™ pro.) = OW 


for each p є (1, оо). Therefore, by (7.20) we have 


(оғ 


3 
lel were.) = OM 
and hence it follows that 
[б legs = 000); (7.30) 
Combining this estimate with (7.28), we see that 
(И 


is a sequence of harmonic functions uniformly bounded from above. Therefore, 
the classical Harnack principle guarantees either 
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(a) vi — -—oo locally uniformly in о, as n — оо, ог 


(b) there exists a subsequence of tvi) that is locally uniformly bounded in 
We. 


The case (a) implies (7.27) and we finish the proof of Lemma 7.2. Indeed, in 
this case we have 


у (х) = у(х) — log ei К (x)e"* dx) 
> —log (f K (x)e"* dx) — —оо 
Q 


for any x € о, by у(х) > 0. On the other hand, if (b) holds for any € є 
(0, 2R), then we obtain a contradiction. In fact, if this is the case, each subdo- 
main win o C B(xo, 2R) \ {xo} admits a subsequence of {м b denoted by the 
same symbol, such that || v ооо (оу = O (1). We now apply the interior elliptic 
estimate to (7.22) similarly to Step 1, and obtain for smaller о, denoted by the 
same symbol, 


| v | W2P(w) — оа) 


for each p € (1,00). The standard diagonal argument now guarantees the 
existence of v2 € С(В(хо, 2R) \ {xo}) and that of a subsequence of {01}, 
denoted by the same symbol, satisfying 


vp — v (7.31) 
locally uniformly in B(xo, 2R) \ {xo}. In particular, we have 
vl > —C4 on AB(xo, R) (7.32) 


with a constant C4 independent of k. 
Let 


1 1 vl( ) 
N(x) = zo log — — - Vk Qe? ау. 
B(xo,R/2) 27t |x — y| 
Then, there exists a constant C5 such that 


vl — Nk 2 —Cs in B(xo, R). (7.33) 


In fact, we have 


1 2 vi( ) 
мо) = z—(1og =) Valve dy = 00) 
2л \ К Јвоо.к/2) 
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for every x € 0 B(xo, К), and it holds that 
—A(v] — №) + av = 0 іп B(xo, R), 
у= № > —Ce оп B(x, R) 
with a constant Cg. If N " denotes the solution to 
—AN] av, 20 in B(xo, R), 
Nl = —С6 on ӘВ(хо, R), 
then we have 
—A(v] - Nk — ND) 2 0 їп B(xo, R), 
и —Nt,— М 20 on AB(xo, R). 


Since 


| Ne | Іо (В(хо,К)) — оа) 


(7.34) 


follows from (7.20), we obtain (7.33) from the maximum principle for (7.34). 


Taking nonnegative g € C(Q) in ф(хо) = 1, we have 


vi (x) > М(х) — Cs 


5 1 1 vi( ) 
- min (еру), 5— log —— | Оде dy — Cs 
B(xo, R/2) 2л |x — y| 


for any x € В(хо, R/2) and t > 0. Since 


= 1 1 
yeg œ> min froo), — log | 
2л |х — y| 


is continuous, from (7.31) we get 


1 1 
vi (x) > 47 - min [reco — log | — C5 
2л |x — xol 


for any x € В(хо, А) \ {xo}. Making t — оо, we obtain 


—Cs 
gne > © 2: 
|x — xol 

On the other hand, we have 


Vi (x) = àW (x) > А (x) 


(7.35) 
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in L! (Q) (actually uniformly), and therefore it holds that 
Àk > J Vi Ge! dx — AoK (x)e"! dx 
B(xo, R)\ В(хо,&) B(xo, RNB(xo,&) 


for each £ є (0, К). Since Ао > 2л and (7.35) holds for any x € B(xo, R) N 
{xo}, this implies 


І =l Т ах 
{ min W(x)| >e = ss 
xeQ В(хо, К)\ В(хо,е) |X — xol 


However, this gives a contradiction when e | 0. 
In this way, (a) holds with some ғ є (0, 2R), and we have (7.27) in the case 
of S 2 z YD. 


Step 2.2. (S x Ø and S N € = 0): We take ху € S С д9 and apply the 

reflection argument as in the proof of Lemma 7.5. Thus, we have 
Ax --alg 29, = lg I Ve in BO, D. 
Similarly to Step 2.1, relation (7.27) is proven if we get a contradiction, as- 
suming a subsequence of {91}, denoted by ће same symbol, locally uniformly 
bounded in B(0, 1) \ B(O, =) for every = є (0, 1). As we did in Step 2.1, if 
this is the case, we may assume furthermore that there is €; € C(B(0, 1) \ {0}) 
satisfying 
ôl ==» 01 
locally uniformly in B(0, 1) X (0). This implies 
ôl > —C; on ӘВ(0, 1/2) (7.36) 


with a constant C7. 
This time, we have 


|e"? Vpe% dX — 2m(xo)8o(d XO 


in M(B(0, 1)), and hence it holds that 


—Cg 
^ e 
оО) x. 


~ |X|? 


for any X є B(0, 1/2) \ {0}. This implies a contradiction similarly to Step 2.1, 
and the proof is complete. 
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Now, we give the following proof. 


Proof of Theorem 7.5: We divide the proof into two cases: 
1. xe $n Q, 
2. xe $n aQ. 


Case 1. (xo € SOQ): For 


Ak W (x)e"* 


Mer Jo Wye dx 


we have proven 


ик(х)ах — У" m (xo)óx, (dx) 


хоє& 
in M(Q) with т(хо) > m, (xo) /2. We have proven also 
ик > 0 
in LP 


loc 
locally uniform because W (x) is continuous. 


The left-hand side of (7.15) is denoted by ик and hence we have 


ue = f G(x, x )uy (x^) dx’ 
Q 


(7.37) 


(7.38) 


(7.39) 


(Q \ S) for every p € [1, oo). See (7.29). Actually, this convergence is 


with G = G(x, x’) being the Green's function of — А + a in Q with Neumann 


boundary condition. From (7.37) we have 
Мик = ик (Vvk + VlogW), 


and hence it follows that 


Лик = У · (ukV uy) + V - (uk V log W). 


Testing v € C?(Q) with ov = 0 on 09, we have 


- | uaa | uv togw vas 
Q Q 


(7.40) 


+ ff аас тусшк) ахах, (7.41) 
о Јо 
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Now, we take the limit k — oo in this equality. For this purpose, we take a 
small А > O satisfying B(xo, 2R) C О and B(xo, 2R) П S = (xo) and always 
assume that the test function w satisfies 


supp V C B(xo, R). 
First, from (7.38) we have 
f ayas > mavava, 
Q 


| uy V log W - Vy dx — m(xo)V log W (xo) - Vy (xo), 
Q 


ask — oo. Let £ є C?(Q2) be a cut-off function around хо satisfying 0 < 
&(х) < 1, &(х) = 1 in B(xo, А), and supp $ C B(xo, 2R). Then it holds that 


y —éy and Vy = уу. 
We also have 


u? dx = #(х)ик(х)ах — m(xo)8s, (dx), 
(1-&G)uuQ)dx = У тх), (ах), 


хҗуєб\{хо} 


in M(Q), and 
Је.) - Vr (ur (х)ик (х) dx ах! 
= | | voe so ventes as as 
= f | чос, х) оиди) ахак, 


+ | J V G(x, x^- Vy G)ut (х)(1 — &(x’))ug(x’) dx dx' 
QJQ 
=] + II. (7.42) 
Here, we have 


II— m(xo) у) m(xp) Ver (xo) VxG(Xo, x) (7.43) 
хє5\{хо} 


because G(x, x’) is smooth on supp ү x supp (1 — £). 


140 Free-Energy and Self-Interacting Particles 
In Chapter 5, we have proven 


1 1 
G(x, x’) = — log ——— + K(x, x’) 
2л |x — x'| 


with K (x, y) e C'^*(Q х ©) for every 0 є (0, 1). This implies 
__ 1 1 0 Ds. / 
I= Vx{ — log ——— |: VwW(x)u;(x)u; (x ) dx dx 
о/о 2л |х ES x'| 


«f | VK (x, x) - Vr Uu? xu? x") dx dx’ 
= + | i (7.44) 
with 
h > т(хо)2 V Y (хо). VK (xo, xo). (7.45) 


To treat /1, we apply the symmetrization technique developed in Chapter 5. 
Thus, we have 


1 
n=; J py (x, x up URA’) dx dx’ 
2 Jo Jo 
with 


оох = V (s log —_) тро) 
х,х) = Vy(— ———]: x 
Py 2л cia 


+V (= log —_) . Vy’) 
х \2л |x — x'| 
1 (уу) - VG) ә) 


2л |х — х’ 


It is easy to see that p (x, x^) is continuous in Q x Q\{x = x’} and Py = 
py, (x, x’) є L??(Q x 9). For general y, we do not know what (71) converges, 
but taking appropriate y makes it possible. 

Namely, we take 


w(x) = ф(х) |x — al? 


fora є R? and ọ € Ce (Q), satisfying supp ф С B(xo, R) and o = 1 on 
B(xo, R/2). Then it holds that 


Vy (x) = 2(x — a) 


Ay (x) =4 | іп B(xo, R/2), (7.46) 
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and hence 
0 / 1 
py ex") = —— (1.47) 
follows for (x, x’) є B(xo, R/2) x B(xo, R/2). Here, we have 


EE 0 / 0 "\, 07.7 / 
h=; py Gc. x ) Qus Qe uR(x’) dx dx 
QJ 
1 
E [ | py Gs х”)(1 — фк) ш (х) ри") dx dx 
QJ 


1 
+ 2 | | oy. x’)ub(x)(1 — ф(х'))и? (х) dx ах! 
о Јо 
= Пі +12 +13. (7.48) 
First, from (7.47) we obtain 
1 2 
ha —m(xo). 
2л 
Next, we have 
[n.2 + 1з] < dos] [a — er | 
L2 13| S ^k Py L®(QxQ) p k LI (Q) 
0 
< А loy eee Б cns OR) Ba вә) ^0 
by (7.39). Consequently, it holds that 
1 
П > ——m(x0)’. (7.49) 
2л 


Combining (7.41)-(7.46) and (7.49), we get 


1 
0 = 4m(xo) — 5, G9) + 2m (xo) (xo — a) 


(тоот, Коо х) + У) тоу, Со, х) 
xg eSMxo] 
+ 2m vo) (хо — a): Ӯ, log W (хо) 


for every a є R?. 
First, letting a — xo, we have 


m(xo) = 8л 
because Lemma 7.2 assures m(xo) > 0. Then, taking 


а = хо — т(хо)У, К(хо, хо) + У) mx) VeG (x0, xo) + Vx log W (xo), 
xp€S\ {x0} 


we get (7.17). 
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Case 2. (xo € Sf18€2): We apply the reflection argument near хо as in the proof 
of Lemma 7.5. First, we take R > 0 sufficiently small so that B(xo, R/2)NS = 
{xo} and the conformal mapping X satisfies (7.26). Letting 


Na = X (BO, DO Ri) and fe = velan og. 


we have 
К a~ ^ —— А W Ük . 
луд + ale’ Po, = lel  — їп В(0,1), 
Je Werk dx 
ô= Ê on дВ(0,1), 


under the notation of the proof of Lemma 7.5. 
Using the Neumann boundary condition of vg, we get 


lly- =0(1) 


PÜ(3B(01) - 


for each p € (1, оо) from (7.20), (7.29), the local elliptic estimate, and the 
trace theorem of Sobolev functions. If Ру denotes the solution of 


—AyF, +alg'? Fe —0 in B(0,1), 
Ё = fe on dB(0, 1), 
then we obtain 


| A] = 0(1) 


W2.P(B(0,1)) 
for each p € (1, oo) from the elliptic estimate. We also have 


FG, X2) = Fy(X1, —X2) 


for every X = (X1, Хә) є B(O, 1) from the uniqueness of Fy. We also have 


-Axr — Ё) alg P Gy — Ё) = — BO, 1), 
ôk — Fy 20 on dB(0, 1). 
Letting 
Werk 


^ 2 
ük = |g'l— —— —, 
үй Werk dx 
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we have 
üy(X)dX — 2m(xo)óo(d X) 
in ЛА(В (О, 1)) and 
ix — 0 in 2” (В(0, D) V (0) 
for every p € (1, oo) from the proof of Lemma 7.2. We also have 
б = C Ax +alg'P) pûr + Ё, 


where (—Ay + ajg)! is the inverse operator of —A + alg’ under the 
Dirichlet boundary condition on д B(0, 1). Without loss of generality, we may 
assume 


Fy ~ Ê weakly in W?P(B(0, 1) 
as k > oo for some Ё € W?-P(B(0, 1)). This implies 
F,— Ê in C!(BO,1). 


We have EN 
Ví = су (dk + logdg/)). 
Similarly to Case 1, we obtain 


-f йу (Ё; + log(|g 2 K)) Vy dX = / йкАху ах 
B(0,1) B(0,1) 


«f J VxGg(X, X)- Vy Q0 Üüg(X)üy(X)dXdX' 
B(0,1) J B(0,1) 


for each test function у € C; (BO, 1)), where G p (X, X^) denotes the Green's 
function for —A + a|g' |2 in B(O, 1) under the Dirichlet boundary condition. 
Here, we have 


1 1 
Gg(X, X) = — log ———— 

в( ) 27 оёт Уу 
with Kg(X, Х) є Cl**(B(0,1) x B(0,1)) for every 0 є (0,1). If 
f € ҮР (BO, 1) n RẸ), then it holds that f € М! (B(0, 1)) and 


+ Кв(Х, X’), 


af _ / 
aX, 0X, 
of |5501. X» (X2 > 0), 
9X2. | — FE -X (0 < 0), 
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as distributions. Thus, for every test function ү € C; (B(0, 1)), we have 
J йу f -Vw dX 
B(0,1) 


ax, lax, д 


af (aw aw 
+ [00.2 -Za хо | ax. 


д д д 
= al Qt. X2 + 27-06. -X9] 
B(0, )n R2. L 


0X» 
Consequently, if f € C i (в (0,1) Ri). we obtain 


"m af әу 
Vf.NwdX 2 —— (0). — (0 
fan” f VAX > mao 51-0) - 31-0) 


as k — oo. 
Using these calculations and a similar argument to Case 1, we obtain the 
limiting equation 


ET д ЖО, 
—2m(x0) Aan - [y OO + gx ов le ООР x log roof] 


1 
= 4-2m(xo)— 5; moo] 2m(xo) - 2(—a) · Vx [2m (xo) K(X, 0)]| у, 


for every a = (a1, az) € R?. Here we have Kpg(X1, —X5; Y)=Kp(X1, Хә; Y), 
and hence 


д 
—<—Kx(X,0)|__ =0 
0X» в( ) X-0 
follows. This implies m(xo) = 4л and 
д (^ А 

ax, VE OO + leg Ie CO + log W(X) + 2m0) Kg (X, 0)]| y. = 0. 

We have 
vk > m(xo)GC, xo) + у, т), хо) 
x9 €SM xol 
= Fo + Fo,2 


in W>P (w) for every subdomain o in © C © \ S with Fo = Fo1(x) and 
Боо = Fo.2(x) satisfying 


—Ax Fo, + alg’? Fo,1 = 2m(xo)óo(d X) 
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as distributions in B(0, 1) and 


—AxFo2+alg’P?Fo2=0 in B(0,1), (7.50) 
Foit+fo2=F on ӘВ(0,1). (7.51) 


Here, we have 

3 1 IP 

Ё 100) = m(xo)(= log |X|"! + K(X, 0)) 
with K(-,-) € С!Ї+#(В(0, 1) x B(0, 1)) satisfying 

K (X1, —X2; 0) = Ё(Х\, X2; 0) 
and hence it follows that 
F(X) = fo, (X) — 2m(xo)G p (X, 0) + Fo (X) 
= —2m(xo)K p(X, 0) + m(xo)K(X,0) + 35 m(xp)G(X, ху), 


x9 €SM xo) 
where G (X (x), x’) = G(x, x^). This means 
д А 
az то) ОХ), 0) У) тос, x) 
хуєб\{хо} 
-log|X'GO| ^ log WG)]| _ —0, 
х=хо 


where т denotes the unit tangential vector on д2. 
We have 


И 1 
K(X(@), 0) = GG, хо) — = log те 


1 1 
zu өө сс 
Ix —xo| x : |X (x)] 


1 
= K(x, хо) + — log 
л 


апа 


1 
PLNS ENS VAT NER = 
|х Eo er 4' " rop 


X-—XQ 


1 
vi 22) 
ТЕ 


Since т(хо) = 4л, we obtain 


= 0. 


х=хо 


(тоок, хо) + X т(хуб(х, х))/ jew) 


x=x OT 
xjeS {xo} VIS 


Relation (7.17) holds with У, replaced by 0/0t, for xo є д9, and the proof is 
complete. 


8 
Multiple Existence 


In this chapter we study the existence of the solution for 


Av + CAE T: 

— = -——— in 2, 

v av fae dx 
0 
£d on д9, (8.1) 
Qv 


where © С R? is a bounded domain with smooth boundary д. It is the sta- 
tionary problem of (3.1), that is, (7.15) with W(x) — 1, and we will obtain 
several suggestions to the nonstationary problem. In this special case of W (x), 
problem (8.1) admits a constant solution, and this trivial solution generates 
nontrivial ones. 

As is described in Chapter 1, [33] studied radially symmetric solutions to 
(8.1) for 


п=в= |хев [ipsi]. 
and obtained ће conjecture that problem (1.1) will admit the solution global in 
time if n = 2 and ||uo||; < 8л. More precisely, from the branch of the constant 


solution to (8.1) denoted by 


C; = { (à, А/(ал))|0 < à < +оо}, 
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another branch of nonconstant radially symmetric solutions, denoted by С,, 
bifurcates from Ce in А — v space. Then, it was suspected from the numer- 
ical computation that C, is absorbed into the hyperplane A = 8л. This fact 
was proven later by [144] using a lemma of [162]. On the other hand, the 
discrepancy of the threshold value for Tmax = +оо in (1.1) between that of 
the conjecture, ||uo||1 = 8л, and that actually proven, ||uollı = 477, led us 
to recognize the role of the boundary blowup point [108]. More precisely, the 
boundary blowup is observed even in the stationary problem, and the structure 
of the set of solutions to (8.1) on disc has more varieties than the one suspected 
by [33]. 

The following theorem is concerned with the (multiple) existence of the 
solution, where TAPS denotes the set of eigenvalues of — A on Q under the 
Neumann boundary condition. Here, we recall that the isoperimetric inequality 
of Polyá, Szegö, and Weinberger is indicated as 


|Q|u5 < ёл, 


where £ denotes the first zero point of J;, with J, being the Bessel function 
of the first kind [5]. We have £ = 1.841... and hence A; < 4л holds for 
0 <a < 1, where 


ài = [Q] (a + 43). 
On the other hand, it is obvious that A; > 4л holds for a > 1. 


Theorem 8.1 /f$2 C R? is a bounded domain with smooth boundary, then the 
following facts hold for (8.1). 


1. IfO < X « 1, then any nonconstant solution does not exist. 
2. If A4 < 4л, then any à € (A1, 47) admits a nonconstant solution. 


3. If 4 > 4л, then any X € (4л, 41) MEN admits а nonconstant solution. 


The next theorem deals with the case 0 <a < 1. 


Theorem 8.2 /f Q C R? is a simply connected bounded domain with smooth 
boundary, then there exists a constant ё > 0 with the following property. 
Namely, given X € (Az, Ал + 8), any solution to (8.1) is linearized unstable, 
if a > 0 is small. 
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In spite of the nonlocal term, the linearized operator around the stationary 
solution to (8.1) is realized as a self-adjoint operator in L?(Q). The linearized 
instability mentioned above indicates the negativity of its first eigenvalue. It 
will be shown that this means the dynamical instability as a stationary solution 
to (1.1). Therefore, Theorem 8.2 suggests that when 0 < A — 4л « 1 and 0 < 
a « 1, the set of solutions to (1.1) is very simple or otherwise the dynamics 
of (1.11), including the possible blowup of the solution, is rather complicated. 

In this connection, the result on topological degree described in Chapter 6 
is worth remembering. In fact, the (JL) field is realized as the limit case a = 0 
of the (N) field, and the quantized blowup mechanism is kept for all a > 0. 
Therefore, the (total) topological degree to these systems is constant in each 
component of [0, +00)\47N. If what we expected in Chapter 6 is correct, then 
the total degree d (A) of the solution to (8.1) will be equal to —1 if A € (4л, 8л) 
and © is simply connected. Our new conjecture is that A є (4л, 8л) admits 
only constant solutions if €2 is simply connected and 


a € (0, (4 — Lr). 
Namely, in this case, we expect that the dynamics of (1.1) is quite simple and 
the solutions blow up generically in finite time with one blowup point on the 
boundary, and that the other exceptional solutions exist globally in time and 
converge to the constant stationary solution. 
Beginning the proof of the above theorems, first, we confirm the following 


fundamental facts. 


Lemma 8.1 A function v = v(x) is a solution to (8.1) if and only if it is a 
critical point of Jy, defined on H (Q) given by 


1 
Av) = Е + а |u|; — хо ( f e” dx), 
2 2 Q 
which means that v € H! (Q2) satisfies 
(i.e) Слов) =0 
^ | ds s=0 


for any 9 € H'(Q), where (, ) denotes the pairing between У! and У = 
H! (Q). 
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Lemma 8.2 The linearized operator around a solution v — v(x) to (8.1) is 
given as 


Lọ = —^ó +аф 


е? е? 
E. = "b dx. т Q 
DLL mam ф x) in 


0 on 02. (8.2) 


дф — 
av — 


This means that if v is a critical function of Jy, in H! (Q), then the self-adjoint 
operator L defined above in L?(Q) is associated with the bilinear form 


d 
AG, 9) = FERA + 50) кез 


defined for ф € H'(Q) through the relation 


(Lo, V) = А, V) 


for 9 € dom(L) C H!(Q) and y € H! (Q), where ( , ) denotes the L? inner 
product. 


In particular, if (A, v(x)) = (0, 0), then L is — A + a in Q under the Neu- 
mann boundary condition by Lemma 8.2, where this operator is invertible. 
Now, we show the following proof. 


Proof of Theorem 8.1 for the first case: By Theorem 7.5, we have the follow- 
ing fact: 


Any = € (0, 47) admits a constant С, > 0 such that for any solution v = 
v(x) of (8.1) with O < A < 4л — e it holds that ||v||;5 < Ce. 


On the other hand the linearized operator is invertible around v(x) = 0 for 
à = 0. Therefore, the implicit function theorem assures local uniqueness of 
the solution near from (A, v(x)) — (0, 0) in R x C(Q). Then the assertion fol- 
lows from the standard argument. More precisely, there is a branch of constant 
solutions denoted by Ce in A — v space starting from (A, v(x)) = (0, 0). If 
О < А « 1 then no other solutions exist near C,. Suppose that there is a family 
of solutions denoted by S = {(Ак, vy (x))), satisfying (Ag, ug(x)) Z Ce and 
Ax | 0. Then, the above L” estimate applied to (v (x)) gives compactness of 
S = {(Ax, vc (x))] in A — v space from the standard elliptic estimate. 

Since v(x) = 0 is the only solution for (8.1) with A = 0, vi (x) converges 
uniformly to 0. Therefore, (Ax, vy (x)) becomes close to Ce and this contra- 
dicts to the property of the solution on Ce with O < А < 1, that is, its local 
uniqueness. 
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The above proof guarantees again that 
а(А) = 1 


for à € (0, 4л), where d (A) denotes the total degree of the solution for (8.1). 
Now, given the solution v(x) for (8.1), we study the linearized operator in more 
details. In fact, putting 


B Ae" 
Е (eda 


we see that the linearized operator around v(x) is given by L = Lą +a, where 


ф=-АФ—рф+Ё | pods in Q 


д 
d 0 on 99. (8.3) 
Qv 
Provided with the domain 
д 
dom(L,) = le e HUD) | e =0 on aq], (8.4) 


this L, is realized as a self-adjoint operator in L? (Q). It is associated with the 
bilinear form A, in H! (Q) x H!(Q) defined by 


1 2 
А.Ф.) = | (192 р) а (| par). 85 
Q Q 


Here, we note that 0 is always the eigenvalue of Г... corresponding to the con- 
stant eigenfunction. 

Bifurcation of nonconstant solutions and their stability from the branch of 
constant solutions, especially when the space dimension is one, are studied by 
Schaff [142] including the other cases of the nonlinearity. Here, we can confirm 
that the following facts are valid for this problem, where { H; Pa denotes the 
set of eigenvalues of — A in Q under the Neumann boundary condition. 


1. Each à > 0 admits a unique constant solution for (1.1) denoted by v = 
s = A/a|&. 


2. For this s, the linearized operator L is given by L = L. + a with 


1 
ig -АФ—рФ+ px | Фах, 


where p = A/|&. 
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3. If фу denotes the L? normalized eigenfunction of —A in Q under the 
Neumann boundary condition corresponding to the eigenvalue [s then 


we have 
Lo} —(uj—p)ó; in Q 
with 
дф* 
—£=0 on д9 
Qv 


for j > 2, where p = A/|Q|. 


4. We have L,@; = 0, on the other hand, and therefore lo; , forms a 
complete system of eigenfunctions of Lx. 


Consequently, we have the following lemma. 


Lemma 8.3 The set of eigenvalues of the linearized operator L around the 
constant solution v = s (= X/a|€2|) is given by 


a t [0, 45 АЛӘ | j = 2]. 


The eigenfunction corresponding to a + Hi — А/|О| for j > 2 is $5, and that 
to a is фї. 


This lemma is applicable to examine the linearized stability of the constant 
stationary solution. In fact, for p = 4/|Q| and є Н '(Q) we have 


d 42 = 2 
(Z) ваф) = бф, ф) + allel 


= | (өре) + ХА "n +а|о[; 


2_ 5 1 | ° 2 
= [o #* паа 9) +6 


Writing 


with the standard L? inner EM (, ), we have 


(se eso| = (и - +4). enl ale op. 66) 


Thus, we obtain the boi lemma. 
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Lemma 8.4 /f A < Ay = |Q] (a + už) then the constant solution v = s is 
a strict local minimum. On the other hand, if à > А then it is not a local 
minimum of Jy, on H'(Q). 
Now, we show the following proof. 
Proof of Theorem 8.1 for the second case: We recall that if 0 < a «& 1 then 
Ay = |Q] (a + už) < 4л 


holds. Therefore, this case actually arises. Since € С R? has smooth boundary, 
Chang- Yang's inequality (4.4) holds true: 


les feras) f тира c f шах + К, (8.7) 


where К is a constant determined by ©, and w € Н! (9) is arbitrary. Using 


|, f we el 
I1 Jo - [er 
we have a constant C > 0 satisfying 
1 А 
ло = (5 - 2) Vo 3 appli] - с (8.8) 


for any v є H! (Q). Actually, we can take 


2л 
C -A(T +K loglgl). 
a |€2 


This means that J, is bounded from below on H!(Q) in the case of A є 
(0, 4л), and we can take the minimizing sequence {v} C H 1 (9) as 


Ar) > js inf J4(v)--C. 
veH!(Q) 
Furthermore, this {vz} is bounded in Н! (Q) again by (8.8). 


Namely, passing through a subsequence (denoted by the same symbol), we 
have the weak convergence 


Ur == 


in H ! (Q). If it is shown that J is weakly lower semicontinuous, then the stan- 
dard argument guarantees the existence of a global minimum of J, on H!(Q) 
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for à € (0, 4л). Actually, if this is the case, v attains the global minimum of 
J; in H! (Q) by 


ja = liminf Ji (vy) = Av) = ja- 
к +оо 


Furthermore, this v = v(x) is not a constant if A € (А1, 4л), because the 
constant solution is not any local minimum in this case. 

Now, to prove the weak lower semicontinuity of J} on H ! (Q), we have only 
to confirm that 


f eax — [eas (8.9) 
Q Q 


follows from v, — v in H! (Q). In fact, if vj — v in H! (Q), then, 
[Vorla SL and ||, <C 


holds for k = 0,1,2,... with some constants L > 0 and C > 0. Therefore, 
we have 


1 
p e% dx -f e'dx| = li | gets — v)ds dx| 
si 2 о ЈО 
yy f! 1/2 
= ИК -v?ax| pi as | е25%+2(1—5)0 dx} 
О 0 Q 


«| | (= M C К == 
vu —v|,expl — + — + — + —— 

а ттш 2 

using (8.7). This implies (8.9) because vy — v in L?(Q) holds by Rellich’s 

theorem, and the proof is complete. 


From the above result, if A є (A1, 4л), then there is a nonconstant solution. 
More precisely, J, is bounded from below on H!(Q) for А < 4л, and the 
constant solution v = s is not a local minimum for A > A. This nonconstant 
solution, denoted by v = v(x), is a global minimum of J, оп H!(Q), and 
therefore another local minimum of J, can be expected. 

In fact, the total degree d (A) is equal to +1 for à € (0, 4л), while the local 
degree of s is —1 between the first and the second degeneracies of L, that is, 
for A € (A1, min(4zr, A2}), where 


№ = [Q] (a + иў). 
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On the other hand, an abstract theorem of Rabinowitz [133] says that the local 
degree of local minimum is 4-1 if it is isolated, and therefore we have at least 
three solutions (including s and v) in the case of A є (А1, min{4z, A2). If 
Az > 4m holds furthermore, then it is expected that these two nonconstant 
stationary solutions blow up, developing singular points оп 0Q as A ў 4л. 
Furthermore, their blowup points will be the maximum and minimum of the 
Robin function R(x) = K (x, x) restricted to x € д9, respectively. In this way, 
we can expect, more generally, that generic converses of Theorems 7.5 and 7.1 
are true. 

We have discussed the case О < a < 1 such that A; < 4zr. If a > 0 becomes 
as large as Ау > 4x, then the structure of the bifurcation from Ce changes 
drastically, while the quantized blowup mechanism of the family of stationary 
solutions is kept. What we have examined in this case is the following. First, 
if A > 4л, then J, is not bounded from below on H ! (Q) any more. Next, if 
à < А, then the constant solution v = s is a local minimum. Thus, we can 
expect the mountain pass type critical point for A € (47, А). Furthermore, if 
€2 is simply connected and what we expected is correct, then the total degree 
will still be equal to 4-1 for A € (4л, 8л). If this is the case, then a theorem 
of Hoffer [65] concerning the mountain pass critical point can take place of 
that of [133] on the local minimum. Namely, the local degree of the mountain 
pass critical point is —1 if it is isolated, and therefore we can expect at least 
two nonconstant solutions for А € (4л, А1) in this case: А] > 4л and simply 
connected ©. We expect also that these solutions blow up as A | Ал with the 
blowup points equal to the maximum and the minimum of the Robin function 
restricted to 29, respectively. 

We begin with the following lemma for this case of A, > 4л. 


Lemma 8.5 /f i > 4л, then there is v9 € Н (9) satisfying 


Jo) < J). (8.10) 


Proof: We note that the Moser-Onofri inequality (4.5), 


lo (— | e” dx) < сазы 
I| Jo © 16x 2 


is sharp, and the functional 


1 2 » 
Rv) = sive} юв ( f e dx) 
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defined for v € Hi (Q) does not attain the minimum if А = 8л. Since it is 
attained for A € (0, 8л), the singular limit 


4 log г 


of radially symmetric solutions to (7.1) as А 7 87, will generate an unbounded 
sequence to the above ‚7, for A > 8л. Here we are taking the functional asso- 
ciated with Chang—Yang’s inequality, and therefore this singular limit, shifted 
to the boundary, will play the same role. 

More precisely, taking xo € 0€2 and u > 0, we put 


1+. 
Ed 
and show 
li E 8.11 
nn МД (wy) оо (8.11) 


for à > 4x. In fact, we have 


I (ши) = J уш |> dx -xog (|, е" dx) +0(1) 
1 1 2 
= >| lv2t0g(——*#* _)| dx 
2 Јопр» |х —xol^ + ш 


1 2 
- atog ( f (2) dx) +001), 
опр; *Ix = xol^ + u 


where Ds = {x cR? | |x = xol < ô} for ô > 0. We take a cone with vertex xo 
and angle л (1 — 2e) for ғ € (0, л), denoted by К, satisfying К С Q°. Then, 
the first term of the right-hand side is estimated from above by 


1 z (14-6) r2 
= — — — —r dr dé 
2 (ЖИ -3].. Us (u + a 

1 


= An (1 +22) log — + O(1). 
ш 


Taking similar cone K* satisfying Ds N K* С О, we can estimate the second 
term from below as 


1 л(1—=) ó 1 2 
alog (— / e») е ( f | ( =) аа) 
|Q2| K*nDs лє 0 re H 


1 
= à log + 0 (1). 
ш 
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This means 


Tr. (wy) € 4x (1 + 2e) — А) log + O(1) 


as | 0. Hence (8.11) holds for à > 4л. 


In the case of 
4л <À < Ài, 


we put 


r= fy eco. 1, 8i) | yO) =з, va = v] 
and 
ja = inf max J, (8.12) 
yer y 


where vo — vo(x) is the function given by Lemma 8.5. Since s is a strict local 
minimum and (8.10) is satisfied, it holds that j} > %(s). Then, Ekeland's 
variational principle [42] assures the existence of a Palais-Smale sequence, 
denoted by {vz}, satisfying VA (uy) > O and Ji (vy) > j. 

The problem arising here is its H! boundedness. If this is the case, then 
(vu) C H'(Q) is precompact, because vy — v implies (8.9). (Details are 
described below in the proof of the third case of Theorem 8.1.) One of the 
motivations of [124] is to examine the quantized blowup mechanism for the 
Palais-Smale sequence relative to J, defined on H! (Q). We have a general- 
ization of Theorem 7.5 in this direction, which, however, is not sufficient to 
control the general Palais-Smale sequence. Here, we take the different argu- 
ment of Struwe [160, 161], which guarantees the boundedness of the Palais— 
Smale sequence obtained by the mini-max variational formulation for almost 
every A. Then, we apply the quantized blowup mechanism for the family of 
solutions to extend the existence to any nonquantized value of A. 

The former part of the above argument has a sophisticated abstract version. 
In fact, we have 


J, = Ам = АВ 
with 


Ау = Soli: and Bo =log( | еа), 


Q 
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and it holds that є C! (H (О), R). Here and henceforth, we set 


Ы = (Vel + ale) 
for simplicity. Now, we confirm the following lemma. 
Lemma 8.6 If (Q4, vg)} C H!(Q) x (Az, А) satisfies 
А ТА є (47,141, (0) <C, and JQ(w)z-C, 


then we have the following, where С > 0 is a constant independent of k = 
1:212 


1. In the case of ||\\к|| pg: — +оо, it holds that B(vy) — +оо. 
2. If {livella } is bounded, then we have 

lim inf B(vz) > —oo. 

к +оо 
3. There is L > 0 such that 


Ajo (ug) — Ax, (vg) < L (ào — А) 


for any k. 


Proof: We have 
Пее = оо + aef tox (s f ea) onte] 
2 H s IQ] Јо 
1 
< C 4- Aolog (с / e dx) + А log |Q] 
Q 


and this implies the first assertion. The second assertion is obtained by 


1 
Ào tog ( f e” dx) = Љу) + zl И 


< C ETE 


The third assertion is obvious, because Av = 21012, 1 is independent of A. 
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Now, we can apply an abstract theorem [74] stated as follows. Henceforth, 
X denotes a Banach space over R, and ( , ) and || - ||, are the pairing between 
X' and X and the dual norm in X', respectively. 


Theorem 8.3 Let X and I be a Banach space over R and a nonempty interval, 
respectively. Suppose that J, € C! (X, В) is given for each А € I, satisfying 
the assumptions of Lemma 8.6 for 


Ty = Ay – AB, 


and provided with the mountain pass geometry, which means that there exist 
vo, vy € X such that 


J. = inf max J, > max (AJ, (00), Ji(v1)) 
ye y 


for any А € I, where 
Г = {y є C((0, 11, X) | vO) =, у) = v}. 


Then, for almost every Xo € I, У, has a bounded Palais—Smale sequence {vx} 
of level jj, which means that (vy) C X is bounded, 


Fig (Uk) > fag and | Fre) |, > 0. 


Actually, using the above theorem we can show the following proof. 


Proof of Theorem 8.1 for the third case: We note that vo in Lemma 8.5 can be 
taken locally uniformly in А € (47, А). Therefore, by Lemma 8.6, Theorem 
8.3 is applicable. Consequently, we have, for almost every A € (4x, А1), a 
bounded Palais-Smale sequence (vy) C Н '(Q) = X of level j;. This means 
that there is {wz} C H! (Q2) satisfying 

Ле” 


= А (0; — wk) +a(vk — wk) = То еч ах in Q, 
Q 


д 
(v — шк) = 0 on д9, 
Qv 


and 


well ys > 9. 


Since {vg} is bounded in Н! (©), Chang-Yang's inequality (8.7) guarantees the 
uniform boundedness of Ae” roe e” dx in LP (Q) for each p є (1, оо) and 
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hence {vg — wx} has a subsequence, denoted by the same symbol, converging 
weakly in W>? (Q), with the limit denoted by v є W? (Q). This implies the 
strong convergence vy — v in H!(Q), and then that of 


Ле” Ae" 
— 
Јо е°* dx fo e" dx 


in LP (Q) is proven similarly to (8.9). In particular, v is a solution to (8.1) with 
Rv) = jj > A(s), and hence we have a nonconstant solution for almost 
every А € (4л, А1). 

On the other hand, any A є (4л, А) \ 4тА/ admits a sequence Ay f А 
provided with a nonconstant solution v = v; to (8.1) for А = Ax satisfying 


JA, (Uk) = JA, 
for each k. Since 
NE (47,41) > JA 
is nonincreasing, it holds that 
JA, (Uk) = ЈА. 


If A € Ал А/, then {[||®к ||} is bounded by Theorem 7.5. Therefore, from the 
elliptic estimate we have 


Uk — v 
in C?(Q2), passing through a subsequence. Then 
Iv) > ja > Als) 


follows, and v = v(x) is a nonconstant solution to (8.1). The proof is com- 
plete. 


To prove Theorem 8.3, first, we show the following lemma. 
Lemma 8.7 Let X and I be a Banach space over R and a nonempty interval, 


respectively. Suppose that J, € C'(X,R) is given for each А € I, satisfying 
the assumption of Lemma 8.6 with 


Ty = А, — АВ. (8.13) 
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Then, if (Xx, vk)} C I x X satisfies 
АТА Є 1, =I (uk) < К, Irk) € К, 


апа 


Л Qk) — Jay (Vk) <K 
ho — Ak = 


with a constant K independent of k, this {ук} C X is bounded, and any £ > 0 
admits N such that 


Iro Vk) < Tay Ue) + € 
for any k > N. 
Proof: From (8.13) we have 


JA, (Uk) — Jag (Uk) = Ax, (0) — АВ (vk) — Arg (UE) + oB (vk) 
> —C (ào — А) + (Ao — А) В(0). (8.14) 


This implies 


JA, (Vk) = Tay (UK) > 


-C + В 
i cus > + B(w) 


апа һепсе 


lim sup В(ә) < +оо 
k—-roo 


follows. In particular, {vz} is bounded in X from the first assumption of Lemma 
8.6, and we have 


B(w)z -M 


with a constant M independent of k from the second assumption. Now, in- 
equality (8.14) implies 


Tao (Uk) — Ja, (Vk) € Co — А) + (Ao — àk): M, 


and hence the conclusion. 
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We shall make use of the theorem of Denjoy-Young-Sacks to show the fol- 
lowing lemma. This theorem is concerned with four Dini derivatives of each 
real-valued function defined on an interval: 

h)-— 
Sain f(x +h) fe» 
-h|O h 
h) — 
Sine OEN 
+A40 h 


We say that two of these numbers are associated if they take the same side such 
as A* and AT, and opposed for the other case such as A* and A^ . Then, except 
for x in a set of measure zero, f = f (x) admits the following properties: 


1. Two associated derivatives are either equal and finite or unequal with at 
least one infinite. 


2. Two opposed derivatives are either finite and equal or infinite and un- 
equal with the one of higher index, A, equal to оо and the other, А, equal 
to —oo. 


See Riesz and Nagy [137] for the proof of the above fact. 


Lemma 8.8 For almost every Ao € I, there is Xy ^ Ao and МО) < +оо 
such that 
= Лу нЕ Ju 


е" < M (Ao). (8.15) 


Proof: Condition (8.15) is violated if and only if the left Dini derivative of 
Ja. is —œ at Ao. It cannot occur except for a set of measure zero of Ao by the 
theorem of Denjoy-Young-Sacks. 


Lemma 8.9 Under the assumptions of Theorem 8.3, suppose that Ao € I sat- 
isfies (8.15). Then, we have a family (yy) € V and a constant К = К Оу) > 0 
provided with the following properties. 


1. If 
Ji Q0) = jao — Оо — Ag). (8.16) 
then 
[Ol| < к 
holds for t € [0, 1]. 
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2. Any € > 0 admits N such that 


man Jro < Jag FE 
k 


for every n > N. 


Proof: By the definition, we have {ук} C Г such that 
Ho Ju = Jc Оо — Ак). (8.17) 
k 


First, if (8.16) holds, then we have 


Tix VEO) — Jan). Jar + Q0 = M) = Љо + (о = А) 
Ло = Ak T Ло = Ak 
< M (Ao) + 2. 


Next, { Fag О% (t))} is bounded from below by (8.16). Finally, s (yk (t))} is 
bounded from above by (8.17) and (8.15). Therefore, {у (7)} is bounded by 
Lemma 8.7. This shows the first case of the assertion. 

To prove the second case, we take vy є ук ([0, 1]) satisfying 


А JA, = Trg (Ve) (= Jo) : 
Then, it holds that 


Tro (Uk) = mar Sig > = 
k 


and 
Try (Uk) € m Ju S Say + Ao — А) 
< jag + (МО) + 1) Co — А) < +оо 
by (8.17) and (8.15). These inequalities also imply 


Лк (vk) EE Tag (Ue) 


< М 1 
UE < M (Ao) + 


and hence Lemma 8.7 is applicable. Given є > 0, we have 


d, = Tig (Ve) — Trg (ve) < ; 
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for any k > N. Furthermore, we have 
d Iro = Try (Uk) = Fay Un) + dk 
< max Tix + dk € jay + Ao — Ak) + dk 
k 


by (8.17). Then, (8.15) gives 


; ; € 
Ll < – 
ЈАК Л 3 


for k sufficiently large, and the proof is complete. 


Lemma 8.10 For K in Lemma 8.9, we put 
F,-|vex||v| <K+1, |i — ju] s а}, 
where a > 0. Then, we have 
HELON |» є Fa} 0 
О 
Proof: If this is not the case, we have 
inf 142,05], >а 
and 


1 
a € (0, 5 [jo — max (09. 22400] ) (8.18) 


for 0 « a « 1. Then, the deformation theory [134] guarantees the existence 
of a є (0, a) and a homeomorphism y : X — X such that 


пө = if |Ag(v) — hol >а, (8.19) 
Dp OWS Ix оп X, (8.20) 

and 
iQ) < jay —@ (8.21) 


for v e X in||v|| < K and Fov) € Ji, +a. 
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We take the family {ук} C Г of Lemma 8.9. Then, for k > 1, it holds that 
пк Tro < Јо +O (8.22) 
and 
a> ho — А. (8.23) 
Here, we have n o yy € Г by (8.18). Let v є y4([0, 1]). Then, in the case of 
Tag) < Jay — (o — А) 
we have 
Jas Q1(0)) < Jay — Qo — А) 
by (8.20). In the other case of 
Fro > Jag — (o — А) 


we have ||v|| < K by Lemma 8.9. We can apply (8.21) by (8.22) and hence it 
follows that 


Sry (v) € jag — < fag — Ao — Ax) 
from (8.23). In any case, we have 


max Jig < Jay — (o — Ak), 
поук 


а contradiction, and the proof is complete. 


Now, we give the following proof. 


Proof of Theorem 8.3: Suppose (8.15) at Ag € J, and apply Lemma 8.10 for 
a=1/k(k = 1,2,...). Then, there is uy € X such that 


l| <K +1, ИСО 
and 


Jay (vk) 0. 


The proof is complete. 


166 Free-Energy and Self-Interacting Particles 


In the rest of this chapter we prove Theorem 8.2, supposing 0 <a « 1. 
First, we show that the (JL) field is regarded as the limit case of the (N) field 
of a | O including their linearized operators. 


Lemma 8.11 Let X ё Алт А/ be fixed, and {vg} be a family of solutions to (1.1) 
with a | 0. Then, passing through a subsequence we have 


Ле?а 


m 8.24 
ГА ea dx =» Ро ( ) 


Ра 


in C?(Q) with a positive function po(x) defined on Q. 

Proof: We write v = vg and p = p, for simplicity. First, (8.1) implies 
a|v], =A 

because v > 0 in Q, and hence 
Iv]; > +00 


follows as a | 0. We take 


1 
w=v- | вах, 
I2] Jo 


It satisfies 


e? 


-Аш = —avctA———— in Q, 
w av I US 
2 
— | шах = 0, 
I2| Jo 
д 
“= on 0€ (8.25) 
Qv 
with 
| S з | <2 
— av + ————— : 
Jo e”dxli 7 
Therefore, the L! estimate guarantees 
[у < С, (8.26) 


where C > 0 denotes a constant independent of a. 
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Since the first equality of (8.25) is written as 


Ae" 


À 
— + =, 8.27 
19] = foe” ах ( ) 


—Aw = —aw — 


we have 


À 
—Aw +w > (l —a)w — — in Q, 


19| 
д 
сыр. 0 оп д9. 
дъ 
Here, (8.26) implies 
1 PN « 
f -aw = xus P 


for 1 « q < 2. Then, the elliptic regularity, Morrey’s inequality, and the 
comparison theorem assure 


w(x) > —С 


uniformly. In particular, the blowup set S of any subsequence {w/,} C {wa} 
coincides with 


S= [xo EQ | there exist ак — 0 and хк — хо satisfying D. (xk) > oo]. 


Now, we can argue similarly as in the previous chapter using (8.26) and 
(8.27). Thus, {w} is uniformly bounded by А ¢ 47 N. Passing through a sub- 
sequence, we have 


/ 
Ша —? wo 


in C?(Q) with some wo(x) from the elliptic regularity. Therefore, (8.24) holds 
for 


rea Лечо 


= —————— and ЕЕ: === 
pd Jo eva dx F9 Ju evo dx 


and the proof is complete. 
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If A = 4x and the blowup actually occurs їо {wa}, we have 


£= 2 (QNS)+4(SNAQ), 
(-^w, + aw’) ах — X ms (хо) (dx), 


хоє& 


Va [m (x0)K (x, xo) + Э т„(хуб(х, xp) | =0 


х=х0 
xo eS Mxo) 


for each xo € S, where only the tangential derivative is taken in the last relation 
if хб € OQ, and С = G(x, x’) denotes the Green's function to the (JL) field: 


—A,G(x, x’) 2óy(dx) (хє ©), 
J G(x, x^) dx = 0, 
Q 


dG 
ду; 


xceüQ — 


This is proven similarly as in the proof of Theorem 7.5. 

We proceed to the spectral analysis of the linearized operator L defined by 
(8.2). This operator is defined for any positive continuous function p — p(x) 
on Q by (8.3) and 


L=L, +a. 
Let { m 5 be the set of eigenvalues for Lẹ of which eigenfunctions аге dif- 
ferent from the constant, and let { pj pur be the set of all eigenvalues of 


д 
-А = р with —- = 0. 
Qv 


li 
We set X = H!(Q) for the moment. 


Lemma 8.12 The values uj, pj, and o; —l have the same sign for each j = 2, 
where 


с; = sup тё] f voas |o e xia. f pax =1, [ poax =o}. 
Xj-1CX Q Q Q 
codim(X ;_1)=j—2 


(8.28) 
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Proof: We recall that the bilinear form A, associated with L, is defined on 
X x X and is given by (8.5). This means 


А„(ф, ф) = Broly, y) 


with 
Bow) = | Qv — p92) dx 
and 
E 3 d 
у= | pode. 
Here, 


Q:óeX > vex 
is a projection with the range and the kernel given by 
ran(Q) = Хо and ker(Q) = {constant functions] , 


respectively, where 


хо [у ех | f pvas =o}. 


The bilinear form B, defined on Xo x Хо is associated with a self-adjoint 
operator in L?(Q). If its eigenvalues are denoted by là; Га then £j and шу 
have the same sign. Furthermore, the mini-max principle guarantees 


Йу = sup t| f (ivy? — pv?) dx 
Xj-1CX Q 
codim(X у_1)=]—2 


[vex [ pvax=0, [ Wax =} 
Q Q 


and hence fi; and о; — 1 have the same sign. Consequently, и; and o; — 1 
have the same sign. 
To examine the relation between p; and o;, we take 


ó;— sup шг] [ ivo? dx | $e ху, | pt ax =] 
XjCX Q Q 
codim(X j)—j—1 


170 Free-Energy and Self-Interacting Particles 


for j = 1,2, .... Itis the j-th eigenvalue of 
—Ag=ap¢d in Q, 
д 
sn —0 on д9, 
Qv 


so that 6; — 1 and p; have the same sign for j > 1. On the other hand we have 
б] = 0 with the constant eigenfunction and hence o; = б; for j > 2. Thus, 
pj and c; — | have the same sign for j > 2. 


We have arrived at the eigenvalue problem 


0 
—-Аф=ёрф in Q, 20 оп dQ 
Ui 
for 
J Ae" 
Е fhe dx’ 


with v = v(x) satisfying (8.1). If it holds that 
—Alogp<p in Q, 


then Bandle’s theory [5] on isoperimetric inequality of eigenvalues is applica- 
ble. Consequently, we obtain the following lemma. 


Lemma 8.13 /f Q C R? is a simply connected domain and p — p(x) isa 
positive C? function on Q satisfying 


—Alogp xp in Q and А =f pdx < 8л, (8.29) 
Q 
then there is ô > 0 such that for à € (0, Ал + ô) it holds that 


о = 52, (8.30) 


The above lemma is concerned with the Neumann boundary condition, and 
the method of conformal plantation is adopted for the proof. However, more 
essentially, the isoperimetric inequality on surfaces, referred to as the Alexan- 
droff-Bol inequality, is applied for the proof. Therefore, it is regarded as a 
variant of Polyá-Szegó-Weinberger's inequality developed on the round sphere 
S? in R?. The associated Legendre equation arises in this context as the polar 
decomposition of —A defined on R?, or equivalently, the Laplace-Beltrami 
operator defined on S?. This geometric account of Bandle's theory is devel- 
oped in [162], and the following fact is proven from that point of view. 
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Lemma 8.14 ГО C В? is a simply connected bounded domain with smooth 
boundary and q = q(x) > 0 is a smooth function on Q satisfying 


—Alogg<q in Q and J aax <зл, 
Q 
then it holds that 


it [vyl | v e nem. LED [аа =1) >. 
Q Ф 


As we have illustrated, these lemmas аге involved with the theory of non- 
linear partial differential equations, the isoperimetric inequality on surfaces 
associated with Gaussian curvature, complex function theory, spectral analysis 
of the linearized operator, spectral geometry on the Laplace-Beltrami opera- 
tor defined on surfaces, nonlinear functional analysis including the theory of 
bifurcation, the theory of special functions, particularly that on the associated 
Legendre equation, and so forth. We refer to [166] for the proof of Lemma 
8.14, and now we give the following proof. 


Proof of Lemma 8.13: We have only to examine [5] and therefore just sketch 
the outline of the proof. Note that 6; = о; holds for j > 2. First, each 
à € (0, 8л) determines R = R(A) € (—1, 1) and the eigenvalue problems 
in consideration are associated with this value R as 


[(1— 22)Ф:], +27 =0 (-1 <£ < R) (8.31) 

with 
|Ф(—1)| < +оо and Ф'(К) =0 (8.32) 

and 
[t £)ed, - a +200 =0 (—1 <£ < R) (8.33) 

with 
®(-1)=0 and ®'(R)=0. (8.34) 


Here, A +» R(A) is monotone increasing and à = 0, 4л, 8л correspond to 
К = —1,0, +1, respectively. 

If the second eigenvalue of (8.31) with (8.32) is denoted by то, and the first 
one of (8.33) with (8.34) by vı, then the conclusion of Lemma 3.3.10 of [5] 
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holds as far as тә > vı is preserved. On the other hand, in the proof of Lemma 
3.3.10 of [5] it is shown that t2 > vj is satisfied in the case of R < О, or 
equivalently, A < 4л. From the continuity, t2 > v; holds true for 0 < А — 
4л « 1. Namely, the conclusion of Lemma 3.3.10 of [5] holds even if 0 < 
А — 4л « 1. Next we examine Lemma 3.3.12 of [5]. Let us suppose that e(Z) 
is nonincreasing only in (a, b.) with some b, < b. Even so, the proof exposed 
there is valid if b — b, > 0 is sufficiently small so that the conclusion of this 
lemma holds even in this case. 

Thanks to these facts, we can reproduce the argument in the proof of Corol- 
lary 3.3.10 of [5] even for A € (0, 4л + ô) with ô > 0 sufficiently small. Then, 
we obtain 


1 1 À 
— + — > PR 
од оз 2л 


and in particular (8.30) follows. 
We complete the following proof. 


Proof of Theorem 8.2: We take 6 > 0 of Lemma 8.13 and fix à € (4л, 4zt 4-6). 
Suppose that there exists a family of solutions (8.1) with a = ак | 0, denoted 
by {vg}, of which the first eigenvalues of linearized operators are nonnegative. 
We write а = ак, Va = va,, and 


Areva 


Pas des е? dx 


for simplicity. By Lemma 8.11, we have a subsequence (denoted by the same 
symbol) satisfying 


Pa — po (8.35) 
in C?(Q) with a positive function po(x) defined on Q. We note that this po 


satisfies (8.29). 
If фа attains 


o(a) = in| f [уф]? dx 
О 


фено), [равах =о, [posta =. 
Q Q 
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then {фа} is compact іп Н '(Q). It is obvious that (o2(a)) is bounded, and 
hence we have 


$4 € in H!(Q) and | o»(a)— of, 


. . 0 . 
passing through a subsequence. This o» attains 


of = int| f уф? dx 
Q 
фено), [ mods =о, | moo?ax =a}. 
Q Q 


and therefore Lemma 8.13 assures 


4л 


=> <1 


for A є (Arr, 4л + à). This implies u9 < 0 by Lemma 8.12. 
On the other hand, the set of eigenvalues of the linearized operator around 
Va (x) is given by 


a+{0+u;@|j>2}. 
Then, (8.35) implies 
ша) = и, 


with the second eigenvalue iis introduced before Lemma 8.12 for p = po. See 
Kato [77] for this convergence of eigenvalues. Then, 


lim (из(а) + a) = u$ «0 


follows and hence u5(a) +a < 0 holds for a > 0 sufficiently small. This 
contradicts the assumption and the proof is complete. 


From the proof of Theorem 8.2, we see that there is a constant ô > 0 such 
that for any ё] є (0, 5) there exists aj > O such that if 4a + ё <A < 4л +6 
and 0 < a < a, then any solution of (8.1) is linearized unstable, provided that 
Q C R? is a simply connected bounded domain with smooth boundary. 


9 
Dynamical Equivalence 


This chapter returns to the general W (x) and describes the fact that the varia- 
tional structure F defined on P, and that of J, on У = dom(A!/) stated in 
Chapter 6 are equivalent up to Morse indices. This fact was known concerning 
the stability in the case that A is equal to — A with the Dirichlet boundary con- 
dition, but actually general theory holds true. This structure is not restricted to 
the Keller-Segel system; it is valid for several mean field theories. 

We recall that R С К” is a bounded domain with smooth boundary 0Q, 


W = W(x) > 0isa smooth function of x € Q, and A > O is a self-adjoint 
operator in L? (Q) with compact resolvent. We set 


W(u, v) = | (ulogu — ulog W — uv) dx + атр 
Q 


for u € P, N C(Q) and v € dom(A!/”), where A > 0 isa given constant and 
Р), is the set defined by (6.14): 


P, = [u:measurable| u > 0 ае, |u|, =A}. 
Putting 
F(u) = Wu, Аи) 
= a (ulogu — ulog W) dx — La'u, u), 
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we say that T = u(x) > 0 (x є ®) is a critical function of F on P, if it belongs 
to P; N C(Q) and satisfies 


а 
di T 59) s=0 ni 


for any o € C(Q) in f. о 9 dx = 0. Неге, we note that the relation 
“+sp €PANC(Q) 


is valid for |s| < 1. In this case, the bilinear form 


d? 
T'GDle, e] = 45 + sg) 
S 


S= 


defined for o € C (Q) in da фах = 0 is shown to be bounded in L?(Q), and 
hence is closable in (ОЮ), where 


12(Q) = le e LAD) | | PIE о. 
Q 
We call the maximum integer k satisfying 


F" = | 
t| sup ией | Y c L2(Q), dim Y =« <0 
eeYNo) —) liell 


the Morse index of u — u(x). 
Next, we take 


AWe" 
fg We" dx’ 
= 1 атр? -alog ( f We" dx) 

2 Q 


defined for v є C(Q) N dom(A!?). We say that such v — v(x) is a critical 
function of J, on dom(A!/2) if 


Av) = w( v) — Alog A 


d 
— JA (VU + sw) =0 
ds 


S= 


holds for any w € C (9) N dom(A!/?). Then, similarly we can show that the 
bilinear form 


I >~ d? = 
J, @)[w, w] = 4,:2.0 F sw)| _, 


9. Dynamical Equivalence 177 


defined for ш € C(Q) N dom(A!/?) is semi-bounded in L?(Q2). Under the 
assumption 


[C(&) n dom(42)] 9? = L40, (9.1) 


this bilinear form is closable in L? (Q), where [ ] denotes the closure. Then it 
is associated with a self-adjoint operator in L*(Q) provided with the standard 
norm. It is denoted by M and the number of negative eigenvalues of M is called 
the Morse index of v — v(x). 

We impose the following condition: 


Qc 12(9), A`lo —consant => 9-0. (9.2) 


In the cases of the (JL) and (D) fields, 1 ¢ dom(A) and this condition is au- 
tomatically satisfied. In the (N) field, we have 1 € dom(A), but if Aq! is 
a constant, then so is g. This implies ф = 0 because fo g = 0 holds for 
Qe (©). Thus, (9.2) is valid for the (N), (JL), and (D) fields. 

Under these notations, we can show the following theorem. 


Theorem 9.1 A positive function u = a(x) € P} C(Q) isa critical function 
of F defined on P, if and only if it solves (6.7), and this is equivalent to that 
v = А-и isa solution to (6.6): 


AWe" 


ed A), Av = L————. 
v om(A) v fo Wevdx 


(9.3) 


Conversely, v = U(x) e С(9) П дот(А 1/2) is a critical function of Jy, on 
dom(A!/*) if and only if it solves (9.3), and this is equivalent to thatu = f; (v) 
solves (6.7): 


logu — A ciae log W — constant, lu А =i, (9.4) 
where 
AWe" 
А0) = fa We dx’ 


Finally, the Morse indices of these u and v are equal under the assumptions 
(9.1) and (9.2). 


Proof: We can confirm the following identities, where и є P}, N C(Q) is a 
positive function on ©, v e C(Q)N dom(A!/), ф € C(Q) satisfies 
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Јо Фах = 0, and ш є dom(A!?): 
d 
W, (u, vg] = 7 Wu + р, v)| 
ds s=0 
= 9 (logu — log W — v) dx 
Q 


d? 
Was, vie, €] = We + se, M 


ds? 
= К —1 yd 
У, (и, vig, w] = vu + 519, V + 52ш) "СЕТ, 


-f gw dx 
Q 


= -f uwdx + (А!/22, А!?ш) 
Q 


Wu, v)[w] 


2, 
У, (и, v)[w, w] = Wu. v+ sw) | 
= Папы 


First, we examine the variational structure of F on P}. Given u є PNC (Q) 
and ф € C(Q) satisfying u(x) > Oforx € Q and fo фах = 0, respectively, 
we set 


u(s) 2u-dsQ 
for |s| « 1. Then, from 
F(u(s)) = W(u(s), A^lu(s)) 


it follows that 


d 
4, (6) = УУ, (иб), А uG))lel + УУ (иб), A 1и (8) ГА "ol. 


Here, we have 


Wy (и), A ибх) ГА Ф] 
—(u(s), A^! o) + (A? - A7lu(s), A? . A719) =0 
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and hence 
d 
7709 +50) = У, (u + sọ, A + 5А!) [Ф] (9.5) 


follows. This implies 


F'ante] = У, (9, А п) [6] 
= (g.logu — log W — А п) 


and therefore и = u(x) is a critical function of F on P, if and only if (9.4) 
holds. This means that v = A~!7 is a solution to (9.3). In this case, for u(s) = 
и + sọ we have 


d? 
F'Ge.el— 757 uG)| . 
_d d 
= TM (иф), A7IuG))lel| _, 
= Wu (©, BLY, 9] + Wav (Œ, Tg, А10] 
z | АЛТА E (0.6) 
Q 


by (9.5). If we provide (9) with the norm || - ||;.-: by 


lolz = (0, D. and (0, V)g-i = [е -wdx, 


gd 


then the bounded symmetric bilinear form 
£e. V) = | перах — (Ao, AI?) өл) 
Q 


defined for o, Y € L&(Q) is associated with 
L-I-PuA! 
with respect to | . lz- through the relation 
L(y, V) = (Lo, W)z-1 


for g, у є Lu. Here, u is identified with the multiplication by itself, and 
P CES = (©) is the orthogonal projection with respect to || - [|„—1, that 
is, 


Pu=v—= f рах. (9.8) 
^ Jo 
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The operator T = РПА! restricted to L&(Q) is compact. From Riesz- 
Schauder's theory, o (L) C o5 (L) U {1}, op(L) is discrete and can accumulate 
only at 1, and each eigenvalue of L except for 1 has finite multiplicity. Here 
and henceforth, o (L) and o5 (L) C o (L) denote the spectrum and the point 
spectrum of L, respectively. 

Furthermore, L is self-adjoint in (©) with respect to the norm || · ||..-: and 
has the spectral decomposition denoted by L = TES Ad E(X). Since 
o (L) \ {0} C RVX[—ó,6] holds with some 5 > 0, we have the orthogonal 
decomposition 


1400) = X- 6 Xo Ө X4, 


where Xo = ker(L), X- = E((—oo, —5)) (L3(Q)), and 


X+ = E((6, +оо)) (1209). 
We have 
X+ \ {0} c [v e (9) | E£(v, v) > 0], 


and +£(-,-) provides an inner product, equivalent to ( , );—i, on X+. See 
[77, 152, 191] for the operator theory used here. 

We have dim X... < +оо, and X.. coincides with the maximum linear space 
Yc (©) satisfying £(v, v) < 0 for any v є Y V {0}, namely, dim X.. is 
equal to the maximum integer k satisfying 


£v, 
о = min | max £^? |y c RO, dimy = d <0 (99) 
TEN 


by the mini-max principle. Since || - ||;-: is equivalent to || - ||, this maximum 
integer К is equal to the Morse index of и. Furthermore, from (9.7) it follows 
that 


| [РЕ 3 | 
оу = 1 - 1/min | g HY c Lon. dim Y =k}. 


max — ——— — 
ve¥\{0} ПА /2v| 
In other words, the Morse index of и is equal to the maximum integer К satis- 


fying 


; 1015-1 2 
= іп } тах ———É—— YcLs(Q) dm Y =k} < 1. 
is E Гатыр | € Fo) 
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This value и is associated with the eigenvalue problem of finding 9 є (©) 
such that 


[ярах = ufa =o, ay) 93m 
Q 


for any v € (©). Actually, the operator-theoretic form of this eigenvalue 
problem takes 


Tø=u'p (pe La) (9.11) 


for T = РпА!. 

Since T is compact and self-adjoint in (©), the normalized eigenfunctions 
of (9.10) form a complete orthonormal system of ran(T) — ker(T)+ [152, 
154]. Here and henceforth, ran(7') and ker(T') denote the range and the kernel 
of T, respectively. Here, the eigenvalue u of (9.10) is always positive, and the 
normalization and the orthogonality are taken with respect to the norm || - 12-1. 
Ifge Le) satisfies 


To = PuA !g = 0, 


then it holds that 


Aty= | u. A lgdx 
Q 


by (9.8). This means that A^! q is a constant, and hence ф = 0 follows from 
(9.2). Thus, we have 


ker(T) — (0] 


and those normalized eigenfunctions (oj) form a complete orthonormal system 
in 14(9), and therefore the Morse index of u, that is, the maximum integer k in 
ок < 0, is equal to the number of eigenvalues of (9.11) in u < 1, where o; is 
the value defined by (9.9). In terms of w — A`lo, problem (9.11) is equivalent 
to finding w € dom(A) such that 


Aw = uw — ; [o dx). (9.12) 


Thus, dim X. , the Morse index of u, is equal to the number of eigenvalues of 


(9.12) in u < 1. Now we shall show that this number is also equal to that of 


negative eigenvalues of M defined above in terms of v = A^! i. 
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For this purpose, first, we examine the variational structure of J}. In fact, 
given v e C(Q)N dom(A!/*), we have 


Tv) = W (fa), v) — à log à 


for fa (0) = AWe” / fo We" dx by (6.15). In terms of 
е 
Ps = — fi + 5ш) 
д5 
this implies 


L f + sw) = Wu (Ge зш), 0 + sw) [o] 
+ Ws Cfi C + sw), v + sw) [w]. 


By means of fo f; (v + sw) dx = А, it holds that 


J Qs dx = 0. 
Q 


Wil fs + зш) , V+ sw)Igs] 


=) Qs ` {log f. (v + sw) — log W — (v + sw)] dx 
Q 


= f os: ов s ( [we dx)}ax =o 


This implies 


and hence 

d = = = 

g УФ + sw) = CQ + sw), v sw) [ш] (9.13) 
holds true. In particular, we have 


Жш] = 7-3. + sw). 


= W, Cf C), v) [w] 
= (А.(о), ш) + (А!/25, Aly). 


Using assumption (9.1), we conclude that 


v e C(Q) Ndom(A"”) 
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is a critical function of J, if and only if it satisfies (9.3). This means that the 
positive function и = f5(v) is a solution to (9.4). 
Let us compute the Morse index of v — v(x). In fact, putting 


ð ois 
eae. = acque sw)| .. 


we have 


d 
2, O)[w, ш] = 4755, + sw) _ 


=) uv (и, v), w] + Wo, v)[w, ш] 
= [4:20] - (e. w) 


by (9.13). On the other hand, from и = f; (v) we have 


Qus e 
e- few) | 
_ | We"w We" fe We"wdx | 
Јо We" dx (Sfo We? ах)? 


-u(w- х f wax), 


Therefore, we have 


and hence 


1 2 
КАС ах 
Q Q A Jo 


follows from fo фах = 0. We obtain 


2 
Ji @)[ш, w] = [а> f ІС! mds) dx (9.14) 
Q Q 


and the linearized operator M stated above is realized as 


1 
Mw=4w-a(w- f awas) 
A Jo 
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with w € dom(M) = dom(A), that is, 
J, G)[w, V] = (Mw, у) 


for ш € dom(M) c dom(A!/”) and y є dom(A!"). 

Here, we apply the theory of perturbation [77], which assures that M is a 
self-adjoint operator with respect to the standard L? norm, and that its normal- 
ized eigenfunctions form a complete orthonormal system of L? (Q). Further- 
more, there is a maximum linear space Y C V = dom(A!/ 7), denoted by Y_, 
satisfying 


‚7, Q)[w, w] < 0 (9.15) 


for any w € Y \ {0}. Its dimension is equal to the number of negative eigen- 
values of M, that is, the Morse index of v, and is finite. Thus, we have only to 
show that the number of negative eigenvalues of M defined above is equal 
to that of eigenvalues in ш < 1 of (9.12) for the given positive function 
и = u(x) € P, є C(Q). Here, 


р, ш) o | П(ъ—- поа) (o - > f тшах)ах 


is a nonnegative bounded bilinear form of v, w € L?(Q), and V = dom(A!/”) 
is a Hilbert space provided with the inner product 


a(v, ш) = (А!/Зъ, A! Py) 


defined for v, w € V. Problem (9.12) is equivalent to finding w є V = 
dom(A!/?) such that 


a(w, v) = ub(w, v) 
for any v € V. 
Since A^! : L?(Q) > L?(Q) is compact, Riesz's representation theorem 
induces the compact operator S : LAD > LQ through the relation 


a(Sv, w) = b(v, w), 


where v € L?(Q), Sv € dom(A!/*), and w € dom(A!/?). Then, problem 
(9.12) is written as 


Sv=pu v 
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with v є L?(Q), which is equivalent to finding 
v € V = dom(A!?) 
such that 
Sv = pulv. (9.16) 
This S is reformulated as a compact operator on 
V = йот(А!/?), 


because v € dom(A!/) implies Sv € dom(A). It is symmetric with respect 
to a( , ), and therefore its normalized eigenfunctions, denoted by (vj), form 
a complete orthogonal system of ran($) = ker(S)+ in V = dom(A!?). 
Here, normalization and orthogonalization are taken with respect to the norm 
| AI . |. 

Given v € L?(Q), we have b(v, v) = 0 if and only if it is a constant. 
Conversely, we have 


b(1,v) 20 (9.17) 


for any v € L?(Q). Therefore, in the case of 1 g V = dom(A!/?), we have 
ker(S) = {0} and the maximum linear space Y C V satisfying (9.15), de- 
noted by Y_, coincides with the linear space generated by the eigenfunctions 
of (9.12) with u < 1. Hence the Morse index of и is equal to the number of 
negative eigenvalues of M, that is, the Morse index of v. In the other case of 
1 € V = dom(A!/), it holds that ker(S) = {1}. However, 


[sos [ mar) ax о 


holds for any v є L?(Q), which implies 
a(l, 0) = (1, Av) = 0 


for any eigenfunction v of (9.16) by (9.12). If Y denotes the linear space gen- 
erated by eigenfunctions of 5 defined on V = dom(A/), this means V L {1} 
with respect to a( , ), where (1) denotes the linear space generated by 1. Hence 


[V e (1] =v 


follows. 

Using (9.17), we obtain again that Y_, the maximum linear space Y C 
dom (A!/?) satisfying (9.15), coincides with the linear space generated by 
eigenfunctions of (9.12) with и < 1. We have the same conclusion in this 
case also, and the proof is complete. 
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From the proof of the above theorem, we have also 
dim ker(L) = dim Xo = dim ker (J7 (v)).. 


We call dim X... - dim Хо the augmented Morse index of и or v. Now, we show 
that the stationary solution to the (N) and (JL) fields takes unstable and center 
manifolds with the dimensions equal to Morse and augmented Morse indices, 
respectively, in the simplified system (3.1): 
иш = V - (Vu — uV (v +logW)) in Qx(0,T), 

д д 

—u—u—(v+logW)=0 on 09 х (0, Т), 

дъ Qv 

Av=u for te€(0,T). (9.18) 


We shall show that the Morse index represents the stability of the equilibrium 
state faithfully even in the full system of п = 2. Furthermore, this result is 
extended to more general systems. 

For the moment, we develop a formal argument to take the structure of the 
problem. Namely, if F’(u) is identified with 


logu — ulog W — A^ lu 

through usual L? inner product, then the simplified system is written as 
и = У. (иУ7'(и)) 
апа its stationary problem is given as (6.7): 
log u — A`lu — log W = constant, lel = А. (9.19) 
Since the stationary solution и is characterized by 
F'(u) = 0, 

the linearized system is given by 

pı = У: (aV F"(u)e), 
or equivalently, 

pı =V- (пу(п 1ф- А ф)) in Qx(0,T), 


д 
s, e-A g)-0 on OQ x (0,T), 
y 


i gdx=0 for гє (0, Т). (9.20) 
Q 
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In what follows, these operators S, T and families {v;}, (14) are differently 
denoted from these defined above. On the other hand, the bounded self-adjoint 


operator L on 12(9) continues to indicate the one associated with the bilinear 
form 


L(y, V) =f Toy dx — (А12, AV) 
Q 


and the norm || - ||;-: in such a way as 


L(y, V) = (Le, Wa, 


where o, v € (©). Namely, $ denotes the self-adjoint operator in L?(Q) 
associated with the bilinear form 


S(v, ш) = А uVv-Vwdx 
Q 


defined for v, w € H! (Q) and usual L? norm || - || in sucha way as 
$ (v, ш) = (Sv, ш), 
where v € dom(S) c H!(Q) and w є H!(Q). This implies 
dom(S) = fv e H?(Q) | = =0 оп aq] 
and 
Sv = —V - (uVv) 
for v € dom(S) under the assumption of u є C 'Q). Let H = Su-!L with 
dom(H) = le e L2(Q) | u^! Le € dom(5)]. 


Then, (9.20) is realized as the evolution equation in (©), 


do 
— --F Нф = 0. 9.2] 
di + Ho (9.21) 


If we have и € C? (Q) furthermore, and 


Lu loses < AQ) (9.22) 
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holds with a constant A(2) > 0, then 
9 
dom(H) = le e Hn Lj) | (07р - A ^g) = 0n aq] (9.23) 


is a closed subspace of H?(Q)n (©) апа 


Не=—У.(иУ(и 'ọ – А 1g) (9.24) 


holds for o є dom(H). Then, the well-posedness of (9.21) is assured by the 
following theorem. 


Theorem 9.2 Let u = u(x) be a stationary solution to (9.18) inu € C?(Q) 
and suppose that (9.22) holds. Then, the operator —H defined by (9.23) and 
(9.24) generates a holomorphic semigroup 


[e pos 


in (О). Furthermore, o (H) = op(H) C R and the numbers of negative 
and nonpositive eigenvalues of H are equal to the Morse and the augmented 
Morse indices of u — u(x), respectively. 


Proof: We study the spectrum of H first, and take the eigenvalue problem of 
finding ф € dom(H) such that 


Ho = uq. (9.25) 


We note that the inverse operator of S in L?(Q) is realized by S ну (©) — 
L2(Q) for 


L2(Q) = (v e LQ) | (v,u) = 0}, 
where $7! w = v if and only if 
—V.-.(uVv)—-w in Q, 
Qv 


— —0 on д9, [тах =o. 
Qv Q 


On the other hand, relation (9.25) means 
Su !Lo— ue € Le(Q) 
with u Lo € 12(9), and hence it is equivalent to 


и Le-pgS 10, 
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or finding g € Lu such that 


Ly, V) = (8 lo, v) (9.26) 


for any v € (©). 
Now we introduce T : (©) > (©) by Tw = v if and only if 
—V.(uVv)—w in Q, 
Qv 


— —0 on д9, f i-e 
дъ о 


Then (9.26) is equivalent to finding ф є 12(9) such that 
Leo, V) = и (To. у) (9.27) 


for any v € L&(Q). Here, Т: Le — L&(Q) is a compact positive self- 
adjoint operator satisfying 


ran(T 1) = (QO) Ls. 


Taking v = Т!/2ф and w = T! y, we see that (9.27) is equivalent to finding 
v € H! (Q) N Le(Q) such that 


LIT v, T-M?w) = wy, ш) (9.28) 


for any v e H'(Q) n L2(Q). 
The bilinear form 


É(v, ш) = £CO MP? 0, Tw) 


defined for v, w € H!(Q) n L2(Q) splits in 


L= £o — £i, 
where 
Éo(v, w)= (a V2p-12y uT 1/2) 
and 
Ei», w) = (Ar Wy AA), 
Here, 


Éo(v, v) ғ |r- 2| 


190 Free-Energy and Self-Interacting Particles 


for v € H'(Q) n L2(Q) and A71? : L?(Q) —> H(Q) is bounded because of 
(9.22) and the interpolation theory. Also, we have 


|71242 x lwll 


for w € D(A!?) with A!?w є LZ), and hence each ¢ > 0 admits C; > 0 
such that 


lwll < eA? w| + C. [71/212 


for any ш e А-!/? (Là(Q)). Therefore, we have С, > 0 satisfying 


0 < Ĉi (v, v) € e£o(v, v) + C; lel? 


for any v e H!(Q) N L2(Q). 

On the other hand, the self-adjoint operator in Lee), associated with the 
bilinear form Ёо on H! (Q) п 12(9) x Hi'(Q)n L&(Q) and usual L? norm, is 
given by Go = Т !/2и-!Т- 1/2: 


Éo(v, ш) = (Gov, ш), 
where v € dom(Go) C H'(Q)L2(Q) and w e H!(Q)NLF(Q). This implies 
dom(Go) = H?(Q) N LEC) n L2(Q) 


with 


mS puer Е = | пах) 
I| Jo 


and also that Gs = TI? gyTV? is compact in 12(9). Then, the perturbation 
[77] guarantees that Ё is associated with a self-adjoint operator with com- 


pact resolvent in (©). Consequently, problem (9.28) provides a complete 
orthonormal system of LEQ), denoted by (vj) C Н! (Ф) N 12(9). We have 


L?^(Q H! (Q 
XS | лел END: 


[tvi] LEQ), [0 


and (vi, vj) = óij. 
Here, we recall the decomposition 


L&(Q) = X. 6 Xo 6 X4. (9.29) 
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Since T7! : НӘ) П L&(Q) > Le is an isomorphism, the numbers 
of negative and zero eigenvalues of (9.28) are equal to dim X_ and dim Хо, 
respectively. The system of eigenfunctions of (9.25) is given by (oj) for g = 
T~'/2y; є 10(9). It satisfies 


La) _ 


[ {vi} | (9) and L(Y;, yj) = Midi 


by (9.27). This decomposition (9.29) is orthogonal with respect to the norm 
|| - 17-1. However, these subspaces аге eigenspaces of L are orthogonal also 
with respect to £(, ). That is, C($, V) = 0 if $ and y belong to the different 
spaces of X_, Xo, and X+. Furthermore, +£ is equivalent to ( , )q-1 on X4, 
respectively. Therefore, we can introduce an equivalent inner product to (, ) „ 
on Le(Q) = X- 6 Xo 6 X, by 


and 
(6. We = ($—. у) + Qro. G0) + (Фф, Vee 
for 
b —ó- + G0 + 6. € X- Xo X, 
and 


V = Y- + Voc Y+ € X- 8X00 X4. 


Putting n = dim X_ and m = dim Xo, we arrange o (H) = op(H) = {ui} 
as 


HI €: < Hn < 0 = ш = +++ = Un+m+1 < Ит+п+1 Eccc 
^ i . + 
We take ф; = Ju according to +u; > 0 and retake (фа nyl to be an 
orthonormal basis of Xo with respect to || - ||. In this way, we obtain a com- 


plete orthonormal system ( in 12(9) with respect to ( , ) 2, composed of 
eigenfunctions of H. Then, it holds that 


LQ) L?(Q) 
I = X-, ICM = Xo, 
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and 


E L*(Q) 
[02:2 | = X. 


and therefore —H generates the holomorphic semigroup 


(ene 


in [2(9) defined by 
CO 
# y = Y eH (v, Gi) Gi. 
i=! 


where the right-hand side converges strongly in L5(Q) because of 


dim X_ < +оо 


and the proof is complete. 


Returning to (9.18), we define the perturbation from the stationary solution, 
taking the stationary solution u = u(x), putu = u + дф, which is a system of g: 


pi = V-(uV(u Y — Аф) – V - (pVA~'9) in Ох (0, T), 
д д 
п (п 'ф-А 1) = ФА оп 99 х (0, Т), 
| фах = 0. (9.30) 
Q 


Henceforth, X = Ls) is provided with the standard L? norm. If 
2 Qv 
dom(A) С fv e H?(Q)| = =0 on aa}, (9.31) 
v 
then the quadratic term vanishes in the boundary condition of (9.30), and 
д 
D = dom(H) = le e HUR) N Li) | =o) о = o] (9.32) 
v 


is a closed subspace of H?(Q). We show that the nonlinear mapping N : D > 
X = (©) is well defined by 


Мф) = -V-(oVA^ lo) 
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in the case of n « 8. Then, (9.30) is reduced to the evolution equation 


d 

oA +Hp=No in Х = 129), (9.33) 
This fact is justified by the next lemma, because it assures 

мр) с (©) 


by (9.31) and the generalized Green's formula [59]: 


(К = -(1, Ати) = 0, 


where ( , ) denotes the pairing between 
H! OQ) and HOR). 

Now, we show the following lemma. 
Lemma 9.1 Under the assumption of (9.31), the continuous bilinear form 

(p,V)e Dx D њ У. (ФУАТ) e L*(Q) (9.34) 
is well defined for n « 8. 
Proof: We recall the constant A(p) > 0 introduced in (3.5): 

|А. |»), w27@ < А(р) (9.35) 
and the relation 
У. (ФУАТ) = Уф. VA y + oAA |у. 
In fact, taking r, p € (1, co) in 1 + 5 = І, we have 
le: АА v| < lel, At» |v.] 


Here, by Sobolev's imbedding theorem we obtain 


lel, = Ks]elp and [v],s Klel» 


|p ААС! | s K$- A): [ello 


follows. 
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Similarly, we have 
|vv - vA" | x |Vel.- |VA" v], 
for r, p € (1, oo) in 1+ 5 = 1. Using Sobolev's imbedding theorem, we have 
MZNESGUP 
for 1 — E < 1 апа 


IVA"! ||, = K4: AG - [уь 


forq € (1,00) in 5 = 2 1 апа 1 = 5 — 2, where K4 > 0 is a constant 
determined by ©. We have such r, p, д € (1, oo) if (3 — 1) + (i — 3) < І, 


or n < 8 again, and then 


[уу -vA-v| < К. А) |ell plv] 


follows. The proof is complete. 


Condition (9.31) is satisfied for the (N) and (JL) fields. If this is not the case, 
we need the fundamental solution to treat the inhomogeneous boundary con- 
dition of (9.30). From this technical difficulty, local dynamical theory around 
the stationary solution has not been clarified for the (D) field. From now on, 
we shall concentrate on the case (9.31). 

Let О: X — X- be the projection defined by 

n 
Qv — Э (v. Gi) „Ф, 
і=1 
апа È, = (I — Q)D C D. Given a time interval J and an exponent a є (0, 1), 
we put 


|с, р) = шосе, ру + Гшё]се(г,р)., 
2, рэ = sup |02), 
tel 


lwt) = w(G)llp 
[w]ceaq, p = sup — 
t,sel,tzes |t — s| 


, 


I| w|lc2((0,1],D) = | w || 199 о, 1), D) + [t9 es qaas» . 


The sets Сф and Gy, stated there, are to be called local unstable and stable 
manifolds of и = u(x), respectively. Thus, we have the unstable manifold 
with the dimension equal to the Morse index, in the case that the stationary 
solution is not degenerate. 
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Theorem 9.3 /f u = u(x) є C?(Q) is a stationary solution to (9.18) satisfy- 
ing (9.19), Xo = {0}, n < 8, (9.35), and (9.31), then we have a neighborhood 
B of = 0 in D defined by (9.32), and the Lipschitz-continuous mappings 


$:BnXx.— X, 
and 
W: BAX, > X. 


differentiable at ф = 0, satisfying Ф(0) = 0, Ф'(0) = 0, w(0) = 0, and 
V'(0) = 0. Furthermore, given wo € D, we have the following items, where 
a € (0, 1) and Ro > Ois a small constant. 


1. This wo is in Go = {(v, Ф(ф)) | e € BN X_} if and only if Qwo € B 
and there exists ш € С° ((—оо, 0], D) satisfying 


d 
= + Нш = Мш (оо <t < 0), 
[ш ||се((—со,о],ру € Ro. 


ш(0) = шо, 


Jim [wo]; — 0. 


2. This wo is in Gy = | (v. Yy) | c € Bn X] if and only if 
(I — Q)uo є B and there exists w € C2 ((0, 1], D A C(O, 1], X) n 
C? ([1, +оо), D) satisfying 


dw 
wy DUUM (0 < t < +оо), 
осоо, 11D) + Iwllceqizoo.D) < Ro. 


w(0) — wo, 


Jim. [wo], =0. 


Proof: Since the results are obtained by the general theory [93], we have only 
to show that N € C! (D, X) and its derivative N’ is locally Lipschitz continu- 
ous in D. In fact, we have 


N'y =-V- (VA) – v (yva o) 


and the right-hand side is regarded as a continuous bilinear mapping from D x 
D into (©) by Lemma 9.1. АП requirements are verified and the proof is 
complete. 
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We recall that the first eigenvalue of H is denoted by о. Then, for a є 
(—оо, 01) we have 


Dip) = dom ((H – a)!?) c H' (Q) 
from the interpolation theory. This implies that 
(р.у) e Dx D њ  V-(oVA y) e Dip 


is a continuous mapping if п < 6. The following theorem is obtained similarly, 
where 


n+m 


Qov = У (v. ĝi) сф, 


i=l 
X = (I — Qo)(D), and p: X_ © Xo — Risa smooth mapping such that 


1 dell x 1/2), 


бр). аш. а n cq) 


There, 
M = Li, T9)1oe X- 8 Хо, lell < r/2] 


is to be called the local center unstable manifold of u = u(x). Thus, we have a 
center unstable manifold with dimensions equal to the augmented Morse index. 


Theorem 9.4 Under the assumptions of the previous theorem except for Хо = 
(0), ifn < 6 we have т > 0 sufficiently small and the bounded Lipschitz- 
continuous mapping Г : X- ® Xo — X. such that if o = Vo, then there 
exist o = g(t) € X- & Xo and y = Y(t) € X, such that 

dp 
7 tHe = QoN (o(o/r)g + V). 
ау 


z Hy = (1 – QoN(o(o/r)e + V) 


fort € (—00, +оо), 9| _ = qo, and Yli = Wo. 


In the full system, on the other hand, the spectral properties of ће linearized 
system around the stationary solution are disturbed by v. Consequently, the 
analogous result to Theorem 9.2 will not hold, because this field provides 
streaming movement to particles. 
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To confirm these facts, we take the (ЇЧ) field with W = 1: 
ut =V- (Vu—uVv) in Qx (0,T), 
то = Av—av+u in Әх (0,7), 

ди Qv 


— = — = 0 on dQ x (0, T). 
ðv ðv 


In this case, A is equal to —A + a with the Neumann boundary condition 
with a constant a > 0, and system (3.1) takes the stationary constant solution 
u,v) = (A/|Q], A/ (a |€2])) for each А = |[uo||1, which forms the branch 
of trivial solutions, denoted by Ce in А — v space. In this case, the linearized 
system around this (и, v) is given as 
ф = Ag —uAy in Әх (0, T), 
Ty; — Ay —ay F9 in Әх (0,Т), 


до 3 
БЭ. к on 8Q x (0, T), 


əv av 
J eax =0 fo t e (0, Т), 

Q 
and the corresponding eigenvalue problem takes the form of 
Ag—uAw+ng=0 in Q, 
т^!ф+т!(А—а)у+пу=0 in Q, 


—=0 on д9, 


| фах = 0. (9.36) 
Q 


Defining the eigenvalues of — А in €2 under the Neumann boundary condition 
by 
ш=0< ш <и <, 


and expanding ф and y using ће associated eigenfunctions, we see that 7 is 
an eigenvalue to (9.36) if and only if it is either that of 


A; = Ші —иш 
i =r! tl (ui +a) 


fori > 1 or that of Ag with the eigenvector ‘(0, 1). This means that у = 
та > 0 fori = 0 and 7 is a root of 


п -[ü-r5wcrlan-at5(qura-w-0 (937) 
fori > 1 [142]. 
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These eigenvalues of the constant stationary solution are actually involved 
with т, but we can show that any eigenvalue n is shown to be real, although 
it is not known that this is always the case even for the nonconstant stationary 
solution. On the other hand, the lowest eigenvalue is taken from either т !а or 
(9.37) with i = 1 in this case, and therefore (u, v) is linearized stable if and 


only if 

А 

= тј 
regardless of the value т. Actually, the dynamical stability in the full system of 


any stationary solution is controlled by its Morse index. 
More precisely, if 


a >U-— pu ш, 


(п, T) € Pn C(Q) x C(Q) n dom(A!"?) 
is a stationary solution to (3.1): 


и = V.(Vu—uV(v--logW)) in Qx (0,T), 


д д 
—u—u—(v+logW)=0 on 09 х (0, Т), 
дъ дъ 
а 
d +Av=u for гє (0, Т), (9.38) 


then these и and v are critical functions of F on P} and J, respectively, and 
it holds that v = A~'w and y = № (0). We say that (u, v) is linearized stable 
if the augmented Morse index of и, and hence that of v, is 0, and linearized 
unstable if the Morse index of и, and hence that of v, is not 0. 

Remembering that L log L(Q) denotes the Zygmund space on Q and its 
norm is provided by 


LON ax, 


= 1 
шын. = f Oog (e+ Z 


we can show the following theorem. 


Theorem 9.5 [fn < 2, the assumptions of Theorem 3.2 hold, the initial values 
are in 


(uo, vo) € WEP (Q) x A^! (L^(Q)) 


with p > 2, the supremum of the existence time T > О of the solution to 
the full system (9.38) is denoted by Tmax > 0, C?*?(Q) N AT! (LP(Q)) is 
compact in A~! (LP (Q)) for 0 € (0, 1) and p > 1, and (п, V) is a stationary 
solution to (9.38) satisfying ||ulg = à апи = u(x) є C?(G2), then we have 
the following: 
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1. If (u,v) is linearized stable, then there is £y > 0 such that 


luo], = X. [uo — 2] ори < £0, 
| A7 (vo — v) | < £0 (9.39) 


implies Tmax = +оо and 
Jim. {luo -Tj |0 —®|„| = 0. (9.40) 
2. If (u, v) is linearized unstable, then any є > О admits an initial value 
(ug, vo) such that 
|o]; =» [uo -Elo + [vo - vl, < £ (9.41) 
and 


lim int исо) -Tlr + lA 7 00-7» |] -0. (942) 


Here, (9.31) is not necessary to assume. 
Proof: First, if 
(u,v) € Px NC(Q) x C(Q) n dom(A!2) 


is a stationary solution to (9.38), then we have 


v= А (п) є А7! (L?(Q)) c WP (Q) 
and 
и = f (v) e WY? (Q). 


Thus, (u, v) belongs to the function space where the well-posedness of (9.38) 
is assured. 
Next, the inequalities 


PEN 


|f log fl — eloglgl — (f — g)log if — al| < 21f — «Пов (e+ 
|f — 8l 


NEST [fl Mel 
КЕЯ TEE) dx < If — gli log (e+ EE) 
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are known [72], and therefore using 


| f, - вові = g1 ax! 


8 pug 10-81 
o [f -sl TA 17 = sh 


+17 = eli: ов [7 — sl] 
Ж 8] Ife 
sere f+ ppg) (рар) 


ТУЕНА 


= [7-8] + If - ele +e] + |е 17 — ell). 


= 17-81, 


we obtain 


ШЕШ — 


E + |8 


+I- sli (e - + m If - ell) U 7 Serer: 
This implies the continuity of 
f €Llog LQ) => ГЕЗИ ах. 
Q 
On the other hand, 


(u, v) e Llog L(Q) x EXP(Q) |> | uvdx 
Q 


is a continuous bilinear form [135]. Furthermore, H!(Q) с EXP(Q) holds if 
n < 2 by the Trudinger-Moser inequality [164]. Therefore, we have a constant 


L > 0 determined by Q such that 
li uvdx| < илов [Av] (9.43) 
Q 


for (и, v) € Llog L(€2) x дот(А 1/2). In particular, 


(u,v) є Llog L4 (Q) x dom(A 7) >  W(u,v)eR (9.44) 
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is continuous, where 
Llog L+(Q) = {и є Llog L(Q) | u > 0 (a.e.)]. 


Now, we show the second part of the theorem. In fact, any eigenfunction 
of L = I — PuA-! with the eigenvalue not equal to 1 belongs to H? (Q) by 
и € C?(Q) and u(x) > 0 for x € ©. Since и is linearized unstable, we have 
фу € H?(Q) C C(Q) satisfying 


| 91 dx =0 and ”'(и)[ф\, gı] = —261 < 0. 
Q 


Here, we have 
ғ". e = f и(ѕ) 142 dx — (фі, A^ | q1) 
Q 


for u(s) = u 4- sg, with |s| « 1 similarly to (9.6). Therefore, there exists 
51 > О such that 


F" (и (5))[ф1, p1] < —&i 
for |s| € sı. By means of g2 = s191 € H?(Q) and à; = 5157 > 0, this implies 
F" + sooo. 92] € —82 


for |s| « 1. Therefore, we obtain 


1 1 
FG ese) - Fa) = 5 | à - FG + stenlsen seal 
0 


2 
ô 
20 (9.45) 
6 
for |s| « 1. 
Given є > 0, we take s in 0 « |s| «& 1 such that (9.41) holds for 


ио= и + 5092 and v= A^ uo. 


Then, we obtain 
(uo, vo) € W'?(Q) x A! (L^(Q)) 
and 
W (u(t), v(t)) < W (uo, vo) = F (uo) 


25 25 
< Р) – 2 = Уу, 0) – 2 
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for t € [0, Tmax), and therefore relation (9.42) follows from the continuity of 
(9.44). Thus, we obtain the second part. 


The first part is proven by the method of [164]. In fact, if v — v(x) is 
linearized stable, then we have ӧз > 0 satisfying 


1 2 
‚7, @lw, ш] = |А! -f п(ш — -f uw dx) dx 
Q A Jo 
> ора? 
for ш € dom(A!/”). On the other hand, for 
v, w € dom(A'?) c H!(Q) 
we have 
n 1/2, 12 1 ^ 
J, (v)[w, w] = |А ш | — u(w - = uw dx) dx 
Q A Jo 
similarly to (9.14), where и = f; (v). Therefore, there is ¢; > 0 such that 
FG + Ow, ш] > [A 2w|" (9.46) 


forw,f€ dom(A!/?) in |A'2c | < £1. This implies 

1 1 

4G-0-40-; | d PROON cs 
0 
дз 1/2, 112 
> ра 
for © є dom(A!/?) in | A!Zz|| < £1. Now, we use of ће following lemma. 
Lemma 9.2 /f (u, v) is linearized stable, then we have 
c" 53 1/2 — 2 
Wu, v) – WG, v) > rab (v — v) |“. (9.47) 

for (u, v) є Llog L+ (Q) x dom(A'2) satisfying и € Ps and 


| A! (v — v) | < £]. 
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Proof: We have ||u||; = А. Putting 


AWe” 


= We'd d = 
ш |, e dx and ү fa We" dx 


we obtain 


0= (| dx) = в ( fe Bax) = | (юв) tds 


by Jensen's inequality. This means 


J (logu — log w)-udx > 0, 
2 
or equivalently, 


AWe” 


Wi) - жог 


)- f (ulogu — ulog W — uv) dx 
Q 
+ ito ( f We" dx) — Alog > 0. 
Q 


We now recall (6.15): 


AWe" 
We eras v) = Jv) + A log A. 
Q 
Actually, this implies 
AWe" ) ( AWe" v) 
Parra OE U E A 
fo We" dx Jo We" dx 
= Jv) — JG), 


and therefore (9.47) holds for | A'? (v — v) || < £1. The proof is complete. 


Wu, v) — WG, v) > w( 


To continue proving the first part of the theorem, we put e? = min{e,,1/L}, 
where L is the constant in (9.43). Then we take 84 > 0 satisfying 


ó 
Wi, v) — Wu, v) < — (9.48) 
for any (и, v) є Llog L+(Q) x dom(A!/*) such that 
[u—Wrtogr < 54 and |А? (0-9) | < 64, 


and put £y = min(ó4, 2/2}. 
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If (uo, vo) € (0) x A-! (LP (Q)) satisfies (9.39), then we have 
YV(u(t), v(t)) — WG, v) € W(uo, vo) — Wu, v) 


5365 
—- 9.49 
24 ( ) 
for t € [0, Tmax). At t = 0, we have 
| A? we — 9 | < 22/2. (9.50) 


Even if 
|A'7 wa) -D | = 22/2 


holds for some f; € (0, Tmax), inequality (9.47) still holds for (u,v) = 
(u (t1), v(t1)). Therefore, 


2 
0365 


5 _ 
ЈА? (v(t1) ^9) |? < a 


follows from (9.49) with t = tı, but this means 
JA’? (vt) — 9 | < 2/2, 


a contradiction. Therefore, inequality (9.50) keeps to hold for t € [0, Tmax). In 
particular, we have 


| [,« e — 9 dx| ив ПАТ ®@ —® | 


1 
< 2 [и (1) Ir log L (9.51) 
for t € [0, Tmax) by (9.43). Here, we use the following lemma. 


Lemma 9.3 We have 
[flrwgr < | | f\log | f| dx + ell fll: - IQ] — fll log Il fll (9.52) 
for f € Llog L(Q). 


Proof: Writing 


» Ifl Ifl 
[flrigr = lf li ЖҮЛ, log (e+ т) 4» 


we apply sup;.o 0+0 m 


log(1 4- esl) S 


s log(e + s) —slogs—e si <e, 


es 


where s = || /|| f ||1. Then (9.52) follows. 
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We continue the proof of the theorem. By means of (9.51) and (9.52), we 
obtain 


[wre dx = J u(t) (v(t) — v) dx «f u(t)-vdx 
Q Q Q 
1 
< ZMOMz gt + 5° [v], 
«5l f Ulogu) (0) dx + e |Q] — Aloga} +All 
21 Ja со 
On the other hand, we have 
J (ulogu — uv) (t) dx — à log |V] < W U0), v@) 
Q 
< Wo, vo). 


These inequalities imply 
| (ulogu) (t) dx < С (9.53) 
Q 


with a constant C > 0 independent of t € [0, Tmax). Then, the argument of 
Chapter 4 guarantees that Tmax = +оо and 


sup kols < +00. 
té[0,00) 


This implies the compactness of the semiorbit 
O = {(и@),ь@)} у c WEP) x A! q^ (Q) 


by Theorem 3.2, and then, theory of the infinite-dimensional dynamical system 

[61] is applicable. Thus, the w-limit set of O, denoted by w(Q), is contained in 

the set of stationary solutions. Therefore, (ux, v.) € o (O) implies 7, 7 (о) = 0. 
On the other hand, 


|A? wx — 0) | < 2/2 


follows from (9.50). This implies v, = v by (9.46), and hence и, = и. This 
means w(Q) = ((u, v)} and (9.42). The proof is complete. 


10 
Formation of Collapses 


In this chapter, we conclude the study of stationary solutions and describe sev- 
eral suggestions obtained by this for the dynamics of (3.1), 


и = У: (Vu – uV (v +108 У)) in Qx(0,T), 


д д 
—u — u— (0 +102 №) = 0 on д9 х (0, Т), 
Qv Qv 


d 
tov+Av=u for гє (0, Т), (10.1) 


in particular, ће formation of collapses of the blowup solution. Thus, we take 
the case n = 2, regarding the conjecture [33] and mathematical work [14, 
50, 107, 106, 110, 146]. Therefore, stability of the stationary solution (и, v) is 
controlled by its Morse index, and this Morse index is equal to the number of 
eigenvalues in ш < 1 in the eigenvalue problem (9.12): 


Aw = uw — ; f mw dx). (10.2) 


First, we study the (D) field, where A is equal to —A provided with the 
Dirichlet boundary condition. In this case, (10.2) is equivalent to finding w € 
Hy (2) such that 


(Vw, Vy) = u (Hw, Hy)g (10.3) 
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for any v є Hy (9), where 
1f 
Hu-w-i[ uw dx. (10.4) 
A Jo 


Here, we have (Hw, 1); = 0, and furthermore, if w € Hi ($2) is a nonzero 
solution to (10.3), then 


w= Hw 
is a nonconstant function belonging to 
H}(Q) E [y € H'(Q) | V = constant on 29] я 
Given n € Н} (9), we have 
y 2d – [о Є Ho) 
and hence 
(УФ, Vý) = (Vw, VJ) = u (Hw, Ну) 
follows. Furthermore, we have 
(Hw, Н) = (Hw, Ya = (Hw, Wr = (Ô, Wr 


by (Hw, 1)z = 0. Thus, we obtain a nonconstant Ù € Hl(Q) from this 
nonzero w € Hi (9) satisfying 


Vô, Vj) = ш, Wi (10.5) 


for any у € H} (9). 
Conversely, if w € Н! (9) is а nonconstant function satisfying (10.5) for 
any y є Н! ($2), then 


-Pf 1 

w = W— Wig Є Hy (2) 

is a nonzero function. Furthermore, given ү € НІ ($2) we have 
ў = Hwy e HQ) 


and hence 


(Vw, Vy) = (Vi, V) = шй, Wir 
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follows. Here, we have 
(b, Wr = (Hw, Wr = (Hw, Ну) 


by (1, Wr = 0, which implies (10.3). Therefore, the eigenvalue problem 
(10.5) is equivalent to finding $ such that 


—Аф = pd in 2 


$ — constant on dQ 


д 
J оле = 0. 
БТ, Qv 


The first eigenvalue of the above problem is u = 0, which is associated with 
the eigenfunction ф = 1. Therefore, the following lemma is obtained by the 
mini-max principle. 


Lemma 10.1 /f A is equal to — ^ provided with the Dirichlet boundary con- 
dition, then the Morse index of the stationary solution (u, v) to (10.1) is equal 
to the number of eigenvalues of (10.5) in и < 1 minus 1. In particular, it is 
linearized stable (resp. unstable) if and only if u» > 1 (resp. ио < 1), where 


из = int | | vv]; | v e Hl (Q2), [9 =0, [imi] 


The above lemma is valid even in the case of n + 2. It was found by 
[162, 185] independently, where the Morse indices are defined in terms of u 
and v, respectively. Thus, Theorem 9.1 was first proven in this special case 
without being recognized explicitly, while a generalized abstract theory for 
this equivalence is described in the last chapter. 

We hereby apply the isoperimetric inequality, Lemma 8.14, for 


E AWe” 
=” а Р 
* fo We? dx 
where v is a solution to (7.1): 
AWe" 
– ЛА? = ЕЕЕ in Q, 
Јо We" dx 
v=0 on д9. (10.6) 


In more details, if A = lu] є (0, 8л), QC R? is simply connected, and 


—AlogW <0 in ©, (10.7) 
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then any stationary solution to (10.1) is linearized stable, where A is — A with 
the Dirichlet boundary condition. 

Theorem 7.1 says, on the other hand, that any family of solutions to (10.6) 
can blowup only at the quantized value of A in 8z: N. In particular, any = > 0 
admits C; > 0 such that any solution {v} to (10.6) with A € (0, 8л — €) takes 
the estimate 


vl, = Се. 
оо 


In particular,r the argument developed for the proof of Theorem 8.1 assures 
the unique existence of the solution for 0 < А « 1, which is extended to 
A € (0, 8л) by Lemma 8.14 and the standard argument of continuation [166]. 
In other words, similarly to the first case of Theorem 8.1, the set of stationary 
solutions 


[0.9 1 4 € (0, 8т) } 


forms a branch in A — v space, and any other solution is not admitted for 
A € (0, ёл). This implies, in particular, the unique existence of the stationary 
solution (и, v) to (10.7), satisfying ||u||1 = А є (0, 8л). 

As is described in Chapter 4, on the other hand, nonstationary problem 
(10.1) admits the solution u = u(-, t) globally in time if ||uo||; < 87 satis- 


fying 


sup kols < +оо. 
t>0 


Therefore, the following theorem is obtained by the theory of an infinite- 
dimensional dynamical system, similarly to Theorem 9.5. 


Theorem 10.1 /f C R? isa simply connected bounded domain with smooth 
boundary д9, A is equal to — ^ provided with the Dirichlet boundary condi- 
tion, and W(x) > 0 is a smooth function of x € Q satisfying (10.7), then each 
à € (0, 8л) admits a unique stationary solution (u,,v,) to (10.1) such that 
lu; |y = A, and if ||uoll1 = А, then Tmax = +œ and 


fim [1r о |, + LPO = n; |] = 0. 


where (u(t), v(t)) denotes the nonstationary solution such that ug = и|,_0, 
both to the simplified and full systems of (10.1). 


Problem (10.6) admits the solutions for A > 8л even if W = 1 and Ф c R? 
is convex. This is actually the case when Q is thin [20, 21, 24, 98, 167], and 
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then the branch { 0, v) | à € (0, 8л)} of stationary solutions to (10.1) does 
not blow up as л 7 8x. In any case, if © is simply connected, then we have an 
upper bound A < +оо of A for the existence of the solution. (This is not the 
case of multiply connected Q [92, 112, 116, 166]. 

If W = 1 and Q is close to a ball, then A = 8л and v, (x) of Theorem 10.1 
takes the singular limit 


lim v; (x) = 8x G(x, xo) (10.8) 
At 870 


іп W!-4(Q) for q € [1, 2), with xo € Q satisfying 
V R(xo) = 0, 
where G = G(x, x’) and 


/ 1 / 
R(x) = [dE 5, 98 |x — х | 


x/=x 
denote the Green's and the Robin functions to — A provided with the Dirichlet 
boundary condition, respectively [98, 166, 167]. 

If Q is such a domain, then the limit as t + +00 of the nonstationary solution 
u(-, t) such that 


u|, y = ио(х) for А = |и0|, € (0, 8л), 


denoted Бу (и, , v; ), becomes spiky as А 7 8r. More precisely, it holds that 
u,(x)dx — 8zóy (dx) 


as à ^ 8л. Then, we can expect that the blowup in finite time occurs for u(-, t) 
if ||ugl1 = A holds with 0 < à — 8л « 1, because the branch of station- 
ary solutions formed by и, (х) does not exceed across А = 8л. Since this 
branch leaves the singular limit 8л бо(4х) at à = 8л, the above nonstationary 
solution may make a collapse in Q with the quantized mass. This is nothing 
but a detailed observation of [33] concerning the threshold of A = ||uo|l1 for 
Tmax < +00, regarding the formation of collapses of the blowing-up solution. 

The above observed blowup mechanism of the nonstationary solution to 
(10.1) will not be different from the other cases. In fact, in the (JL) field, the 
operator A is defined by (3.4); Av = u if and only if 


—A^Av—u-— — | udx in Q, 


— =0 on д9, J vdx =0. (10.9) 
Q 
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Therefore, the stationary problem is formulated as 


We” 1 
-av = i( Е — ) in Q, 
fo We dx I2] 
ə 
0 оп 8Q, [ i-o (10.10) 
Qv Q 


in terms of v, and the linearized problem (10.2) is equivalent to finding 
we H'(Q)n Lz(Q) 
such that 
(Vw, Vy) = uL (Hw, Нұ) (10.11) 


for any v є H! (Q) A (ОЮ), where Н is the operator defined by (10.4): 
ІГ 
Hu-w-i[ uw dx. 
A Jo 


Ifw e Н!) п Lo is a nonzero solution to this linearized problem, and 
take i € H! (Q2), then 


неў f as 
belongs to ні) п (©), and ij = Hw € Н!(©) satisfies 
(УФ, Vj) = (Vw, VJ) = p (Hw, Ну). 
Here, we have 
(Hw, Hyoyg = (Ô, Wa 
by (Hw, 1); = 0, and therefore 0 € H '(Q) is a nonconstant solution to 
(УФ, VÀ) = uÔ, Wir (10.12) 


for any у € Н!(9). 
If i € H! (Q2) is а nonconstant solution to (10.12), conversely, then 


ш 


5 FE 1 
w—-— | vdxeH (9) 
I| Jo 
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is a nonconstant solution to (10.11). Here, the eigenvalue problem (10.12) is 
equivalent to finding $ such that 


This problem has u = 0 as the first eigenvalue, and the associated eigenfunc- 
tion is ф = 0 = 1. Thus we obtain the following lemma. 


Lemma 10.2 /f (10.1) is associated with the (JL) field, that is, if 
Av=u 


is equivalent to (10.9), then the Morse index of the stationary solution (u, v) 
is equal to the number of negative eigenvalues of — А — и under the Neu- 
mann boundary condition minus 1. In particular, it is linearized stable (resp. 
unstable) if and only if u2 > 1 (resp. uo» < 1), where 


из = int | | vv] | Y € Н!(©), [is =о, [wear =1). 


Because the stationary solution v satisfies (10.10), this lemma can be com- 
bined with the following lemma obtained in the proof of Theorem 8.2. 


Lemma 10.3 There exists 8 > 0 such that if € C. R? is a simply connected 
bounded domain with smooth boundary ðQ and q = q(x) > 0 is a smooth 
function of x € Q satisfying 


—Alogg<q in Q and | q dx є (4л, Ал + ô), 
Q 
then it holds that 


int [уу [5 ЕЖ но), | qv dx = 0, КУ — 1} 2 
Q Q 


Consequently, we obtain the following theorem. 


Theorem 10.2 /f © C R? is a simply connected bounded domain with smooth 
boundary 82, W = W(x) > 0 is a smooth function defined on Q, A is the 
(JL) field, that is, u = Av if and only if (3.4), and condition (10.7) holds 
for W = W(x), then any stationary solution (и, v) to (10.1) satisfying à = 
lull € (47, 4л + 8) is not asymptotically stable (even if it exits). 
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We shall study the (N) field in comparison with the (JL) field. This time A is 
equal to — ^ +a provided with the Neumann boundary condition, where a > 0 
is a constant. Then, from Chapter 4, the condition ||uo||; = А < 4л implies 
Tmax = +оо and sup;so |u(t)|loo < +оо. 

If W(x) = 1, we have the constant stationary solution 


(и, v) = (4 I9], A/ (a | Qh) 


and its Morse index is calculated in Chapter 8. In particular, it is linearized 
stable (resp. unstable) if and only if A < A, (resp. А > A4) where Ay = 
| Q2| (a + их) with 5 being the second eigenvalue of — A under ће Neumann 
boundary condition. Here, from the isoperimetric inequality of Polyá-Szegó- 
Weinberger, we have A, < 4л for a > 0 sufficiently small, because the first 
zero of the Bessel function is less than 4л [5]. If Ay < 4z and à € (A), 4л), 
then J, admits a global minimum іп H!(Q) with the minimizer denoted by 
v. Then by Theorem 9.5, the stationary solution и = f(v) is asymptotically 
stable if it is nondegenerate. By Theorem 8.1, on the other hand, any stationary 
solution (u, v) is constant if 0 < А = [и < 1, and therefore if ||wol|l1 = 
А < 1 the constant stationary solution is a global attractor of the dynamical 
system induced by (10.1). 

In the (JL) field with W(x) = 1, we have the trivial solution v = 0 to 
(10.10). This situation is quite similar to the (N) field with 0. < a «< 1. In 
particular, the generation of nonradially symmetric solutions occurs to (10.1) 
with О equal to the unit disc 


= р= [xen ii <1}. 


Studying the (N) field with W(x) = 1 and Q = B in more detail [144], we 
recall that { Mi Pa denotes the set of eigenvalues of 


—A with С = (). 
Qv 


" 


Then, Lemma 8.3 clarifies how { и} is committed to the spectrum of a 
linearized operator around the constant solution to (8.1): 


—=0 on д9, (10.13) 


10. Formation of Collapses 215 


that is, in this case of & = B, a complete system of eigenfunctions is ob- 
tained by the separation of variables. If л denotes the number of zeros in radial 
direction of the eigenfunction, and m its period with respect to the argument 
mode, then there are double eigenvalues and из = из, ил = 5, and u% are 
associated with the eigenfunctions with (n, m) — (0, 1), (n, m) — (0, 2), and 
(n, m) — (1, 0), respectively, and иб is simple. Furthermore, we have u3 <4 
and мл > 8 [5]. 

The set of solutions to (10.13) on Q = B is now illustrated as follows. First, 
a branch of radial solutions to (8.1), denoted by Ce, bifurcates from that of 
constant solutions, denoted by C,4, at à = Аз = |Q| (a + [n4 in A — v space 
(Chapter 1). From the local theory of bifurcation, this С, is transversal to Ce. 
Then, the following theorem suggests that С, is absorbed into А = 8л. 


Theorem 10.3 We have the following facts for (10.13) with Q = B and v = 
v (Ix: 


1. If X € (0, 8л), then only constant solutions are admitted. 


2. If X € (8л, Аз), then there exists a nonconstant solution, where Аз = 
IQ] (a + uz). 


The first assertion justifies the numerical computation [33]. Then, the second 
assertion assures the family of radial solutions 


та = {Оз vy) | 8 « X < Аз} 


absorbed into the hyperplane A = 8z with the radial singular limit of Theorem 
7.5. Thus, the functions on C*, make one point blow up at the origin as A | 8л. 

Now, we restrict ourselves to the case of 0 < a < 1. Then the first bifurca- 
tion point A = А = |Q| (a + их) of the branch of constant solutions C, is less 
than 4zr. At this point of à = A, the linearized operator takes 0 as an eigen- 
value, and the corresponding eigenfunction has the argument mode 1. Since 
S! acts on B = Q, this bifurcated object forms a two-dimensional manifold in 
А — v space, denoted by С. 

Regarding the second case of Theorem 8.1, we can expect that C4 is com- 
posed of the global minima of J, (v) defined on H '(B) with à € (А, 4л), and 
this branch continues up to A = 47. Therefore, based on Theorem 8.2, we sus- 
pect that Cı does not exceed across à = 4л, and Cj is connected with а family 
of singular limits denoted by О. Here, each element of О has a singular point 
of its own on the boundary. This Оу will be located on А = 4л in A — v space 
and will form an object homeomorphic to S! because of the S! action to B. 
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A similar profile is expected to the other two-dimensional manifold in A — v 
space, denoted by C2, bifurcating from С. at A = A5 = |Q] (a + už) > 8л. 
In more details, this Со will be connected with a S! families of singular limits 
denoted by О» on the hyperplane A = 8л, of which members have two singu- 
lar points of their own on the boundary. The bifurcation diagram of C, will be 
drastically changed in a > 1, and then it bifurcates from Ce at à = А > 4л. 
However, the ultimate state will be similar, absorbed into Ој as А | 4л. 

If Q is slightly perturbed from B, then these Cı and C2 will be reduced to 
curves making pitchfork bifurcations from Ce, and similarly, both О and О» 
will be reduced to two singular limits of their own, but the other structures will 
be kept (Figure 1.6). After such a profile is obtained for the set of stationary 
solutions, then the dynamics of (10.1) with W(x) = 1, the (N) field, and 0 < 
a < 1, is suspected as follows. 

First, if 


А = [uo], € ©. a0, 


then any solution is global in time and converges to the constant stationary 
solution uniformly in infinite time. Even if 


A= |o], € (А1, 477), 


again any solution to (10.1) is global in time (Chapter 4), but now the constant 
stationary solution located on С, is linearized unstable, while the nonconstant 
stationary solution on C, is the global minimum of J} (v). Therefore, generic 
solutions to (10.1) with ||uoll1 € (A1, 477) will have an o limit set contained in 
C1, because the linearized stability implies the dynamical stability (Chapter 9). 
This means that they have a tendency to concentrate on the boundary with one 
peak. One can expect that this tendency is kept even in 


à = |uo|, € Gz, 87). 


However, only an unstable constant solution will exist as the stationary solu- 
tion, and therefore except for the initial values on a thin set of stable mani- 
folds of the constant stationary solution, the solution to (10.1) with ||uoll1 € 
(4л, 87) will blow up in a finite time, concentrating on the boundary with one 
peak. This profile is quite similar to the case of the (D) field described ear- 
lier, but this time the (N) field, the boundary blowup point, is involved in the 
threshold phenomenon of the blowup. 

So far, we have obtained several suggestions for the dynamics of the non- 
stationary solution from the study of stationary solutions. Now, we give the 
following proof. 
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Proof of Theorem 10.3 for the first case: We can apply Lemma 8.14 for € — B 
and 


ua» = [ve n'a» | v = vao]. 


because it holds that Н! (В) с Н! (B). Then, we obtain 


тг] f |Vv|? dx | ve нів). | qv? dx zu. f avax -o] > 1 
В В В 
(10.14) 


forq є C?(B), satisfying 
—Alogq xq in B and аа < 8л. 
В 


Given a solution v = v (|x|) to (10.13) оп Q = B, we put 


Ле” 


= ede 


Then, the linearized operator is given as L = Lo + a, for Lo defined by (8.3). 
Let Lor be the radial part of Lo. Then, any eigenvalue of Lo, corresponding to 
the nonconstant eigenfunction is positive by (10.14) and the proof of Lemma 
8.12. Therefore, if A € (0,87) and v = v (|x|) is a solution of (10.13) on 
Q = B, then Lo, + a is invertible. 

On the other hand, any compact set 


A C [0, +оо) \ {877} 


admits a constant C > 0 such that any solution v (|x|) of (10.13) on Q = B 
with ^ € A satisfies 


a <C (10.15) 


by Theorem 7.5, and therefore the proof of Theorem 8.1 guarantees the unique- 
ness of the radial solution for (10.13) for A € (0, 8л). The proof is complete. 


Proof of Theorem 10.3 for the second case: We recall that u% is the second 
eigenvalue in (8.6), associated with a radially symmetric eigenfunction of — A 
under the Neumann boundary condition. Therefore, if А € (0, Аз), then the 
constant solution 


s = А/а|| 
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is a strict local minimum of У. (v) on Н! (B), where 
As = |9| (a uz). 
On the other hand, there exists vo € Н! (B) such that 
(оо) < Js) 


if A > 8л. In fact, we have only to take хо = 0 in the proof of Lemma 8.5. 

Now, we reproduce the proof of Theorem 8.1 for the third case, replacing 
the underlying space H ! (Q2) by Н! (B). Then we obtain the conclusion, using 
(10.15) for A € A. 


In the case of W(x) Æ 1, the calculation of the Morse indices of the station- 
ary solution of the (N) field is not reduced for simpler problems as in the (D) 
or (JL) field. However, the following theorem is obtained similarly to Theorem 
8.2. 


Theorem 10.4 Jf A is the (№) field: — ^ +a with the Neumann boundary con- 
dition, and the positive smooth function W (x) satisfies (10.7) in (10.1), then 
we have ё > 0 such that any X € (4л, 4л +6) admits ag such that if a € (0, ао) 
then any stationary solution (и, v) in |u|| = A is not asymptotically stable 
(even if it exists). Furthermore, this ao is locally uniform in X € (4л, Ал + ô). 


We have observed that in the simplified system, the Morse index of the sta- 
tionary solution is reflected faithfully in the dynamics of the nonstationary so- 
lution near them, while the stability of the stationary solution is still kept in the 
full system. If we have a stationary solution of which the linearized system as 
the full system possesses a nonreal eigenvalue, then some spiral movement is 
suggested for the nonstationary solution. This problem is open mathematically. 
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Finiteness of Blowup Points 


Similarly to life, thermodynamical circuitry enables 
the organic activity against entropy, by a circular 
reaction within the gradient of nonequilibrium. 

— H. Tanaka 


In this chapter we discuss the blowup mechanism of the nonstationary sim- 
plified system of chemotaxis. This chapter is devoted to the proof of Theo- 
rem 1.1. 

The first process is to introduce the localized version of Theorem 4.1. Here, 
Moser's iteration scheme is applied and the blowup point of the solution is 
characterized by the blowup of the local Zygmund norm around it. Then, 
Gagliardo-Nirenberg's inequality provides a universal constant £ọ > 0 sat- 
isfying 


pou Jue [бийл = 80 (11.1) 


for any blowup point x9 € Q and R > 0. The next process is to provide the 
global profile of this localization by the method of symmetrization described 
in Chapter 5. More precisely, the function 


t € [0, Tmax) К> LIO] TES 


220 Free-Energy and Self-Interacting Particles 
has a uniform bounded variation, and consequently (11.1) is improved by 


Шш a) PECES > £0. 


This inequality implies the finiteness of blowup points by | и(ї) | i= | ио | | for 
t € [0, Tmax), and therefore each blowup point is isolated, which induces the 
chemotactic collapse with a sharp estimate of the collapse mass from below, 
and hence an inequality estimating the number of blowup points from above. 

Henceforth, we study the simplified system (3.1), provided with the (N) field 
and W(x) = 1 for the sake of simplicity, that is, 


и; = V · (Ми – иУу) 


0 = Ао - ао +и | Wee OCT), 


д д 

0. on нозо), 

Qv Qv 

u| o =u) on Q, (11.2) 


where © C В? is a bounded domain with smooth boundary 0Q, a > Ois a con- 
stant, v denotes the outer unit normal vector, and uo = ug(x) is a smooth non- 
negative function not identically 0 on Q. As before, Tmax € (0, +00] denotes 
the supremum of existence time of the solution, and therefore Tmax < +оо 
means the blowup of the solution in finite time. Thus, we show that 


u(x,t)dx = У т(хо)ё, (dx) + f (x) dx (11.3) 


хоє& 


holds in M(Q) in the case of Tmax < +оо, where 0 < f = f(x) e L'(Q)N 
C(Q\ S), т(хо) > т. (хо) with m, (xo) = 8л and m, (xo) = 4л according to 
xo € QN S and xo € 29 П S, respectively, and S denotes the blowup set of 
u(-,t) ast + Tmax. We confirm that the Dirac measure ó4,(dx) € M(Q) acts 
as 


(n(x), x, (dx)) — n(xo) (xo € Q) 


for n € C(Q), and consequently, the finiteness of blowup points follows as 
(1.28): 


2 - f (interior blowup points) + (boundary blowup points) < | ио | 1 /4n. (11.4) 


In particular, if 4л < ||uol|; < 8z and Tmax < +оо, then u(x, t) dx concen- 
trates to a point on the boundary as t + Tmax. An interesting open question is 
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whether one can prescribe the numbers of interior and boundary blowup points 
independently, that is, whether the quantization in space implies synchroniza- 
tion in time or not. It is open also to exclude the equality of (11.4). 

Some results proven for (11.2) are shown to be valid even for the full system, 
for example, ||uo||; < 4л implies Tmax < +оо and there are chemotactic 
collapses (11.3) for the radially symmetric case [108]. In fact, any xo € S and 
R > 0 admit (11.1) even in this case. An important open question is whether 
any blowup point is isolated in the full system, which we do not think to be 
true (Chapter 1). 

We show the result proven in this chapter more precisely. First, if Tmax < 
+oo then 


li і = 11.5 
jim Olo = +оо (11.5) 
holds (Theorem 3.2), and we define the blowup set S of u (Chapter 1): 


S= [xo eX | there exist tk + Tmax and xk — xo 
such that u(xk, tk) > +œ as К оо}. 


Each xo € S is called the blowup point. The condition Tmax < +оо implies 
S Æ Ø by (11.5). Then we have the finiteness of blowup points, (11.4), and the 
formation of chemotactic collapse (11.3) as follows. 


Theorem 11.1 /f Tmax < +0, then we have (11.3) in M(Q) as t * Tmax with 
m(xo) = т, (хо) and 


0<f=fa)eCQ\S)NL'(Q), (11.6) 
where 
mae 8&л (xo € Q2), 
FEO T7 Mat 39:639): 


Henceforth, we put a — 1 for simplicity, using the Gagliardo-Nirenberg 
inequality in two-dimensional space indicated as (4.32): 


115 < K?(IIVwllz + lwli). (11.7) 


It is valid for апу w € W}! (9), where K > 0 is a constant determined by ©. 
We recall the notation 


B(x, В) = E e R? | x — xol < RI. 
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Given хо € ©, now we take the cut-off function ф = Фо, i, R defined for 
0 < А < R « 1 introduced in Chapter 5. It satisfies 0 < ф < 1 in О, 
ф(х) = 1 for x є B(xo, RN ПО, ф(х) = Ofor x є В(хо, Ё)П О, | D*g|ss = 
O ((R Е R') lel) for any multi-index o, and supp o С Q and oe = 0on ðQ in 
the cases of xo € Q and xo € 09, respectively. Then, Y = (Pxo,R', R)É satisfies 


| [1 (x € B(xo, К) e Q) 
KT E € 2\ B(xo, R)) 


ә 
0cy-1 in Q, 3-0 on д9 
V 
Vy < Ау?/6 |. $ 
ESTEE EE 


where A > 0 and В > 0 are constants determined by 0 < R’ < R « 1. We 
have, more precisely, 


A=O((R-R)') and B-((R-R»?), 


but these rates are not used in this chapter. 
First, we prove some variants of (4.31): 


2 2K? -1 -1 2 
fe a< | (ulogu +e ах: fu IVu|*^ dx 
Q logs Jo Q 
+2Кк?{и| +352101. 


Lemma 11.1 The following inequalities hold for any s > 1, where C > 0 is 
a constant determined by A and K: 


[вах <2K? f «dx | u`! (уи? y dx 
Q B(xo, RINQ Q 


A2 
+ к2( +1) full: (11.8) 


3 72K? i А 
иу ах < (ulogu +e )dx |Vu| y dx 
Q logs вхо, mno Q 


+ С |а| воо oo; + 101915. (11.9) 
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Proof: Putting ш = uy !?, we have 


|| ш ах] <2{ f vuy Pax} +f f uvu las] 


2 
<2 [таа + mr 
Q 2 


ei 2 AP a 
<2 udx: | и (Уи v dx + —|lully. 
В(хо, RNA Q 2 


Hence (11.8) follows from (11.7) and | w | 1 < | и | 1: To prove (1 1.9), we apply 
(11.7) for 
3/2 
w = (и — s) 1/2. 


First, we get 


1 
lwl = | (и — saw ax | (ж? — ғ?) у ах 
{и> 5} {и> 5} 4 
1 5 
> d ww dx — 5s? |Q]. 
4 Јо 4 
Next, we have 
1/2 3/2 


3 1 
IVw| < z(u — 24 IVu| yl? + Аш - 55 y 1^? 


and hence it holds that 


2 209 2 
Е SC - 5)! Vul y? qs] 


+ —| C — 53/2413 dx}. 


Here, we have 


2 2 
pi (u -s) "vulp? ax] < | / и ушу ax] 
{и {и 


>s} >s} 


= | | IVul? y dx 
B(xo, R)D(u»s] fus) 


< — (ulogu tet dx | IVul? y dx 
log 5 J B(x, RIN Q 
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and 


p иа) s | / 


{u>s} 


2/3 
= [| тах] |е 


<e wy dx + (ŻY Il |a (11.10) 
~ JQ 3 \3e L'(B(xo, R)nQ) | 


uyu" ax] 


2 


for = > 0. Therefore, writing C; = ET , we have 
2 9 -1 2 
Уш < (ulogu +e )dx IVu|* v dx 
2logs JB(xy,. no Q 


дсй з A? 3 
+ 7% Д u`y dx + Се 19] [н || 1 воо кпе) 


Finally, from (11.10) and w!/? < w!/? it follows that 


2 
loli se fw ЖЕЛ 


These relations, combined with (11.7), imply 
1 e(4 + 1) | зуу а 
1 5 E А и x 


9K? zi 2 
< (ulogu +e )dx- IVu|* v dx 
log s JB, PNZ Q 


A? 3 5 
+ KCA (7 +1) [аво mno, + 35 I1- 


Taking £ > 0 as 


1 кї(&- 41) ol 
4 e E 


we obtain (11.9) and the proof is complete. 


We are discretizing in space the argument of Chapter 4. We assume Tmax < 
+оо and take the blowup set S of u = u(-,t) as t ^ Tmax. Generic positive 
constants are denoted as С, C2, ..., successively. In case that their depen- 
dence on the parameter, say о, D, ..., must be referred to explicitly, we write 
them as Со, Са, в, ..., and so forth. 


11. Finiteness of Blowup Points 225 


In the previous argument, we showed that the first equation of (11.2), pro- 
vided with the boundary condition, implies 


d 
Z f oe = 0, 


and hence (1.11) follows from u > 0 in © x (0, Tmax): 


luto], = luo], =A. (11.11) 
Then, from the L! estimate to the second equation of (11.2), we obtain 
228. [Oly + Inl] < +00 (1.12) 


for q € [1, 2) and p є [1, co). Неге, we remember that И" (О) denotes the 
usual Sobolev space; the set of g-integrable functions up to the m-th order of 
differentiation. 

The global version of the following lemma is shown in the proof of Theorem 
4.] by the maximal regularity theorem (Chapter 4). Here, we apply Moser's 
iteration scheme for the proof. 


Lemma 11.2 A point xo € Q is a blowup point of u if and only if 


lim sup | (ulog u)(x,t)dx = +оо 
ttTmax ~ B(x9,R)NQ 

holds for any small R > 0. 

Proof: The “if” part is obvious, because x9 ¢ S implies 


sup 
Oxt « Тах 


I] овоо oo <+ 


for 0 < R < 1 by the definition. To prove the “only if" part, we suppose 


sup J (ulogu)(x,t)dx < +оо (11.13) 
0<t<Tmax J В(хо, RINQ 
for some 0 < R « 1. Then, localizing the estimates [14, 50, 110], we shall 
show xo £ 6. 

For this purpose, first, we take R’ € (0, А) and y = (xo. в! к). Multiplying 
uv to the first equation of (11.2), we obtain 


ld 


= — yds | миуа | иуи · Vy dx 
2 dt Q Q Q 


= [uve vovaxs | vv урах. (11.14) 
Q Q 
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Here, the first term of the right-hand side of (11.14) is treated by the second 
equation of (11.2) as 


исо уюна = 5 | (vwd Vv) v ax 
Q 2 Jo 


1 2 1 2 
= —- | (u^^v)ydx-—-][ u^Vv- Vv dx 
2 Jo 2 Jo 


I 3 1 2 1 2 
——]|wwydx-—-][ uvydx—-] uVu-Vwdx 
2 Jo 2 Jo 2 Jo 


<= | иуах-– = | иур. Уұуах. 
2 Jo 2 Jo 


Therefore, the right-hand side of (11.14) is estimated from above by 


1 3 1 cur ud 
= | wwvdx--- | u^VuVy dx 
2 Jo 2 Jo 
= = | uwwdx—-= | vVu^-Vydx – = | utvA^v dx, 
2 Jo 2 Jo 2 Jo 


and we have 


ld 


2 2 
A d V d 
2 di od х+ fi и| y dx 


1 
<5 | азуах – | ити урах 
2 Jo Q 


1 1 
-;/ Wie vds 5 f u-vAwdx. (11.15) 
2 Jo 2 Jo 


Now, Young's inequality is applied to each term of the right-hand side except 
for the first one: 


p иуи Vy dx| <a | uy? . |Vul y! dx 
Q Q 


« Ali f yax) [f зш? wax} 


1 > La os 4A° |Q] 
<- | |Vul’wdx+= | wwvdx- , 
4 Јо 3 Јо 3 
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1 
10) ууп? Vy dx| <А | v ul? .|Vul y? dx 
2!J9 Q 


ШШК ЛАЛ ЛЕ 


EP MIDI 


xx | тирак | vaso 
— u x+- u X 7 
^4 3 Jo 3 


and 


ІЛ 


Ji vw? dx 
2 Jo 

B К 2/3 
«Sl [ f ovas] 


1 3 БЫТ 
= d . 
JE V dx + 6 


1 2 
5| u vAy ах 
21Jo 


^ 


ІЛ 


Therefore, from (11.12) we obtain 


d 
= | ера | миуа = | ауа с 
dt Jo Q Q 


Here, we apply (11.9) and (11.13) to the right-hand side of this inequality. 
Making s > 1, we have 


d 2 1 2 
E d = V dx < С». 
m deer |. ul? y dx < С 


This implies 


sup f ie vs < +оо. (11.16) 
Q 


Oxt « Tmax 


We proceed to the second step, multiplying и? to the first equation of 
(11.2). In this case, we obtain 


ld 


ee wy dx +2 | ulVuP ах | ачи Vyas 
3 dt Q Q Q 


=o) ie v vu ds | u^ Vv - Vy dx. 
Q Q 
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For w = u/2, this means 


re ?y d «gf P yd +3] Vw-Vyd 
REN w X ЗЕҢ и) х DES Шуи · X 
3dt Jo 9 Jo 3 Jo 


=; | wv vw) y dx f w^Vv. Vy ах. (11.17) 
3 Jo Q 


Here, using the second equation of (11.2), we have 


J w(Vv- Vw)y dx = >| (Vv - Vw?)y dx 
Q 


Q 


Therefore, the right-hand side of (11.17) is estimated from above by 
2 1 
1i wesw dx + =| w^Vv- Vy dx 
3 Jo 3 Јо 


2 8/9 1 
E w^y dx} ien - f vVw? . V dx 
3 Ugo 3 Jo 


2 3 1 2 
<- | шуах—- | vVw^-Vy dx 
3 Jo 3 Јо 


1 > 2 /8\8 |Q| 
sf meme s) s. 


Thus, we obtain 


За ^y d +5 fav P yd «il Уш. ууа 
== w X = w X = шуш. X 
3dt Jo 9 Jo 3 Jo 


2 1 1 
il изра з | Wu? vdx - | u^ vAy dx 
Q Q Q 
2 (8\8 |9] 
=-(z) QUERI 


which has a similar form of (11.15). 
Here, inequality (11.16) means 


sup [ Pe ovas < +00 
Q 


0xt < Тах 
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and hence we have 


sup J (ш log w)(x,t) dx < +оо 
0<t<Tmax J B(xo, RNA 


and 


sup [ШО луй < +оо. 
Oxt «Tmax 
Therefore, taking R” € (0, R^), we can repeat the above argument, with и, А, 


and y — (Gn. x). replaced by w, R', and y; = CP respectively. 
Then, similarly to (11.16) it follows that 


sup 
Oxt < Тах 


2/3 
| roa one = re 00 luo | L3(Blxo,r)na) < + 


for any r € (0, А), because R’ є (0, К) and R” e (0, R^) are arbitrary. 
From the second equation of (11.2) this implies 


к, Ж ШО] W23(B(xo,r')nQ) < +оо 


for r' є (0, r) by the local L? estimate, and hence it holds that 


sup 
Oxt < Тах 


|20 |а рау tE (11.18) 


for апу r є (0, К). On the other hand, repeating the above argument once 
more, we obtain 


EUN [EO] Em esos (11.19) 

These estimates, (11.18) and (11.19), are sufficient to set up the iteration 

scheme by putting V = СОРТЕ for г” є (0, ғ). This y (x) is different from 
the previous one, as the support is reduced, but there will arise no confusion. 

Thus, for p > 1, we multiply uP y?*! by the first equation of (11.2) and 


obtain 
d 1 
ы / (uy)? dx 
dt p+1Je 


ES -f Vrye). vudx + f uV (uP РЇ). рах 
Q Q 


= -l + I. 
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Here, we have 


i= | (ри? y? vu + uP Vy?!) Vudx 
Q 


= | [Vu F [yet a+ | VyPt!. vyPtl dx 
(p t 1) Jo р+1 Јо 


p+! 


4 
= cS v 
(p + 1)? Jo 


pl ptl 4p |. PH 1 
‚ит Vw T dx = 4————À Vu P+l dx 
d loei zu] | al E 


[unt de | y vu m 
puja 


PH pH 


2 
+f Iv uy)” | Pdz- | «ууз | ax 


and the right-hand side is estimated from below by 


+1 +1.) p—1 2 
[I enn Pas 2 E rs y? |у | dx 


2 
-42 f (uy)P+t3 u3 dx 
Q 


> 
p+! 


А?(р-Е1) у M 
-—3— {| 


5 Pax 2 olli 


=>? +1 
Р 2 
| , (uy) 3? ах}. 
Q 
On the other hand, estimate (11.18) means 


Lz sup [VO] egan SO 


O<t<Tmax 


11. Finiteness of Blowup Points 231 


and hence we obtain 


П < x] luv (иу?!) | ax 
Q 
=i] Kv uyt! tart рур ax 
alptl 


— | |У (и or! aceto n. uP* y? vy | dx 


| | 


fh у) Vuy | ax 
& LAG +1) | аар аб ах 
Q 
< — | |v (и) 27 [acean | (up)?! ах 
р+1Јо Q 


1 5 
+LA(p * Duo] | fonra}. 


These relations are summarized, for и = uv, as 


d 
S utas s- | ae |? dx + C3(p +1) [А и! dx 
Q 


3р+2 
+ Сз(р + | ul dx} 
Q 


5 


«epe [а ax] (11.20) 


with a constant Сз > 0 independent of p > 1. Therefore, now we can argue as 
in Alikakos [2]. 

For this purpose, we make use of Gagliardo-Nirenberg's inequality in the 
form of 


шев) x K(IVwI2,., + 2) 2 lw (11.21) 
LI(Q) L?(Q) 12(9) LIQ)’ K 


where К > 1 is a constant independent of q є [1, go] if qo > 1 is prescribed 
in advance. This K is again different from the previous one, but there will arise 
no confusion. 
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А — „(P+1)/2 3 arta 
First, we apply (11.21) for w = uj and q = € [3, 3): 


2 
3 


2 E D 2 Е 
Сз + v? А7 dx} = Cx(p + 1? Jul 


(4—1)/3 2 
< Cip DK (voli + loh) eh 


2p+1 
1 3p+3 
dx + [oui a dx} , 


pti 


= Cp DIE | vu, 


pt - 
d u? dx) ; 
О 


By means of $ 


2р+1 < 2 : . 6 А 
3513 13 < 2 and 3p13 < $ the right-hand side is estimated from 
above by 


2 BH 1 PH 
43 и dx} <f Ми, 
Q 61/o 


16: 3.5 6 РН 
BK (p+ АТ dx i]. 


2 
- upt! dx 1] 
Q 


Next, we apply (11.21) for w = ure and q = SEIS € E 12). This 
time, we have 


бр+5 
сир Ја ах] eo + ро" 


5(q—1)/12 
< Сур + 02ке (Пуш Jul) ^ [o]? 


7р+5 


de [ ud pH | 


pl 5/6 
qf шг dx} 
2 


p+! 


= c8 v vy | Vu? 
Q 
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and the right-hand side is estimated from above by 
, 
2 2 17 
ceo 20] ax+ |, „| 
Q 


747/10 pil 5/6 1 pi 
AG) Ls dx} «f (Ives P 
2 Q 6 Jo 


1.5 T5 pui 2 
+2+—-(5) CPP RM ys | иг dx 1] 
6 12 \2 A 


1 P2 
= А M 


S(T)" 12/5 „24/5 6 
SR C ey 1 [f u 
12 (5) 3 (p 4 1) 


pti 


Vu, 


RE и") ах 


dx ++ и}! dx +1} 


р 


En 
‚7 dx+ i}. 


Finally, we apply (11.21) for w = apes апа q = 2 and obtain 


Cup 1? f uf" dx < KP (ply 
О 


1 
1 Р+1 |2 2 р+1 
BEJ Vu? 4х+ |, «as p uj? dx 
Q Q 


1 Р+1 |2 
self Vu, 4х+ |, up dx 1] 
61/o 


р+1 


31/2 pil 
-C2K4(p +1) ae dx +1] 
Q 


EE 
-| pH 

а. (|з а |, up ax +1]. 

pl 


31/2 
tL жок [ur dx iJ. 
Q 


In this way, from (11.20) we can deduce 


d pti 
= К: JI К? 2 
dt 


| 


2 
dx 


=5 i dee cup De [ | i dx i]. 
2 Q Q 
However, again by (11.21) for а = 2, we have 
1 
wla s K? (vw + lols) lol 


1 2 
= 2 ({У® pul?) + керы 
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and hence we obtain 
1») lo рї) 4K 2 
le Bs saver 2 Да R. 


Thus, we have 


2 


d 1 ptl 
uf dee = | Vu, dx 
Q 


dt Jo 
i pH b d os ры 32 
< Ca(p + 1) (fu dx+1] eK ПС dx], 
Q Q 


and therefore it holds that 

d pri 2 

E ies [ и! dx < Cs(p + »* f ир? dx4 | 
Q Q 


for t € [0, Tmax). 
From this differential inequality, we can conclude 


sup ПСЕ 
Q 


O<t<Tinax 


pti 2 
= Cymax {(p + 1) sup [f u axti}, 
2 


O<t<Tmax 


1 
[го +1] 
for any p > 1. Therefore, 


2k 
P = sup ит dx+ 1 
2 


O<t<Tmax 


satisfies 
Peri < Cs max [29 **^2, 101-1) (uolo +) | 
< C520K+D max ox. (luola + y^] 
for = 1,2, .... This implies 


k—l k k—t k—1 k+1 
Dra < Ge 1. gdien2 6+ 12 max [93 ; d? | 


fork —2,3,..., whered — vol. + 1, and hence we obtain 
EFI IT rn 
sup ПС ах) < Ф| 
0<[ < Ting: Q 
gk-1_y | 
ЕС H 2622212) . max {o4/", а}. 
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Making k — 4-co, we have 


4 1/4 
sup ео, = бутак |( sup [© +1) га}. 
0 


0<7 < Tmax Xt < Tmax 


Using (11.19), we obtain 


sup paol = sup {ОЮУ |. < +0, 


Oxt « Tmax O<t «Tmax 


and hence it holds that 


lim sup ET T < +00. 


max 


This means хо £ S and the proof is complete. 


Localizing the argument of [73], now we show the following lemma. 


Lemma 11.3 7t holds that 
d 1 =j 2 2 
— | (ulogu)y dx + = | wu |Wul^wdx <2 | utvdx--Cg (11.22) 
dt Jo 4 Jo Q 


for t € (0, Tmax). 


Proof: From the first equation of (11.2), we have 
d 
= | (ulogu) v dx =f u;(logu + 1v dx 
dt Јо 2 
=- Í Vu- V ((logu + 1) v) dx 
Q 


+f uVv - У ((logu + 1) v) dx 
Q 
= -I + П. 


Here, the second equation of (11.2) applies апа it holds that 
II =f wVvu-Vudx + | и (logu + 1) Vv - Vy dx 
Q Q 
= - | uV · (y Vv) ax+ | и (logu + 1) Vv - Vy dx 
Q Q 


= ийи —)ах+ f uloguVv- Vy dx. 
Q Q 
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We also have 
І = J и !|Vu|? ү dx «f (logu + 1) Vu- Vy dx 
Q Q 
and hence 


d 
— IE i vu ax + | uvy dx 
dt Jo Q Q 
= [yar | (logu + 1) Vu - Vy dx 
Q Q 


+ J (ulogu)Vv - Vy dx. (11.23) 
Q 


Now, we use an elementary inequality valid fora > 0 and 0 < В < 2: 
( Пов u| + 1)*u? <u? + Со, в (и > 0). 


Then, the second term of the right-hand side of (11.23) is estimated from above 
by 


| [ dogu + DVu урах <a | (Ilogu| + 1)ul/?yl? 
Q Q 
1/3 
712 (уш y"? dx «Ai f (пов u] + 1)u92y ax] 
О 
_1 2 1/2 1/6 51/2 
d и-Ҷуи| y dx] < A |Q|V/62 
О 


2 1/3 çl E 2 1/2 
d u y dx + C332 Ia {5 и  |Vu| v dx] 
Q 2 Jo 


ДАЄ |Q] т C3,3/2 |2] 
3 3 ` 


1 -1 2 1 2 

< u |WVu|^vdx + иу dx + 
4 Jo 3 Jo 

The third term of the right-hand side of (11.23) is equal to 


-f vV . (uloguV v) dx = - | v(logu + 1)Vu · Vy dx 
Q Q 


— J (vulogu) Av dx, 
Q 
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where each term of the right-hand side is estimated from above as follows: 


li v(logu + Vu - Vy 4х| 
Q 
2 af uting 4- Dy и уд y? dx < Aljviig2!72 
Q 


1/3 71 1/2 
qf иЗ? (Пови| + 19 y dx] 19) ит уи yas] 
Q 279 
1 1 4A6 C Q 
< d iuf + = | i ded ie ВИ 3 
4 Jo 3 Jo 3 3 
| f wutoguyay dx| <А | v |ulogu| y??? dx 
Q Q 


2 pl 3/2 2/3 
< Aljvlls23 -f> |. wlogu|*? v dx} 
2 


1 4АЗ|ъЗ C Q 
< f wary =" ү See 
3 Јо 3 3 


Inequality (11.22) follows from (11.12) and the proof is complete. 


We are ready to prove the key lemma. 
Lemma 11.4 The blowup set S of u is finite. 


Proof: First, we show that there is єр > 0 such that any xo € $ апай < А <1 
admit the estimate 


lim sup | u(-,t)dx > бо. (11.24) 
ttTmax ~ B(x9,R)NQ 


For this purpose, we take R’ є (0, R) and y = (б): Then, from (11.22) 
and (11.8), it follows that 


d 1 
2 | (ulogu)y dx + (1 — 16K? пах) J u`! Vul? ах < Cs. 
dtJo 4 Воо, RNA’? Jo 

Therefore, if 


tim sup | u(-,t)dx < €& = —5, 
ttTmax ~ B(xo, R)NQ 16K2 
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then it holds that 


lim sup f (ulogu)(.,t)dx < lim sup / (ulogu)(C,t)V dx < +оо. 
E Tmax B(xo, R')nQ E Tmax О 


This implies хо ¢ S by Lemma 11.2, a contradiction. Thus, we have proven 
(11.24) for each xo € $ and 0 < А <1. 
Now, we apply (5.11), or equivalently, 


d 1 " 
o К Dy ах) z B|wo], T 5 lov | retos |o] (11.25) 
with 
Py (x, y) = Vy (x) : V«G(x, y) + Vw(y) VG (x, y). 


Actually, it is a consequence of the method of symmetrization, because the first 
equation of (11.2) implies 


d 
— иа = | uas | илуах+ | uve vids 
dt Jo Q Q Q 
ay = 
by Fr lag = 0. 


Here, it is obvious that 


li 


p uC, D) AV dx| = B uo 
Q 
while we have 
1 
КОЛЫ >| [ py Gc, y)u(x, t)u(y, t) ахау 
Q 2 Jo Jo 
with 
оу E L” (Q x ©). 
Thus, it holds that 
2 
|f, [oem ono ахау < [olio 18011 


and inequality (11.25) follows. 
This fact confirms that the value 


у Tmax d 
n. иса = | woods + f (5 f ne oax)a 
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exists for y = (Фху,к/,к)®. Since 0 « Ё « 1 is arbitrary in (11.24), it is 
improved as 


tim int f u(-,t)dx > lim u(-, t)y dx 
ttTmax J B(x9,R)NQ ttTmax JQ 


> limsup | u(-, t) dx > во. 
ttTmax J B(xo, Ro 


This inequality holds for any хо € S and 0 < А « 1, and therefore from 
(11.11) it follows that 


#5 < [о/о < +оо. 


This indicates the finiteness of blowup points and the proof is complete. 


After the finiteness of blowup points is proven, formation of the chemotactic 
collapse (6.5) is a consequence of the localization of the argument of Chapter 4. 
Here, we apply Brezis-Merle's type of inequality instead of the Trudinger- 
Moser inequality. 

In fact, putting 


Se = Uxoes В (хо, £) 
for 0 < = < І, we obtain 


sup ILIO] pow s,) < +оо 


O<t <tmax 


and therefore the relation 


sup |009; < +00 


Oxt < Tmax 


follows from the second equation of (11.2) and the elliptic regularity. Then, 
the first and the second equations of (11.2) assure 


|u | С2+9,1+0/2 0\53, x [0, Tmax)) < +00 (11.26) 
and 
lel C2+0.14+0/2(G\ Ste х [0, Tmax)) < +00 (11.27) 


for 0 € (0, 1) by the parabolic and elliptic regularities [58, 85]. In particular, it 
holds that 


eae IO cms) ST 
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and 


Tmax 
u, (x, t)dt 


F(x) =u(x.0)+ f 
0 
= lim u(x,t) >0 (11.28) 


t max 


exists for any x є © \ S. Convergence (11.28) is locally uniform on QS, and 
relation (11.6) follows from (11.11) and Fatou's lemma. 
The family 


{u(x, 0) dx [0 St< Tmax} G M(Q) 


is bounded, and therefore is sequentially precompact *-weakly as t ^ Tmax- 
Now, we shall show the following lemma. 


Lemma 11.5 Л holds that 


limint f u(x,t)dx > m,(xg) (11.29) 
ttTnax J B(xo, PNQ 


for each xo € S and 0 < R < 1, where 


oo 
3 


(xo € $2), 


ш = E: (xo € IN). 


This lemma implies Theorem 11.1 as follows. First, any sequence fx ^ Tmax 
admits a subsequence fe] and a measure u(dx) € M(Q) such that 


w* — lim u(x, tj) dx = w(dx). 
k—oo 


Since uL (dx) — f (x) dx € M(Q) has the support on the finite set S and (11.29) 


holds, we have m’ : S — [4zr, +00) satisfying m pare > 8л and 
n 


шах) = У m'(xo)ós (dx) + f (x) dx. 


хоє& 


However, from the proof of Lemma 11.4 we have the existence of 


li 1 d 
jun. nos )ф(х) dx 


11. Finiteness of Blowup Points 241 


for any ọ є С 2(Q) in oe = 0 on 29, and the value m'(xo) is independent of 


the choice of {t} ог [4% This implies (6.5). 
To prove Lemma 11.5 we take xo € S and 0 < R' < R « 1. Then, letting 
P = Px, R', к, We introduce the localized Lyapunov function 


1 
Wọ(t) = | {wlogu —uv-4 5 (Ivor? + v) leas 
Q 
and show the following lemma. 


Lemma 11.6 It holds that 


d d 
wo | u|Vdogu — v)| p dx = = | ug dx + Ri(u, v, o) 
dt Q dt Јо 
(11.30) 


with 
Ri(u,v,q) = | [a — v)Vu — (ulogu — uv + vj) Vv] - Vo dx 
Q 
+ | (ulogu)Ag dx. 
Q 
Proof: Multiplying (log u — о) by the first equation of (11.2), we have 
T u;(logu — v)gdx = J [V - (Vu — uVv)] (logu — v)ọ dx 
Q Q 
= -f u|V (logu — v)^o dx 
Q 
— J (logu — v)(Vu —uVv)-Vodx. (11.31) 
Q 

Here, it holds that 


d 
J do – wp dx = 5; | алови nea 
Q dt Jo 


d 
= upd + | uvo dx (11.32) 
dt Jo Q 
and 
| (logu)Vu : Vo dx = - | uV - (loguV@) dx 
Q Q 
= -f {(ulogu)Ag + Vu- Vo) dx (11.33) 
Q 
a 
by „КЁ = 0. 
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Using the second equation of (11.2), we have 


| ишфах = J (—Av + v)u,g dx 
Q Q 
|. dd 
2а 
This, together with (11.31)-(11.33), implies 


[ (iver meas + f vuVv-Vodx. 
Q Q 


d 
— Wọ «f u|V(logu — v) фах 
dt Q 


d 
= | updx + | (wlogu)Agds 
dt Q Q 


«f [1 — v)Vu — (ulogu — uv + vj) Vv]: Ve dx 
Q 


and the proof is complete. 


Now, we show the following lemma. 


Lemma 11.7 /f xo € S and 9 = Фу, gg for 0 < К < R « 1, then 


W*= sup Wọ(t)< +œ (11.34) 
Oxt < Тах 
and 
limsup / IVvl? o dx = +оо. (11.35) 
1] Tmax Q 


Proof: We recall (11.30) and put 


t 


ro = Welt) - f йи, v фаз | ифах. 
0 Q 


Then, from (11.11), (11.26), and (11.27) we obtain 


| | os = [мо], 
О 


апа 


sup |А} (и, v, ф)| < +оо. 


O<t<Tinax 


Also, by Lemma 11.6, F is monotone decreasing int € [0, Tmax) and therefore 
(11.34) follows. 
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Now, we have 
J (ulogu) dx < W* + | uvQdx, 
Q Q 
and therefore Lemma 11.2 guarantees 


lim sup / uve dx = +оо. 
Tmax У 9 


Then, using Young's inequality, we have 


1 
a | weds < | logi) pdx += | eod 
Q Q e Јо 


1 
< Wo + | uvQdx + Ji e^" o dx 
Q e Jo 
1 
< wes | uvydx + Ji e^" o dx, 
Q € JQ 
and hence it follows that 
1 av * 
(a —1) | uvegdx <- | е%фах+ №“, 
Q € JQ 
where a is a constant. Therefore, we have 


lim sup / e^" o dx = +оо 
ttTmax JQ 


for a > 1, and (11.35) follows from the following lemma. 


Lemma 11.8 Ifa > 0 and 9 = Px,,R',R for xo € Sand0 < R' < В <1, 
then the inequality 


a? 
[ reas < Cgexp (=f IVv фах) (11.36) 
Q л Jo 


holds for t € [0, Tmax). If xo € Q, then this inequality is improved as 


2 
[ reas < Co exp Gs / IVv фах). (11.37) 
Q 16x Q 
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Proof: We apply the inequalities [23, 102] in КЕ. 4 valid for w € X: 


tog ( f e” dx) = : | v w| + — PEE 
Q Eu ? m | 


where 


. |4т (XK =H'Q)), 
ТГ =. 
8r (X = Hi (Q). 


In fact, it holds that 


sup 
O<t< Tmax 


[© [Los (sore воо, е) oma 


by (11.27), so that for the case of хо € SM AQ we have 


J e"" o dx = | еа dx «f e"? dx 
Q B(xo,R')NQ В(хо, RNQ\ B (xo, R’) 


2 
< | e^"? dx + Cio < e* exp pt |; + 
Q 


allulli 
I2 ) 


t Cio < (e i Со) exp( «f КАЛЫ pdx) 


by (11.12). This shows (11.36). Inequality (11.37) for x9 € S N Q is shown 
similarly, and the proof is complete. 


Now, we localize an inequality used in Chapter 4. 


Lemma 11.9 We have 
[ien < | (и 1їов и)ф dx + Mọ log (f e"o dx) — Mọ log M, (11.38) 
2 2 2 


for Mọ = Jo ug dx. 


Proof: Since — log s is convex, Jensen's inequality applies as 
1 е? u 
— log (zc / e"edx) = tog ( f — pdx) 
М, о Qu My 
JA 4 2 
О ———> 
= g M; 9 
= xod u log (— -)e] dx. 


This means (11.38). 
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We are ready to complete the proof of Theorem 11.1. 


Proof of Lemma 11.5: Having proven that lim;+7,,,, 


ug], exists, we suppose 
jim Mg(t) = jim lue], < me (11.39) 


and derive a contradiction. 
In fact, in the case that xo € © we have (11.37), and therefore 


I EE 
= (IVvl +) = Wy – (ulogu — uv) dx 
2 Q Q 
< Wy + My log ( | e"o dx) — My log My 
Q 


M Co 
< W* + — | |Vul? фах + My log — 
< +e | vP o dx + My log y? 


by (11.34) and (11.38). This means 


1 M, Co 
5 - e) | iverpdx < W*+ мов > < Co. 
( блг El v|^edx < + тш 12 


and therefore 


lim sup / IVul? o dx < +оо 
Ut Tmax О 


by (11.39) and mą = 8л, a contradiction. The case xo € д2 is treated simi- 
larly, and the proof is complete. 


12 


Concentration Lemma 


In this chapter we show that the mass quantization of collapse occurs if the 
solution blows up in infinite time [148]. It is uncertain whether such a solution 
exists or not. Actually, it is suspected that the blowup in infinite time occurs 
only when the solution converges to a singular stationary solution, and there- 
fore, in that case, the total mass à = ||uolļ|ı must be quantized as à € 4zN. 
This question is open, but an important tool is exploited, which we call the 
concentration lemma. (This is different from the lemma given by [23].) 

Similarly to the case dealt with in the previous chapter, the mass quantization 
of collapse of the solution blowing-up in infinite time is valid for other systems, 
provided they also have the properties of positivity and total mass preserving 
of the solution, decrease of the free energy, and the physical field associated 
with a kernel uniformly bounded under the symmetrization process. But we 
concentrate on (11.2) for simplicity: 


ut —V-(Vu—uNv) in Әх (0,T), 
О= Ло - ао +и in Әх (0, Т), 
ди Qv 
àv av 
и| о = uo on Q, (12.1) 


=0 on д9 x (0, T), 


Here, ио = uo(x) > 0 is a smooth function, a > 0 is a constant, © C R? 
is a bounded domain with smooth boundary 0&2, and v denotes the outer unit 


normal vector. Furthermore, we put a — 1. 
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Under these assumptions, we can show that if и = u(x,t) is a solution 
global in time, then any ft, + +оо admits 14; C {tf} andO < f = f(x) є 
L'(Q) NC(Q \ B(t/)) such that 


u(x, n) dx — bx ms(xo)óxy (dx) + f (x) dx (12.2) 
xoeB((tz }) 


in M(Q), where B ((t,)) denotes the set of exhausted blowup points so that 
xo € О belongs to B({t/}) if and only if there is (x/) C О such that и(х/, t7 
— +00, and 


8л (xo € 9), 
т+(хо) = 
4л (xo € 0€2). 
It should be noted that the number of exhausted blowup points is not prescribed 
in (12.2), and the case B({t/,}) = Ø is admitted. 
Here, we confirm the notation used in this chapter. First, 


BARD 


denotes the blowup set of {u(t})}, so that xo € B({t}}) if and only if there exist 
{t} C (7) and {xn} C О satisfying t” 4 +00, x, — хо, and u(xn, tf) > 
+оо. We say that хо is exhausted as a blowup point of {u(t/,)}, if t = t, holds 
in the above relation. By definition, the blowup set B({t/,}) is exhausted, if its 
any element is so. Next, we say that the solution blows up in infinite time if 


Tmax = too and  limsup ||u(t)|lo = +оо 
t—> +00 


hold. In this case, we have B ({t/}) A Ø if lim, oo ||U(tn) lloo = +оо, but the 
possibility of the oscillating formation of collapses is still kept in (12.2). 

We proceed to the concentration lemma. This is a criterion for a sequence of 
solutions to have a converging subsequence using the concentration function. 
This type of result is obtained when Q is a flat torus [152], and the proof is 
done along a similar line. 


Theorem 12.1 /f [uo] is a family of smooth nonnegative functions defined 


on Q satisfying 


n>1 


sup uj = А < +оо, 
n>1 
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и" = u"(x,t) denotes the solution to (12.1) whose initial value is ug, the 


supremum of the existence time of u” is denoted by T" = TI, > 0, and 


lim sup || ио | Lid ang) € Pri« Gro) (12.3) 
noo 


for xo € О and R > О, then there exist T > 0, г > 0, and [и" } C {и"} 
satisfying 


n! 
PD |н" | C299 (BG. r)nx[r,min(T,T2,,))) < TOO (12.4) 
n 


for any x € (0, T), where Ө € (0, 1). If R > 0 in (12.3) is independent of 
xo € Q, then we have T, = liminf, Tj, > 0. Furthermore, in this case, {u"} 
has a subsequence converging in C 2109 x (0, T]) for some T є (0, Tx). 


Here and henceforth, we take the agreement that the term 


|" 


| С2+0.1+0/2 (B(xo,r)NQx[t,min(T, Tx) 


in (12.4) has the meaning only when t < Iu 

We use several facts obtained in the previous chapters for the proof. First, 
we use (11.7), a form of the Gagliardo-Nirenberg inequality, specifying the 
constant Кү > 0 determined by Q C R?: 


2 2 2 
wl; = к? (voli 1008), 


which is valid for all w € W^! (Q). We use also (5.11) valid for y = W(x) € 
C?(Q) with 50 = 0 on aQ, that is, 


K212 
[Vl yuo *MAvL. 025 


| | уона, а < 


for A = |luoll1, where K2 > 0 is a constant determined again by ©. Given 
хо € Q, we take the cut-off function ф = Pxo,R',R for 0 < Re RAS 1 
defined in Chapter 5, and put 
m 6 
V = (Pro, в, к)". 


This smooth у = vy, к, к satisfies О < y < lin 2, 


1 (хє B(xo, RF) О), 


e |, (x € QV BGo, R)). 
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ү _ 
эу = Оор 29, and 


|D*y| < A(R- R) 14/6 (Jal = 1), 
[D*y| x B(R- R) ^y?P (|а| = 2), 


with the absolute constants A > 0 and В > 0. In this chapter, we use the order 
on (R — R’) in these inequalities. Finally, | D| denotes the area of measurable 
set D C R?. 

In the following lemma, u — u(x, t) denotes the solution to (12.1) with the 
smooth initial value ио = ио(х) > 0, and the supremum of its existence time 
is denoted by T = Tmax > 0. This lemma, in contrast with Theorem 12.1, 
describes a uniform estimate depending only on A > ||uo||1. More precisely, 
the constants Ту and C stated here are explicitly determined by K1, K2, A, А 
and K1, Кэ, A, К], т, respectively. The proof is done by examining the proof 
of Theorem 11.1 carefully. 


Lemma 12.1 There exists Тү > 0 determined by Кү > 0 such that if 


[о] айр * 1/(64K1), (12.6) 


then each t € (0, T1) admits C, > 0 satisfying 


LI C29. 9/2 (B(xo, Кү) [етіп (Ту, Tmax))) = Ci 


for xo € Q. 


Proof: To make the description simple, we write К, А, T, and A for Kj, Rj, 
Tı, and A, respectively. Given R > 0 and xo € ©, we take y = V'xo.5R/2,3R 
and apply (12.5): 


d Кә)? 
j5 [eras] = R-mus pv 
Q 


Thus, if Тү € (0, Tmax) is taken as 


(E 


| VW lyin АЈА |.) s 1/64k. 


then, from (12.6) it follows that 


sup < 1/(32K?). (12.7) 


oa LO | rona, 5272) 
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Next, we take y, = Wxo,2R,5R/2- Then, for К є (0, 1), inequalities (11.8) and 
(11.22) of the previous chapter are written as 


[eras < 2K? | иа. f и! |Vul? yı dx 
Q Q Q 


NB(x0,5R/2) 


2 B 3 D? (12.8) 


and 


d 1 
= | (ulogu) Yı ах + Jd u`! |Vul? yi dx 
dt Q 4 Q 
< 2 | u^yidx + LR, (12.9) 
Q 
respectively, where L > 0 is a constant determined Бу || and A. Henceforth, 


Ci (i = 2,3, ...) denote positive constants determined by ©, A, and R. Then, 
(12.8) and (12.9) imply 


d 1 
= | (ulogu) Va dx z (1 - 16K? f пах) 
dt Jo 4 B(xo,5R/2) 
| u`! {уи yi dx < Сә 
Q 
for t € [0, Tmax). Therefore, from (12.7) we have 
d 1 —1 2 
— | (и1оди)ул а4х+- | u |WVu|^vidx < Co (12.10) 
dt Јо 8 Jo 
for t € [0, Ту]. 


In what follows, the time variable f is restricted in t € [0, 71]. Then, from 
(12.8) it follows that 


J uy, dx < zl u`! |Vul? yı dx "m 1)? (12.11) 
Q = 16 Jo 8 R2 i | 


апа һепсе 
4 2 
— | (ulogu) ү ах +2 | u^vidx < Ca 
dt Q Q 

holds true. In terms of 


o= | (ulogu cte Dy, dx > 0, 
Q 
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dJ 
аео -2f и?үл dx 
dt Q 


+3 f (ulogu + e7!) Wy dx -|Q\'/?. (12.12) 
Q 


Since the elementary inequality 
ulogu < 4и?/^ 


is valid in и > 0, the right-hand side of (12.12) is estimated from above by 
ci(1 «f u 9/8 dx) -2 f u^ yr dx < Cs. 
Q Q 
Therefore, it holds that 
d 3/2 
О) +37(1) < C5 


for t € [0, T1]. 
We also have 


d _ —248/2 = 
jr аз) rene 


and the function F(J) = й ? is continuously differentiable in J є R. The 
standard comparison theorem is applicable, and if T € (0, T1) is so taken as in 
T?Cs < 1, then, for t є (0, T) it holds that t^? > Cs. This implies that the 
inequality 
Jt) = | (ulogu + e )yidx x (7? (12.13) 
Q 
holds in t € (0, Т]. Then, by (12.10), inequality (12.13) gives 
JI K(s)ds < t 4 + ОТ (12.14) 
t 


for0 <t < ti < T, where 


K (t) x u`! {уи yi dx. 
Q 
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Now we repeat the proof of Lemma 11.2 based on (12.13), taking t = 1/2 
as the initial time for given т є (0, T). Henceforth, C; (i = 6, 7,8,...) denote 
positive constants determined by т besides ©, A, and А. Its first step assures 


d 1 
— | и? ах + =| |Vul? Va dx < C6 (12.15) 
dt Јо 2 Jo 


for t € [t/2, T], where Y2 = Wxo,3R/2,2R. Here, we have 
4 31/4 


Ji K(s)ds € C7 
T Jr/2 


by (12.14), and therefore there exists v; € (7/2, 37/4) satisfying K (11) < C7. 
This implies 


| u^ dx < Cg 
Q 


at т = ту by (12.11), and inequality (12.15) now guarantees 


1 t 
J u^ yr dx + >| Ki4(s)ds < Co (12.16) 
Q 2 T] 


for t € [t1, T], where K4(t) = | |Уи|? V» dx. In particular, 
Q 


77/8 
2 
Vu(s) ds < 2С» 
(Ж | [ Ойуу 38/2) 


follows, and we have t2 є (31/4, 71/8) satisfying 

| Mica) || rz coran s hn) < Cio (12.17) 
similarly. This implies 

llu (72) || ароогв(хо,зк/2)) = OU) 


for any p є [1, oo) fixed, by Sobolev’s inequality. 

Based on this fact, we can perform the second step of Lemma 11.2, taking 
t = тә as the initial value. We set А = (3R)/2 for the moment, and take 
Ro € (R, Rı). Then, given p c [1, оо), we can prescribe C > 0 satisfying 


sup |u()lrr(onBao, R) € С. 
te[v, T] 
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The second equation of (12.1) now gives 


sup C 


te[70/8,T] [vo] W2-P(QMB(xo,R3)) = 


with the prescribed C’ > 0, where Аз є (R, R2) is fixed arbitrarily. Thus, we 
obtain 


sup v(t) | ао < Си (12.18) 
te[77/8,T] | lc +? (ONB (x0, R3)) 


by taking p > 2, where 0 c (0, 1). 
Now, we take R4 € (А, Аз) and set Y3 = Vg, кз: Multiplying —V - 
(уз Vu) to the first equation of (12.1), we have 


=— V d A d 
ЧА узах + | 1 ul? узах 


= J [V - (uVv)] V - (W3Vu) dx -f (Au) VY3: Vudx 
Q О 
= | [V - (uVv)] (Au) уз dx 
Q 
+ J [V - (uVv) — ^u] Vu- Ууз dx 
Q 
— | (vu -Vv — u? + uv) (Au) үз dx 
Q 
E | (Ли)Уи.Уузах 
Q 
+ | (vu ури? + uv) (Vu - Ууз) dx, 
Q 


where we make use of the second equation of (12.1). By means of (12.18), the 
right-hand side is estimated from above by 


1 2 4 2,2 
= | I^ul^vadx + | u^vasdx + | u^v^va dx 
2 Jo Q Q 


+ Cu f Гуш] (|Vul? + 1) ys! dx 
Q 


1 
< >| Іди s dx + cn f IVuP Va dx +1), 
2 Jo Q 
and hence it follows that 


d 
© | тти узах | Inu s e 2e | Wu? vods +1) 
dt Jo Q Q 
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for t € [77/8, T]. This implies 


16 157/16 
at ds < Сд 


2 
А 
И | u(s)] L?(QnB(xo, RA) 
by (12.16) and (12.17), and therefore there is 
тз € (77/8, 157/16) 
such that 
2 
| Ax (тз) izanga. < Си. 


Then, we have 


[un есй pay S Ci (12.19) 


by Morrey's inequality and sup;e т) |u(t) А <A. 
Based on (12.19), we can perform the final part of the proof of Lemma 11.2. 
First, the iteration scheme gives 


sup 
te[t3,T 


| [0 | toris Ез < Св 


for А5 € (К, Кд). Then the standard elliptic and parabolic estimates guarantee 


lu | C?40.1-0/2 ( В(ху,ЕЁ)х[т,Т]) = C 


with the prescribed constant C > 0, and the proof is complete. 


Given {ug}n=1 of Theorem 12.1, we choose {ur} C {ug} and uo(dx) є 
М СО) satisfying 


ип (х) ах — џо(4х) 


in M(Q) as n! — oo. We write n for n’ for simplicity. The constants 75, 73, 
..., Ro, R3, ..., and Сә, C3,... prescribed below are different from those in 
the proof of Lemma 12.1. 

By means of uoa) X A, we have {5 < 64K? A < +00, where 


S {xo € Q | uo ({xo}) > 1/64K})| (12.20) 
Each xg € © V S admits А > О and №; > 1 such that 


| ug | L'(B(x9,.3R1)NQ) © 1/(64K]) 
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forn > №. Then, Lemma 12.1 guarantees the existence of Ту > 0 such that 
each т є (0, Т) admits C, > 0 satisfying 


n 
|н | C?*6, 1.0/2 ( B(xo, Ry) х [t,min(T] ,T24.))) Se 


for n > №. These А, №, Ti, and C, depend on хо. But if we set 
Ss = (x € Q | dist(x, S) < s) 


for s > 0, then the standard argument of covering guarantees the existence 
of T; = Т(5) > O such that each т є (0, 7) admits C2 = Co(s, т) > 0, 
satisfying 


n 
|u | c2+0.140/2 (As, xir min Та) $65 (12.21) 


for n > 1. Then, the following lemma is obtained. 


Lemma 12.2 Under the assumptions of Theorem 12.1, given xo € SM Q, we 
define Вә > дапа бү > 0, satisfying B(xo, 4R2) C Q, 


B(xo, 4R2) NS = {xo}, 
and 


[иб |: 29.3209) < 8л — 201 


for n sufficiently large, where S denotes the set defined by (12.20). Then, there 
is Тз > О such that each t є (О, Тз) admits Сз > 0 satisfying 
llu” leno. 16/2 (B (xo, R2) x[t,min(Ts,T2,))) < Сз. 
It is obvious that this lemma is a consequence of the following lemma. 
Lemma 12.3 /f u = u(x, t) is the classical solution to (12.1) with the smooth 
initial value ио = ио(х) > 0 and T = Tmax € (0, +оо] denotes the supremum 


of its existence time, then there are О < T < T < Tmax determined by 8 > 0 
and R > 0 such that if В(хо, 4R) С Q, 


lo] rios a) < 8л — 26 


and т € (0, Т), then we have € > 0 determined by 


t= |u | C2+9,1+9/2(B(x9,4R)\ B(xo, ЕЁ/4)х[т/4,Т])? (12.22) 


т, and R, such that 


^ 


||| encore n Rye TD x С, (12.23) 


where 0 € (0, 1). 
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In the radially symmetric case, this lemma can be proven by the method 
of Biler [14], and therefore we apply the rearrangement technique to treat the 
general case. 

Thus, given a nonnegative measurable function f, we put 


шо) = {хє | fe) >o}| 
апа 
f*(s) 2inf[o > 0 | шо) x s] 


for s є [0, [91], so that f*(s) denotes ће monotone decreasing rearrangement 
of f (x). Let us confirm 


p = f” (uo). 


The following are fundamental propositions of this type of rearrangement, and 
are obtained by Mossino and Rakotoson [104], where 1 < p < оо. 


Proposition 12.2 /f f € Wy (©) is a nonnegative function and $ є (0, |Q|), 
then f* € WLP ((8, |Q])) holds. 


Proposition 12.3 If f = f(t) € Н! (0, T; L?(Q)) is a nonnegative function, 
then it holds that 


f* = f@* eH! (0, T; L? (0, |Q)))) 
and 
| af Olia < | rOl 
for a.e. t € [0, T]. Furthermore, the function 
FD f Fonde 
0 
is in 
F € L®((0, |Q]) x (0, T)) n H! (0, T; W™P (0, |Q))) 
(2200. T; w?^(, |Qp)) 


ô>0 


and satisfies 
| алах = ЖЕ йи > sl n 
us 


for a.e. (s,t) є (0, 19р x (0, T). 
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Beginning the proof of Lemma 12.3, we take the agreement that a positive 
constant determined by £ besides v, possibly changing from line to line, is 
henceforth denoted by C;. 

First, the second equation of (12.1) implies 


lv] C249. (Bx 3R) BG R/3)x[/2,T]) = Ce. 


Now, we take ф = (xo,r,2R- Given s € [0, | B(xo, 3R)|) and t € [0, Tmax), we 
define 


us, t) = (х € В(хо, 3R) | (ug) (x. t) > s}| 
and 
(иф)* (s, t) = inf [o > 0 | и(с, t) < 5} р 


Then the function 
S 
k(s,t) =] (ug)* (s, tds’ 
0 


is Lipschitz continuous in (s, f) with ks, and it holds that 
д Ok 
a, (up) ах = — (u(s, 1), 1) (12.24) 

{xeB(xo,3R)|(ug)(x,t)>s} 3t ді 
for а.е. (s, t) € (0, | B(xo, 3R)|) х (0, Tmax) by Proposition 12.3. We have also 
ku n.n f ug dx. 
{xe B(x0,3R)| (ug) (x,t) >} 
Now, we use the following lemma [38]. 


Lemma 12.4 Under the assumptions of the previous lemma, there is a con- 
stant L > 0 determined by £ and К such that 


дк 07k ok 
— —4rs— — (k + Ls)— — Ls < 0 12.25 
2: TS 32 (k + Ls) 3 s < ( ) 


for ae. (s, t) € (0, |B(xo, 2R)|) x (7/2, T). Furthermore, we have 


ak 
4 ug cis =0 (12.26) 
As 15=18(х0,20) 


fort € [/2, Т]. 
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Proof: Equalities of (12.26) are obtained immediately. To show (12.25), we 
take t € (5, Т). Given p є (0, (ug)*(0, t)) and h > 0, we set 


0 (s < p), 
Tons) = 4s—p (о <5<р+А), 
h (s > р +). 


Then it holds that Тол ((иф) (С, t)) € Wi (B(xo, 2R)). 
Using the first equation of (12.1), we have 


д 
| рае J us» Tyn(up) dx 
Q 0t Q 
= - | Ми. (ФУТ,һ (иф) + Ty (u9)V q) dx 
Q 
+ | uVv- (eV Тоһ (ug) + Ton (up) VQ) dx 
Q 


= -f У(иф). УТолһ(иф)ах + J (up) Vv : VT pn (ug) dx 
Q Q 


+ J Ton(ug) (—V - (UVY) – Vu- Уф + иур. Vo) dx. (12.27) 
Q 


Since the supports of |Vo| and |Ag| are contained in 


В(хо, 2R) NV В(хо, К), 


the function g = —V - (uVg) — Vu- Уф J-uVv- Vg satisfies 
lel recae) < Ce. 


Therefore, the last term of the right-hand side of (12.27) is treated by 


HESS 


1 
- t] hg dx | (ug — p)g dx 
h * Jtug)- p--h) (p (ug) p--h) 


< |g, Каф) > ox 1 e|, Ко < (иф) < o +A}. 


This implies 


І 
lim sup Ji Tyn(ug)g ах = || to. 0. 
h40 Q 
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Next, the first term of the right-hand side of (12.27) is treated by 


1 
lim- | V ‚УТ, d 
MR T (ug) ph (ug) dx 


=н f IV? ds - | IV) dx] 
« 


h40 h l Jt) p) ug)>p+h} 
д 
== |\У(иф)|? dx. 
P J{(ug)>p} 
Finally, in terms of 
0 (s € p), 


(s?-9?) (@<s<p+h), 


M d 
б) | SF, pas = 1 
һ(о+%) (s>pth), 


we have 
| (иф)Уо · УТ,һ(иф) ах = | Ур. VSon (ug) dx 
Q Q 


= J (u — v)Spn(ug) dx 
О 


from the second equation of (12.1). 
The second term of the right-hand side of (12.27) is treated by 


‚1 
ШУ (КО : VTon(ug) dx 


=iim f (и — v) fup}? — p?} dx 
hi0 2h Jtp<(ug)<p+h} 
h 
+ lim (u — (0 + =) dx 
h40 J {(up)>p+h} 2 


=p (u — v)dx < ef u dx = (ug)* (u(p, t), t) 
{(иф)> р} {(иф)>р} 


qf праха | u( — e)dx| 
{(иф)>р} {(иф) > p}N(B(x9,2R)\B(xo, R)) 


k 
(up, t), t) lk (ибо, t), t) + lu(p,t)}. 


x 

~ 05 
On the other hand, relation (12.24) is applicable to the left-hand side of (12.27). 
We have 


1 д д ok 
lim — — . T dx = — dx = — ,t),t). 
Him = (ap) Tatuo d ce х= 1 o, DD 
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Those relations are summarized as 

ok д 

— (up, t), t) = — J У (иф)? dx 

ot др J{(up)>p} 

ok j 
< Js (и(о, 1), t) (uo, t) F k (uCp, t), t)) + L Lp, t) 

for a.e. (p, t) є (0, |B(xo, 2R)|) x (7/2, Т) with a constant L’ > 0 determined 
by £. 


From this stage we can argue similarly to the proof of Lemma 4 of [38]. In 
fact, the co-area formula and isoperimetric inequality imply 


4ep(— SH)" < E^ NEUVE 
and hence 
GR Qu = 


follows for a.e. (o, t). This implies 


8(ug)* 07k 
— QD) = ———(5,ї 
ðs Su) 3520 
1 


ðk ak 1 
( — FN (в, DT (5, )) + (0+0) 


4л 


for а.е. (s, t). Now, setting L = max(£, L'), we get the conclusion. 
We are ready to give the following proof. 
Proof of Lemma 12.3: We take Т є (0, Tmax) as small as 
Т2 |B(xo, 2R)| > 1 
and 


Sup. [К йз < 8л — д. 
tc[0, T] 


Actually, the latter relation is obtained by (12.5). Then, we take £ by (12.22) 
and L according to Lemma 12.4. Furthermore, letting 


ô 2m 
mcm. and E i (12.28) 
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we take Т є (0, Т) as small as 


ô 


mo? 2 
2 © — T +оо) Т +2+T?(1 + o9)?] > 0. (12.29) 


Given т є (0, Т), we take т = т/2. Then, we rescale (s, f) to (y, t) by 
y = s(t — T)~?. We see that the function j (y, t) = k(s, t) solves 


jh -4ny(t—2)?j,—ljo-LG—2)?y +20 - Dy] 0)? j, 
< L(t —7)’y 


for a.e. (y, t) € (0, (£ — £) ? |B(xo, 2R)|) х (т, T). It holds also that 
j(|B(xo, 2R)| (t — #)7°, г) = k(IB(xo, 2R)], t) < 8л — ô 


for t € [0, T ]. 
Here, we take the function 


and apply the comparison theorem. First, we have J (1) = 8л —ó. Then, putting 

£(J) = 4 - 4ny (t — 0)? Jy 

-(J- LG —2)y-2( Dy) 2) ?J, — Lt — £y, 

we obtain 

LU) = 6-1) ?- (1+ apy)? - y 

[ómog2 - (t - 9-o)- (Lt — 2 24-6 20 9 ооу)?)}. 
by (12.28). Therefore, we have 

2Ј>0> Lj 
for а.е. (s, t) Бу (12.29) and 
jo, € = limk(t — £)y,r) = 0,0) =0 < J0) 

for y € (0, 1]. We have also 


j 0,0 = k((t — 2), г) < K(1B(xo, 2R)], t) < 87 — 8 = /(1) 
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for є [0, T] by T ? | B(xo, 2R)| > 1 and 
J(0) =0 = j(0, t). 
Then, the inequality 
10у.) <J) 
follows for (y, t) є (0, 1] x [t, T] similarly to Proposition A.1 of [38]. 
This implies 
ERE 5 x PME) оодо PUR) 
ks(0, t)(t — t)" = jy(0, t) = lim = 08 Ит; = J,(0) = moo 
for t € [t, Т], and hence 
-2 
ОЦЕТ < 4т "moo 


holds true. We have obtained (12.23), and the proof is complete. 


The case хо € д9 П is treated by the same idea. First, we take Аз є (0, 


as 


B(xo, 4R3) NS = {xo}. 
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Without loss of generality, we assume xo = 0 and v = (0, —1) at xo. We have 


a conformal mapping 
X = (X1, X2) : QN BO, 4R3) > RY 
satisfying 
X (ƏQN B(0,4R3)) С ƏRË апа 2-0) — id, 


where RŽ = {(X1, X2) | X2 > 0}. We assume also 
B(0,2R3) C X(B(0, 3R3)) 
and 
X (B(0, R3/2)) C B(0, R3). 


As in Chapter 5, we take a smooth function g satisfying 0 < фу < 1, 


cy aft © € BO, 8/2). 
WT lo @ g BO. 3R3)). 
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and (9ф1)/ (00) = 0 on 0&2. Making Ёз > 0 smaller, we assume 
ax А 1 

£z sup |) - id| < -, 

x€B(0,3R3)NQ | OX 5 


furthermore. We put T4 = 73(R3/2) and £1 = C3(R3/2, т) in (12.21) for 
t € (0, T4). This means 


| zi | C?+0,1+0/2 (2\Sr3/2 x [z,min(T4,Tinax))) =. (22.30) 


The following lemma is a modification of Lemma 12.4, where 


P”(s,t) = [ (u"g1)* (6, 1)а9. 
0 
Lemma 12.5 There is L > 0 satisfying 
9, P" — 2n (1 — 5е)592Р" — (P" + Ls) 8,P" — Ls <0 (12.31) 
for ae. (s,t) є (0, |Q]) x (т, min(71, Dey) and n > 1. It also holds that 


Р"|_у=0 апа Ә;Р"|_„=0 


s=|Q| 
for t € (т, min(T4, T7). 
Proof: We drop the index n and put 

Ts = min(T4, Tmax). 
Let 


up E, t) = u(X ^), t) ф(х |!) 


and 


Oi E, t) = v(X 1 6), t) -p(X E). 


The even extensions of 4g, and vg, with respect to ƏRZ are denoted by ug, 
and тфү, respectively. Then, we see that (uq1)* is locally absolutely continuous 
on (0, |£2]] by Lemma 12.2. 

Taking т € (0, 75). For t € (т, T5), p € (0, ||u(t)gilloo), and h > 0, we put 
that 


0 (s € p), 


Тоһб5) = ys—p (@<s<p+h), 
h (s>pth). 
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Then it holds that 
Ton PIC, 1) є Wh? (BO, 2R3)) 
and 
Тол UC, t)p1) e WO). 
Using the first equation of (12.1), we obtain 


J CC E | О ЖОЛУ 
Q Q 


= [ V . (Уи — uVv)q1* To.n(uqi) ах 
Q 


= | Vile Va dE 
Q 


+ | vovv T apos - | У 
о о 
SS (12.32) 


with 


g—V-(uVqi) + Vu- Vo, —uVv- Уд]. 


Then, we estimate each term of the right-hand side as follows. 
First, for the third term we have 


supp [УФ N BOO, R3/2) = Ø, 
and hence from (12.30) it follows that 
Le esc < Lı, 


where Lı > 0 is a constant. This implies 


III 1 
lim sup | —| = lim sup Ji To n (U(X, t)g1(x)) g(x, t) dx 
по А nyo !h Jo 


1 
< Ly limsup— | А < Liu(p, t), 
nyo P Jtu(.ngi>p} 


where 


u(t) = {хє 9 | ибх, фі) > р}. 
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To estimate the first term of the right-hand side of (12.32), we use the fact 
that X is conformal. This implies 


Vfl? dx = у Дак = £1 yF| d 
А ff? ах jos] flat 5 hal F| a 


for any f € C! (B0, 3 Кз) N ©) and any measurable set E C B(0, ЗАз) N Q, 
where X (E) denotes the even extension of X (E). Therefore, it holds that 


I 1 
— = lim — V “УТ, а 
ШТ 2 S (ugi) p.h(uq1) dx 


. 1 
E lim --| J |V (иф) dx — f [У(иф)|? dx} 
h40 h {ugi >p} {ugi>p+h} 


1 1 2 
= -lim – Ve (ug1)| dé 
2 h40 h Jt enr p) Iv: | 


19 2 
-—-— |Ve Gigi) |. dé. 
2 др J(ugi p) 


Here, applying the co-area formula and the isoperimetric inequality, we obtain 


TNR CLE <-> | Ve (пф) dé 
( a) др Ed 5 | | 


for a.e. p, where 
m=m(s,t)= IB € supp 91 | ugı (é, 1) > s) Е 


We have also 


det (20) = 0X, 0X9 0X] 0X» 
Ox, Oxo Oxo Ox 
(mo — 8 =1-—2e 


IV 


and 
ax 
det (5) < (1+8)? +e? < 136 
X 


by e є (0, 1/2). Therefore, it holds that 


1 ax 1—2¢ 
m(p,t) = дЕ de( —) dx > up, t) 
(т>) 2 Jtugi p) dx 2 
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and 


an ene Unio) cm oq В) 
C , = um — , = , 
до 5 h40 h iis у 


Kd ] 5595 2. 1 
= lim — dé < lim — dx 
h40 h оһлу р) 2 NON Јо+п>=иф>р) 
1+ 3¢ ди 
2 др 


These relations are summarized as 


I 1 д 1 
luc cag ol 28 »(- =) 
љой 2 1+3 др 

or equivalently, 

дш I 1] 1—2 
=f ; 

— — J) lim — > --4r- > 2л.(1—5 

p ( Jim eus dr ED 


for a.e. p. 
To handle with the second term of the right-hand side of (12.32), we put 


M d 
S = — T, d 
p.h) Í des о.һ(т)ат 
0 (s <p), 
dude „2 
= 136^ -0) (0<=<р0+№), 
h (p +4) (s p-ch). 


Then, we have 
П = | Vu-VSpo,n(ugi) dx = | (u — v)So,n(ug1) dx 
Q Q 


from the second equation of (12.1). This implies 


1 


II 
lim — = lim — Vv- VT d 
n. ит] шю) U p.h(uq1) dx 


= ima f (u — v) Гад)? — p dx 


h40 2h JU eh uoi p) 


h 
+ lim (u—v)(0+>)dx =p | (и — v) dx 
h40 Jtugy>p-+h} 2 {ugi>p} 


<p | wor dx +p | и(1— gı) dx. 
{ug >p} UTE 
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Here, we have 


J ub cei dx d) 
(uei po] 


by (12.30) and supp (1 — 1) П B(0, R3/2) = Ø. Also, we have 


и(0,2) 
J indes | (ug1)*d6 = P(u(p,1),1) 
(uei p] 0 


and 


p = (ug)'(u(p, t), t) = Р,(и(р, t), t). 


Thus, we obtain 
. II 
im "s (Р(и(о, t), t) + ио, t)) Ps (ш(о, t), t) . 


On the other hand, the left-hand side of (12.32) is treated by Lemma 12.3. 
We have 


{иф = p}| =0 for ae. р 


and hence it follows that 


. 1 
lim = J wona des] EBA 
hi0 h Jo (uo p) 


for any t € (0, T5). Therefore, equality (12.32) implies 


2л(1 — 5е) < к — 2-)| — Р,(и(р, t)) 


+ (Pup. D, D iG. 0)P Qu. D. 0 + ао, Dh 


Then, integrating this inequality in р € (p1, 02) C [0, ||), we get 


2x (1— 58) (ga — p1) 


ш(01,1) 
z[ f= Ps.) + (PO. ASPS) + Lis]as. 
(02,1) 


Here, we have 


02 — pı = (ugi)* (u(p2, t), t) — (иф\)* (uoi, 1), 1), 
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and it holds that 
0 < —2n(1 — 5:)82 P (s, t) 
= —2x(1 — 2e) [9,(иф1)*] (8, 0) 
<s (—P; + (P + 4s) P, + Lis). 


Finally, we have P; > 0; hence inequality (12.31) holds with L = max(€1, L1). 
The latter part of the lemma is immediate and the proof is complete. 


Here, we use the following lemma, where 
L(h) = ðh — Вѕд2һ — (h + Ds)8,h — Ds 


is a second-order parabolic differential operator with the inhomogeneous term 
— Ds, and B > О and D > О are constants. 


Lemma 12.6 Let A = A(t) є C([0, Т] be a positive function, and f = 
f (s, t) and g — g(s,t) be measurable functions defined on 


От —((s,t)|O«t «T, O«s < A(t)), 

satisfying the following conditions for any à 0: 

(i) f. 8. fr. 8. fs. 8s € L* (Qr). 

(it) supo-,-r frol W21(,AQ) T lol aues « +00. 

(iii) C(f) < L(g) ae. in От. 

(iv) 0 = f(0,1) < g(0,t) and f(A(r), t) < g(A(t), t) fort € [0, T]. 

(v) f (s, 0) < g(s, 0) fors є [0, A(0)] and g > Oin Qr. 
Then, the inequality f < g holds on Qr. 
Proof: Let 

w-—f-g and шұ = тах{ш, 0). 
By means of g > 0 and f (0, t) = О, we have 
w4(s,t) < f(s,t) < es (12.33) 
in Qr, where с = || f; || ,»»(Q;). In particular, 
w+/s e L* (Qr) 


holds true. 
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We have also 
ш, — Bswss — Dsws — (Р fs—8:8)) < 0 


а.е. іп От. Multiplying wi/s, we integrate it in s € [5, A(t)] for ё є 
(0, min;e[0,7] A()). Then, we get 


ld rao ipid A(t) D. 54s—A() 
205 : S w4ds <f Вишу + [wi], 


A(t) 
«f (Р fs—g:g)s 'wads = I+ II 4 Ш, 
5 
where t є [0, Т]. Here, we have 
A(t) 
T= -Bw Du Gn - B | а)? 
8 
апа 
р 2 
П = ES (w.-(0,0)^ <0 


by ш} (A(t), t) = 0. Furthermore, 
A(t) A(t) 
Ш = J 5102 g,ds + | з 1ш+ш;у fds 
8 8 


AQ) 2 A(t) 
< al —ds Tt J w+ |w+s| ds 
5 3 


holds by w = f — g and (12.33), where c? = |lgsllros(gz)- 
Therefore, using 


A(t) B (^O А 
af w+ |wis|ds < 5 | (шу) ds 
8 2 Js 


2 A(t) 
crllAllcqo.rp —1 2 
TU з | 5 w^ ds, 
we obtain 
14 GAO « в ao 
2di : $ паа | (wis)? ds 


2 AQ) 
СТА со, тр | 1.2 

zoe ааваа аа s wids 

x ( 4 2В ; + 


+ B |ws(8, t)w4. (ô, t)] . 
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This implies 


1 A(t) 35 t=h 
= XT, | 
ap) lico t=t 


c?|A h A(t) 
< (2+ сые ED | [сыз [ a: | 57102 45 


t 
+B | а-о, Nw.) 


ti 


for 0 < t; < t) < T. Here, w4 (s, 0) = 0 holds, and we have 


to 
lim f |w, (8, t)w4 (8, t)| dt = 0. 
510 f 


Therefore, 
Lu que cas с А1 сдотру (4° aia 
2 dt ` AY wids < блк есу сыз А AY w4 ds 


follows for t € [0, Т]. This implies | s- lw, (s, t)?ds = 0 and the proof is 
complete. 


Now, we show the following lemma. 


Lemma 12.7 Suppose хо € S П д9 in Theorem 12.1, and let us take R3 € 
(0, R) and 82 > О satisfying B(xo, 4R3) NS = {xo} and 


|o otn RR < 4л —28» 


for n > 1. Then, there is Tg > 0 such that each т € (0, Tg) admits C4 > 0 
satisfying 


n 
|н | С?+0,1+9/2( B(xo, Кз) х [т,таїп(76, ТД) )) < Ca. 


Proof: We omit the index n, and put xo = 0 without loss of generality. Making 
Кз > 0 smaller, we assume that ғ in (12.31) satisfies 52/(16л) > 2e. 
Next, we take y = фә in (5.11), where 0 < фә < 1, 


1 (x e B(0,3R3)), 


Е | (x Я BO,4R3)), 
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and (0¢2)/(dv) = 0 on 02: 


já vee nds] = рем са Mtl. 


This provides 77 > 0 determined by A, ©, апа R3 such that 
27;?|Q N supp gil > 1 


and 


ub Шо экупоу ® 4л — 27: (12.34) 


teo, 
We take tı € (0, Tmax) and set 


JE, t) = P(s, 1) 


for с = s(t — тп) 2. Putting 


Mj) = 9,j – 27 ( = x) t(t— т) jet 
- {+016 а) + E- ux] c? - Le - ct, 
we obtain 
MU <0 
for a.e. t € (rj, min(T7, Tmax)) and ¢ € (0, (t — т1) 219) b 
85/ (1671) > Se, Jee < 0, 


and (12.31). 
Putting 


moot 
1+ ооё 
with m = 4л — (62/2) and og = (2m/62) — 1, we have 


IQ)= 


moo 0062 62 
JQ) = DE Se a 
a igs е. 


and 


P(Q|,1) < 4x — 282 
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by (12.34). Hence it holds that 


Ја, т) = P((t — 1)’, f) 


365 82 
ОИЕ des 


D (12.35) 


for t € [0, T7]. 
Next, we have 


C = т) + oot) MO) 
= {ar(1 — 2) под = т?о | — (t — t1)(1 +004) 


: | Lmoott — п) + moo + L(t п) (1 + sot] 


5 2 
m ы ымен) 


. [most — т) + moo + L(t — ™1)°(1 + eot] : 
Therefore, taking Tg € (ti, T7] in 


2 
бото 


— Ts(1 + o0) | LmooTs + moo + LT§ (1 + 00)"} > 0, 
we obtain 

M(J) 20> MG) (12.36) 
for (£, f) € (0, 1] x [11, 7s]. Finally, we have 


1@ т) = lim P(t — 00.10) 
= P(001))20«J(£) (12.37) 


for с € (0, 1]. Using 


JG 0 = @— nep (( — т1)26, t) 


< -=w |40), 
апа 


ЈЕ) > (moo)(1 + оо) ?, 
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we can find v» in 0 < то — ту X 1 satisfying 


Сә) JC) (12.38) 


for £ € [0, 1]. 
Now, we apply Lemma 12.6 for 


У.) = PG.D. sGD-J(sa-c)75). А0 = 0-а), 
апа 
Qr = (6.0) | T2 <t < To, s € (0, A(O)}, 


where Тә € (то, min(7s, Tmax}) is arbitrary. In fact, conditions (i) and (ii) 
are obvious, while conditions (iii), (iv), and (v) follow from (12.36), (12.37), 
(12.35), P(0, t) = J (0) = О, and (12.38). Thus, we obtain 


P(s,t) < J(st т) ?) 
for any t € [t2, То] and s є [O, (t — т1)2]. 
Since То is arbitrary, this means 


Ee moos 

5,1) < — 
(t — n)? + oos 

for t € [t2, min(Ts, Tmax)) and s € [0, (t — т1)2]. Finally, t2 and t, are also 

arbitrary, and hence 


moos 
12 + oos 


P(s,t) < 


follows for t € (0, min(Ts, Tmax)) and s є (0, t°]. 
Combining this with P (0, t) = 0, we obtain 


шу 0,0) = P0, 0 < (72) 


12 + oos 


s=0 
= (moo)t, 

or lutei | Le(Q) © тоог 2. Then, the standard bootstrap argument guaran- 

tees the conclusion. The proof is complete. 


We conclude this section with the following proof. 
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Proof of Theorem 12.1: Inequality (12.4) is a consequence of (12.21) and 
Lemmas 12.2 and 12.7. 
To prove 


EU ^ 
Т, = lim inf Ттах > 0 
in the latter case, we take {n’} C (n) such that 


f 
T n 
Т, = inu De 


Then, we have {и} C (u" } and uo(dx) € M(Q), satisfying 


d 
п” 


и" — po(dx) 


in M2) and the finite set S as above. The constants 73, 76, C3, and C4 are 
taken to be uniform in xo € S in Lemmas 12.2 and 12.7. 
Combining this with (12.21), we have 


ГД 
T. = lim Т", > 0. 
x п оо тах 


Furthermore, there exists Т є (0, T4) such that any t є (0, T) admits С > 0 
satisfying 


H 
n 
[ 


ERE) = С, 


Therefore, {и" } c C?! (Q x (0, T]) has a converging subsequence. Then, 
repeating the above argument, we obtain Т, > 0, and the proof is complete. 


13 
Weak Solution 


Our concern is focused on the problem of mass quantization, 


B = 8л (xo € Q), 
т(хо) = т„(ху) = айс: Gs = ЖОК 
in (11.3): 
u(x, t)dx = У mGo)ós (dx) + f(x) dx, (13.1) 


xoeS 


which arises as f. ^. Tmax < +оо in M(Q). Here, и = u(x,t) denotes the 
classical solution to (11.2): 


и; —V-.(Vu—uVwv) 


0—^v—av-cu | шсш), 


0 д 

Se CR НЫ on 0€ x (0, Т), 

Qv Qv 

и|, = ноб) on Q, rud 


where Q с R? is a bounded domain with smooth boundary д9, and a > 0 is 
a constant. 

To solve this problem we define the weak solution and study its blowup cri- 
terion as in Theorem 5.1. More precisely, formulation (5.8) to (13.2) makes it 
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possible to introduce a measure-valued solution, and then the argument devel- 
oped for the proof of Theorem 5.1 is applicable. If the initial measure contains 
a collapse 


m(xo)ôx (dx) 


with m(xo) > т (хо), then the solution does not exist even locally in time. 
This means that if a weak solution is constructed after the blowup time, then 
the collapses formed at the blowup time must have the quantized mass. In 
other words, mass quantization of collapses of the classical blowup solution is 
reduced to its post-blowup continuation. This principle was noticed by [147], 
and the present chapter is devoted to its proof. It is extended also to the case of 
a blowup in infinite time as described in the previous chapter. 

In 1991, Victory [182] showed that a weak solution for the Fokker-Planck 
equation exists globally in time, provided that the initial distribution is regular. 
However, this is not the case in (13.2). In fact, although this system is the 
adiabatic limit of the Fokker-Planck equation, the status of particles treated in 
these systems is different. Thus, the mean field associated with (13.2) is thicker 
than the one for the Fokker-Planck equation, and consequently the strategy of 
constructing a weak solution globally in time to show the mass quantization 
of a collapse in the Keller-Segel system has not been successful. However, if 
we combine the weak solution with the backward self-similar transformation, 
then we can achieve our purpose; that is, we obtain the mass quantization of 
a collapse by the parabolic envelope and the blowup criterion of the rescaled 
system in Chapter 15. 

The weak formulation of the classical solution to (13.1) has already been 
introduced as (5.8), in terms of the Green's function С = G(x, x’) of -A +a 
in Q under the Neumann boundary condition, that is, 


d 
= | u(x, thy (x) dx — | u(x, thAw(x) dx 
dt Q Q 
1 
= – [| Py (x, у)и(х, t)u(x’, 1) ахах’ (13.3) 
2 JJ охо 
with py = py (x, x’) defined by 
py (x, x) = Vy (x): Vy G(x, x) + Vy (x): Vy G(x, x’), (13.4) 
where = w(x) is a C? function defined on Q satisfying ov = 0 on д9. In- 


troducing the notion of a weak solution, we take into account that the classical 
solution satisfies ||u(t)]|; = ||uol|1 for t € [0, Tmax). Therefore it is natural to 
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put the weak solution into the space of measures. We recall also that conver- 
gence (13.1) holds in M(Q) = C(Q)’, the set of measures on О, where — 
denotes the x-weak convergence. Henceforth, we shall write 


f cono = (n, A) c3. м) (13.5) 


for n € C(Q) and u e M(Q) = C(Q). 
In Chapter 5, we have shown that py € L® (Q x ©) holds, but the argument 
provides more precise profiles. To describe this, we put 


E 2m 2Y] L 
x [y e C2) | Zle =O} (13.6) 
and = £o + C (Q x Q) C L™(Q x Q) for 


E& = {py | v e X]. 


and take Ор CC Q, the covering 


т 
2 \ Qo C U B(xk, rk) 
к=1 


with хк € д9 and rg > 0, and the conformal mapping Хк: B(xk, rk) > R? 
satisfying Xy (xy) = 0, Xx (BG, rk) AQ) C RY, and 
Xy (В(хк, г) 8) с AR’. 


We define 
G(x, x) = a + dan delet 
2л |Xk(x)— Хх) 2л IXkQx) — Xxx). 
and 
Go(x, x) = Ea — 
2л |x = x’| 


where X, = (X1, —X2) for X = (X1, X2). Also, putting Ug = Qo and Ug = 
B(xy, ry) for k = 1,2,...,m, we take the partition of unity associated with 
the covering {Ux};_ of Q, denoted by {Фк} . Then, given y € X, we define 


m 


pi (xs x) = У (Уук). VrGk x") + Va) : Ver Сбх, х) 
k=0 


for Yk = V - qx. 
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Setting 
бо = [0 | v e x]. 
we have 
E = Eo +C (Q x 9). 
If y € X satisfies py € C(Q x Q), then 


fm УС) УО) hy Div Gh, h] 
im = lim ————5—— 
h—0 I|? h—0 |h]? 


exists for any x є О, where D? y denotes the Hess matrix of Y. Diagonalizing 
D? y (x), we see that this is the case that D^y(x) = a(x)E holds, where 
E denotes the unit matrix and a(x) is a scalar continuous function. Then, it 
follows that 


W(x) —alxl? - bx c 


with some a,c € R and є R?, where a = 0 and b = 0 follow from 


д 
OM Gea bios 
Qv 


on д9. This means Eo N C(Q x Q) = {0}, and hence we obtain 
E = Ew 8 C (Q x Q). 


If о є Eoo satisfies р = py, = Pyn for V1, V» € X, on the other hand, then it 
follows that py — 0€ C (Ох 9) for y = үл — уо. This implies that y (x) is 
a constant as we have seen, and therefore the mapping 


[V] e Х/К |> py € E00 


is an isomorphism. Thus, Eoo = Х/К holds true, provided with the norm 


|Mily= do [р°у| 


[011,2 


for given [V] € Х/К. 
From this isomorphism, £ is a separable Banach space, with the norm pro- 
vided from L??(€2 x 9), and hence 


ІЛ, T; EY = LX (0, T; £^) 
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follows from Strassen's theorem [70, 97]. Here, Т > 0 is arbitrary and 
L (0. T. E’) denotes the set of £'-valued, x-weakly measurable, and essen- 
tially bounded functions on (0, Т). We note that £' is not separable, and the 
theorem of Pettis concerning the strong measurability does not work [191]. 

With these preparations, now we can introduce the notion of a weak solution 
to (13.2). We say that u = (dx, t) is a weak solution to (13.2) if the following 
conditions are satisfied, using the notations (13.6) and (13.5): 

1. It belongs to C. ([0, T), M(Q)), that is, 
w(dx,t) e M(Q) = C'(Q) 


holds for t € [0, Т) and the mapping 
te[0, T) bw f nnas, t) (13.7) 
Q 


is continuous for each у € C(Q). 
2. It is nonnegative and satisfies u(dx, 0) = uo(dx). 


3. There exists v = v(t) > 0 belonging to LS (0, T^; E’) for any T' < T 
such that 


у) | сос) = u 9 w(dx dx’,t) (13.8) 
for a.e. t € (0, Т). 


4. The mapping defined by (13.7) is absolutely continuous if 7 = vy є X, 
and then the relation 


d 1 
5 [rentas 0 = f avondar D+ (оу, vt], 1359) 


holds for a.e. t € (0, Т) for py € € defined by (13.4). 


Any classical solution и = u(x,t) is regarded as a weak solution by 
и(ах, t) = u(x,t) dx. If u(dx,t) 15 a weak solution, then we have 


Olua = [mca [nodo = mola, — 0310 
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for t € [0, T). This is obtained by putting у = 1 in (13.9) because u = 
A (dx, t) is nonnegative. Furthermore, we have 


02) 11е, = sup fle, vOe e | llollzsgxo = 1, o € €] 
> sup {(, v()e e | llnllzssqoxe) = 1, ne CQ x 95] 


2 2 
= pnl, = [ f roa] 


for a.e. t € (0, T) by (13.8) and 1 € C(Q x Q). On the other hand, we have 
lollo = p = O in € for any р € €, and hence it follows that (||o|lao — о, v(t)) 
> 0. This implies 


2 
(o. v0) < її] f ио] 


for a.e. t € (0, T). Similarly, we have 


2 
MET О ГООГО |f mwa») | 


and hence the relation 


Ole = bola (13.11 


holds for a.e. t € (0, Т). In particular, we have v € L?*(0, Т; £^). For y є X, 
on the other hand, equality (13.11) implies 


d 1 2 
| [r oao] = | лз] [не] м + 51и Hol м 
for a.e. t € (0, T). Combined with (13.10), this gives the existence of 


lim u(dx,t) = u(dx, T) 
tT 


x-weakly in M(Q), and therefore the continuation after t = T is examined 
by the existence of the weak solution locally in time with this u(dx, Т) as 
the initial measure. Thus, we study the existence and nonexistence of the weak 
solution to (13.2) locally in time, given the initial measure ио = uo(dx). 

If 


po(dx) = u? (dx) + f (x) dx (13.12) 


denotes the Lebesgue- Radon- Nikodym decomposition of jo(dx), then 
Uu (dx) (L dx) is singular and f(x)dx = ul „ (dx) is absolutely continu- 
ous with the nonnegative density function f = f(x) € L 1 (Q2). In this case, we 
have the following theorem. 
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Theorem 13.1 If u? ({x}) < m, (x) holds for any x € О, then there is a weak 
solution to (13.2) locally in time, denoted by u = u(dx,t) € СО; Т), 
M(Q)). This и = (dx, t) satisfies u(dx,t) = u(x, t)dx forO<t & 1 
with a smooth и = u(x,t) > 0, and therefore we have the smoothing effect to 
the solution in this case. 


Theorem 13.2 /f there is хо € © satisfying 


ш) ({x0}) > т„(хо), 
then system (13.2) admits no weak solution. 


As a consequence of Theorem 13.2, if 
и = шх, t) € С, ([0, T), M(Q2)) 


is a weak solution of (13.2), u(dx,t) = usg(dx,t) + f(x,t)dx is its Le- 
besgue-Radon-Nikodym decomposition, апа 5; (1) denotes the set of isolated 
points of supp ш, (dx, t), then it holds that 


N(t) 
us (dx, t)|s = У misso (dx) (13.13) 
k=1 


with NG) € A = [ио му, *O € ©, and m(t) < m,(xx(t)). Coming 
back to the classical solution, the case Ту > Tmax, referred to as the post- 
blowup continuation, can occur only when m(xo) = т, (хо) is satisfied for 
any xo € S in (13.1), where Т, denotes the supremum of existence time of 
и = u(dx, t) as a weak solution. 

On the other hand, the first part of Theorem 13.1 is a consequence of the fol- 
lowing principle concerning the construction of the weak solution. To prove the 
second part, we make use of the concentration lemma of the previous chapter. 
First, we show the following. 


Theorem 13.3 Let {u"(x, t)} be a family of classical solutions of (13.2), 
where each и" = u” (x, t) possesses the smooth initial value и" (-, 0) = u$ = 0 


satisfying 
ug(x)dx — puo(dx) 
in M(Q) with some measure цо = uo(dx) defined on ©. Suppose that 


T Ani he deem 
T= lim inf Trax >0 
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holds, where T” 


max 
и” = u” (x, t) as the classical solution. Then, there is {at} C {u"} satisfying 


€ (0, +оо] denotes the supremum of the existence time of 


и" (x,t)dx — i Cdx, t) 


in C, (10, Т), M(Q)), where ш = u(dx,t) is a weak solution of (13.2) with 
the initial measure ug = uo(dx) > О. 


Proof: From the assumption, we have A = sup, ||и0|1 < +оо. Putting 


A" (dx, t) = u" (x, t) dx > 0, Hg (dx) = и" (dx, 0), 


and 
v" (dx dx', t) = u” (x, Ðu” (x', t) dx dx! > 0, 
we have 
|e" Ol ana = funds = [|$], s ^ 
v Olea = u” Q u" (dx dx’, t) 
Ole = prol л, 
and 


f V Gu" (lx, t) — | V Gud (dx) 
Q Q 


t t 
- | d f vent cas. з) T ; [ (бу, v" (s))e g ds 


for large n, where y € X and t € [0, T). Then, we can take ipn] C (u^) 
satisfying 


и” (ах!) > f(dx,t) = 0 
in LX (0, T; M(Q)) = L! (0, T; С(О)) and 
v" (dx ах!) — wt) 20 


and in L7? (0, T; £t) 2 1 (0, Т; £)', respectively. This implies 


Jac. ae <A, [> <a’, 


and 
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vcio = й Q fi(dx dx’, 1) 


for a.e. t € (0, T). Furthermore, it holds that 
| yoia- | wona) 


t 1 t 
= | ds | avds +z f lov. vG))e g ds (13.14) 
0 Q 0 


for a.e. t € (0, T), where y e X. 

Since X is separable, we have dense Хо C X and measure zero Jp C (0, Т) 
such that (13.14) holds for any v € Xo and t є (0, T) \ Jo. Here, the right-hand 
side is continuous int € [0, Т), and therefore we have h = hy (t) € C([0, T)) 
such that 


J voias, t) = hy (t) 
Q 
for t € [0, T) \ Zo. This implies 
sup [hy (| < A [v]. 
te[0, T) 
and there is (dx, t) € M(Q) satisfying 
nyt) = | одиса, n 
Q 
for any t € [0, Т) and у € Xo. Then, it holds that 
A (dx,t) = u(dx,t) 
in M(Q) for t € [0, T) \ Io. Furthermore, this u = u(dx, t) satisfies 
у) соо) = 4 8 (ах dx', t) (13.15) 
for a.e. t € [0, Т), and (13.14) for any v € Xo and t € [0, T) with fi(dx, t) 
replaced by (dx, t): 


[t OIC oes [ V GOuo(dx) 
Q Q 


t t 
x ds | avooucas.sy +5 | (ру, v), s ds. (13.16) 
0 5 2 Јо 
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We can extend this equality of є [0, T) to any y € X with the (Lipschitz) 
continuity of 


te[0 T) 4 f vonas, t) 
Q 
in terms of the right-hand side of (13.16). We have also 


A c че AS 
Uu |0 ме 


and therefore и = u(dx,t) € C, (10, Т), M(Q)) follows from the left-hand 
side, because X C C(Q) is dense and the continuity is preserved under the 
uniform convergence. We have also (13.15) for a.e. t € (0, T). If v € X, the 


mapping 
re[0, T). c | W(x)u(dx, t) 
Q 
is absolutely continuous by (13.16), and relation (13.9) holds for a.e. t € (0, T) 


with u(dx, 0) = uo(dx). It holds also (13.8) for a.e. t € (0, Т), and therefore 
и = u(dx,t) e C, ([0, T), M(Q)) is a weak solution to (13.2). 


Now we give the following. 


Proof of Theorem 13.1: We take Ф є CS (R^) wih 0 < Ф < 1, supp ® C 
В(0, 1), апа Sr ®(x) dx = 1. Then, we put H (x, s) = 572b (x/s) fors > 0 
апа 


u(x) = f| no — y, n`!) uo(dy) for n 21,2,.... 
Q 
This u$ = ug (x) is a nonnegative smooth function satisfying 
ug(x)dx — po(dx) 
in MQ). 
Let u” = u"(x,t) be the classical solution to (13.2) with the initial value 


uo) = up (x), and Třax € (0, +оо] be the supremum of its existence time. If 


ax dus 
Trax < +оо, we have a blowup point, denoted by x, є ©. Then, we have 


(13.1) with тт (хо) > m, (хо), and hence it holds that 


a fe) PEN > my(Xn) (13.17) 
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for any R > 0. Let a subsequence {xp} of {xn} converge to xo € О. In the case 
of xo € О, we may assume т, (х) = 87 for any n’: 


lim inf |u” O|; 87. 
Т” 


тах 


(QnBG,.R) = 


Otherwise, we have т, (хо) = 47. In апу case we can replace (13.17) by 


liminf |u" €) |з conga, gy) Z "+ 00). (13.18) 


тах 


From the assumption to uo(dx) and its outer regularity, we have А > 0 and 
5 > Osatisfying 


uo (2 N B(xo, 3R)) < т, (хо) — ô. 
Now, we recall (5.11) valid for y € X: 
[= уои" (x, ndx| < KA el +AlAv].. 83.19 
йт Jo | DC Wee) 00" | 
Неге, К > 0 is а constant determined by ©. Taking y = Px, R,2R. We get 
d п! 24, p-1 -2 
JS [ enu" Gs dx] « CCA + АЭВТ! + К?) 
Q 
with a constant C > 0, which implies that 
LA (QI < [uo MICHEL, 


t 
«f =| Vr Gu" (x, s) dxlds 
o lds Jo 


< [ио lringa.) FICA + APR! + RT) 


for t € [0, T” 


ma ^ 
Here, we have 


lim sup | uo |ал(епво,,2ж)) = lim sup | uo | ricis аНЫ 
n'—oo n 00 
< uo (QN B(xo, 3R)) < m«(xo) — ô, 
and therefore for п! sufficiently large it holds that 


|" Ol as qonac, m) < то) — 8 +:С@. EXC? + RD. 
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Making t 4 Т", 


ах» We obtain 


БИР ль D 
max — C(A 4- A2(R-? + Ro!) 


by (13.18). This implies 


^ $ 
— Ы п 
Т = lim Та > 0 
п >00 


and Theorem 13.3 is applicable. Thus, we get a weak solution 
u = и(ах, t) є C,([0, f), MŒ) 


to (13.2) with the given initial measure uo = uo(dx). 

To prove the latter part, we use the concentration lemma, Theorem 12.1. In 
fact, from the assumption and the outer regularity, each x € Q admits r > 0 
satisfying 

шо (B(x, r)) < т, (х). 


Then, we have a constant ô > 0 and a covering (B (xy, ғ) of Q such that 


шо (B(xK, rk)) < т. (хр) — 8 


for k = 1,2,...,n, and therefore there exists R > 0 such that any x є Q 
admits k satisfying B(x, R) C B(xy, ry). This implies 


шо (B(x, R)) < m.(x) — à 
for any x € Q, which guarantees assumption (12.3) of Theorem 12.1: 


ee [uo TT < m«(xo) 
with ир = ug(x) > 0, denoting the regularization of ио = ио(4х) defined 
above. 

Therefore, we have T € (0, T], a subsequence len] a [и" }, and u € 
c>! (2 x (0, T]) with the classical solution и" (x,t) with the initial value 
и" = ип" (x) converging to u(x, t) locally uniformly in (x,t) є Q x (0, Т]. 
This gives 


(dx, 1) = и(х, 1) ах 


for t є (0, T], and the proof is complete. 
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Now we turn to the proof of Theorem 13.2. Let и = u(dx,t) be a weak 
solution of (13.2) with the supremum of its existence time, denoted by Ту. 
Given an open set œ C В? with o П ж Ø, we say that и = (dx, t) 
is extended in w N Q after Ту, if the following conditions are satisfied for 
T > Tha 


1. It has an extension to C. ([0, T), M(Q)), denoted by the same symbol, 
satisfying u(dx, t) > 0 and 


ups DIGNE < [uo lue 


2. It admits an extension of v(t), denoted by the same symbol, as in 0 < 
v = v(t) є L& (0, TA &) for any T’ < Т, satisfying (13.8) and (13.9) 
for a.e. t € (0, T), where v is an arbitrary function in Ce (о) satisfying 
eu = 0 on д9. 
The supremum of such Т is denoted by 
T* (о). 


max 


Similarly to (13.11), the inequality 


Olle = Lol as (13.20) 


is proven for a.e. t є (0, Ту (о)). However, equality (13.9) is involved by the 
Green's function G = G(x, y) on the whole domain and the above notion does 
not mean the time extension of и = (dx, t) опо П as a solution to (13.2). 

Using the cut-off function ф = фу, к”, g (x) introduced in Chapter 5, we now 
shall show the following. 


Theorem 13.4 /f there exists xo € О satisfying 
Lo ({xo}) > ms (xo) 
and 
[is — 201? pus, 2.2800) noto) = оо) 
as R | 0, then 
Tax (B(xo, R)) = o(R^) 


follows. 
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Proof: 'The proof is similar to that of the blowup criterion using the second 
moment. First, the derivation of inequality (5.35) is valid for the weak solution, 
and therefore we have 

dl 

SE) < JRO) + a(R- i?) + ВК RO", 
where 


RO= | moyn, 


noe f. бф бй 


4M p(t) 
0) = 4Mp(t) — RUP | perp)? 
m (xo) 
4 
о0о < R & 1, YR = Pro. R.2R* 
|x — xol? (xo € Q), 
m(x) = 2 j18X 
IX (х)|* / [5 (0х0)| | (xo € д9), 


and 


B = G(X +a), 
a(s) = C(A! + А?) (82 +5) 
А = шо(9) 


with а constant C, > 0 determined by ©. 
From this inequality, if /g(0) < —A < 0, 


nd and 1e) < a7 (Ay, 


1 
T 
Re RO) < b 


then it holds that 
T 2a (A/AY - Е > Ta, (В(хо, R)) 


from the proof of Theorem 14.1. Then, letting R |, 0, we can make A |, 0 from 
the assumption, and the proof is complete. 


Now we give the following. 
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Proof of Theorem 13.2: 'The measure 
оо(ах) = ро(Ях) — no ({X0}) 8x, (dx) 


is nonnegative and satisfies oo ({xo}) = 0. Hence it holds that 


1 2 4 
RZ | |x — xol Фхо, к,2к(х) шо(Ях) 
Q 


1 
= gi [Pos nan Gf 
Q 
< 400 (2 N В(хо, 2R)) = o(1) 
as R | 0. From this relation, combined with the assumption 


u? ({xo}) > m. o), 


we see that Theorem 13.4 is applicable. Then we obtain Tà x = 0 by 


ax 


Tax < TAa (BGo, R)). 


max — 


The proof is complete. 


14 
Hyperparabolicity 


We are concerned with the classical solution u = u(x, t) to (11.2) 


ut —V-(Vu—uVwv) in 
0—^v-—av-cu 


Q x (0, T), 


a oe on 9&2 x (0, T), 


u| y = uoQx) on Q, 


(14.1) 
and study the problem of mass quantization, 
m(xo) = ms (xo) (14.2) 
in (11.3): 
u(x,t)dx — XS m(xo)óxo (dx) + f (x) dx (14.3) 
хоє& 


ast t Tax. Here, © C R? is a bounded domain with smooth boundary д9, 
a > Qis a constant, and 


map- 187 0069), 
SEM T Mae (хуєдО). 
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In this chapter, we show that the mass quantization (14.2) occurs to (14.3) if 
the blowup point xo € S is hyperparabolic. This means 


ш! Мьк(у„ху @) = т (ху) (14.4) 
for any b > 0, where R(t) = (T — i, 


Met) = | WR, x9 (x)u(x, t) dx, 
Q 


Т = Tmax, and Vg, хо = фхо, 6,28. and the existence of the limit in the left- 
hand side of (14.4) is also assumed. This suggests the necessity of the backward 
self-similar transformation for the proof of Theorem 1.2. 

First, we note that relation (14.3) implies 


lim lim Мр, x(t) = m(xo). 

R40 tt Tmax 
Next, y = (x — xo)/ R(t) is the standard backward self-similar variable, and it 
always holds that 


lim sup Mpr(t),x9(t) < m(xo), 


t max 


and the hyperparabolicity of xo € S means 


lim lim inf Мьр), хо (t) = т (xo). 
ЬО tt Tmax 

Thus, at the hyperparabolic blowup point, the process of the formation of col- 
lapses, (14.3), is reduced to the infinitely small parabolic region, which we 
call the hyperparabola, which is associated with the backward self-similar 
transformation. This is not the case with subcritical nonlinearity (Chapter 1), 
and motivated by this we next study the rescaled solution. We show that if 
it develops the singularity, then it is a sum of delta functions, which we call 
subcollapses. Their masses are quantized similarly to the case formed by the 
blowup in infinite time of the solution to the prescaled system. In the next 
chapter we show that the total mass of the collapse in consideration of the 
prescaled solution, denoted by m(xo), is preserved under the transformation 
yp = (x = хо)/Ь(Т — t)'/? if we make b — +00. Therefore, if the residual 
term of the limit measure of that rescaled solution vanishes, then the collapse 
mass m(xo) satisfies m (xo) / m. (xo) € №. This virtual infinitely wide parabolic 
region is called the parabolic envelope. 
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If the rescaled solution develops the singularity, then the blowup point is 
called type (1I). Its blowup mechanism is simple, and in the next chapter we 
will show that the limit measure described above is composed of one subcol- 
lapse located on the origin. This means Іш» оо MbR(t),xo (tk) = m(xo) for 
any b > O if tk > Tmax satisfies 


lim sup R(t) u(x, ty) = +оо 
K> xeQ, |x—xo| C R(t) 


for some С > 0, namely, the type (II) blowup point is regarded as hyper- 
parabolic along the above time sequence fy — Tmax- 

The following theorem motivates us to introduce the method of rescaling in 
the study of mass quantization, where it is shown that the hyperparabolicity 
implies the mass quantization. It is a weak version of Theorem 1.2, and the 
proof is not hard. 


Theorem 14.1 If xo € S is hyperparabolic, then т(хо) = т, (хо). 


Proof: Similarly to the proof of Theorem 13.4, we start with inequality (5.35): 


d 
TIRO < JRO) c a(R!) + BR 1n (07, 


where 
RO= | mcus aeo) dx 


Malt) = [e Dg) dx 
4AM p(t)” 


JRE) = AMg(t) - ——— +8BR lR? 
m,(xo) 
with 0 < R «& 1, Vg = 9; por 
|x — xol? (xo € Q), 
m(x) = 2 Әх 
IX (x)? /| 3X (xo)| (xo € AQ), 


and 


Bz = CUP +4"), 
a(s) = C,(A!? + A3) (s? +5), 


with constant C, > 0 determined by ©. 
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First, we take the case that 
Jg(0) = —A <0 (14.5) 
and 
Tg AY - R? < Tmax- (14.6) 
Then, for t € [0, T] we have 
a(R 11?) < a(R'T'/?) = AJA, 


and hence 


dIg A —1,1/2 
TR netu 
dp 4 га R 


holds true. If 


а 


апа 


then we have 


and therefore the inequalities 


Ig(t) < ( A y 


R? 24B 

and 
йк A 
dt” 6 


are preserved in t є [0, T]. This implies 


A 
Ig(T) < Ir) — = T <0, 
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a contradiction. In other words, 
In(0) : Е ( А )] 
— — > min | ——— ——, | —— 
R2 6 24B 


holds in this case of (14.5) and (14.6). 
Otherwise, we have either JR(0) > О or Jg(0) < Oand T > Tmax, and the 
latter case is written simply as 


—/к(0) > 4-a(Tmix/R). (14.7) 


Thus, all possibilities are classified into either (14.7) or 


MP 


Therefore, since system (14.1) is autonomous in f, the following alternatives 
hold for each R є (0, 1] and t € [0, Tmax): 


1. —Jg(t) > 4-a ((Tmax m t)? /R) 


2. rO > min Га! (min (0, -20)), min (0, — 49). 
Now we show the following lemma using 
R(t) = Tmax — 0. 
Lemma 14.1 /f xo € S is hyperparabolic, then we have 


Ibr (t) 
m === 
Тах R(t)” 


(14.8) 


for each b > 0. 


Proof: By the assumption it holds that 


ps [Mor (t) — Meray(t)} = 0 
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for each = є (0, b). Here, we have 


Tyr (0) 1 
Ry © ROY? [ meon eus ds 


1 
= R(t? ( (Yora) — Wercy(x)) ибх, t) dx 


1 
3 au; [nemo cone t)dx 


1 
| R(t)? E m(x) (Yorn Œ) — Vera Q9) 


-u(x,t)dx + au; J nano eue t) dx 


< се f (уко) (х) — Vera (х)) u(x, t) dx + Ce 
= СЬ? {Mra (t) 7 Merw(t)} + Cera 


with a constant C > 0 determined by X2. Therefore, making t 7 Tmax and then 
€ |, 0, we obtain (14.8) and the proof is complete. 


Returning to the proof of Theorem 14.1, first we use 


AMsn()(tY = _ 
Jort) = 4Mpra(t) — DIA ABBE RO Маву)? 
ma (xo) 
4 2 
— 4т(хо) – mo) 
т (хо) 


as f > Tmax by (14.4) and Lemma 14.1. Applying the alternatives (i) and (ii) 
with R = bR(t) for each t € [0, Tmax), we get 


2 < —4a (b^ ; ) 
жы аа (14.9) 
ma (xo) 


4т(хо) — 


again by Lemma 14.1. 
Here, the first alternative is impossible if b > Ois small because lim a(s) = 


$— +оо 


+oo holds true. Then the second alternative implies 


т(хо) € m.(xo) 


by m(xo) > 0, and the proof is complete. 
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Two alternatives in (14.9) correspond almost to the types (I) and (ID of xo € 
S, respectively, and here, we can emphasize the importance of the rescaled 
system in accordance with the standard backward self-similar transformation. 
In the latter part of this chapter, we show the formation of subcollapses in the 
rescaled solution, supposing T = Tmax « +00 in (14.1) and xo € S. Thus, we 
define the transformation 


z(y,s) = (Т —t)u(x,t) and w(y,s) = v(x,t) (14.10) 
with 
у= (х = хо)/(Т —t)' and s =—log(T – t). 
Then it follows that 


zs = У. (Vz — zVw — yz/2)t) 
0—Awv-Tcz-—ae^w 

dz/dv =dw/dv=0 on Г, 
іп Op, (14.11) 


О, 


а log T — £0 


where O — CUps-.—log TÓs x {s} Г = Uss—tog TEs x {s}, and zo(y) = 
Тио(хо + T!/?y) with О; 2e*/?(Q — {xo}) and T, 280, =e? (dQ — {xo}). 

Since this (z, w) is regarded as a solution to (14.11) globally in time, a re- 
lation similar to (12.2) is proven. Henceforth, if хо € 29, then H denotes the 
half-space in R containing 0 € ӘН, with ӘН parallel to the tangential line of 
dQ at x = xo. Furthermore, we put 


The following theorem describes the mass quantization of subcollapses 
[149, 151]. 


Theorem 14.2 Any s, — +оо admits a subsequence {5} C {Sn} such that 


20у. s pdy — У m«Go)óy (dy) + g00dy (14.12) 
yoeB 


іп M(R2) as п — оо, where g = g(y) € L'(L) is a nonnegative function 
and B C. L denotes the set of exhausted blowup points of [zc. si}, namely, 
yo € B if and only if there exists {yn} С R? such that (уп, s4) > +оо as 
n — oo, where zero extension of z = z(y, s) is taken where it is not defined. 
The case B = Ø is also admitted. 
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Before starting the proof, we confirm several fundamental properties of 
(z, w) regarded as a solution to (14.11). Henceforth, C; (i — 1,2,...) de- 
note generic positive constants. First, the L! estimate of the prescaled system 
guarantees 


sup vol, + 01, < С 


€[0, Tmax 


if g € [1, 2) and p € [1, оо). In what follows, we shall argue the case xo € д9 
mostly, because the other is easier to treat. Thus, we have L = H, and take 
К > О and the conformal mapping 


X : Bo, 481) ПО — R? 
such that 


X (xo) = 0, 
X (В(хо, 481) NA Q) c RŽ, 
X (B(xo4, 4R1) NIQ) C 9R2,, 


ax . 
—— (xo) — id. 
Ox 

Then, for x, x’ € B(xo, Ri) П Q we obtain 


1 1 
G(x, x") = —1 + K(x, x’), 


1 1 
5л “бу ЖО 2л RO XO 


where 


K e co? p ce (Bc. Ry AQ x Bao. RD 9) | 
С = G(x, x’) denotes the Green's function for — А +a in О under the Neu- 
mann boundary condition, 0 є (0, 1), and X, = (x1, —x2) for X = (x1, хә). 
This implies 
, 1 
|у Со, | 00(—— +1) (14.13) 
|х — x’| 
for x and x’ € О with x Æ x’. Defining 


Gly, y, s) = Gey + xo, ey’ + xo) 
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for y, у є B(xo, e5/? R1) N O(s), we have also 


1 1 
GO, y’, s) = — log 
2л | (у, s) — У(у/, 5)| 


+ + KG, у',5) + 5/(2л), 


2л IY (y, 5) = У(у/,5)„| 


where Y (y, s) = e3/? X (e-5/?y + хо) and 


KC, 5) = K, y s) = K(e Py + xo, ey’ + xg) 
e C919 N cH 9p(o, es/2R)) О x В(хо, e8/2R1) n ©). 


This б = G(-,-,s) is nothing but the Green's function —A + ae in O(s) 
under the Neumann boundary condition on dO(s). 

Given yo € Н and 0 < R’ < А < 1, we introduce the cut-off function 
Ф = Pio, RR defined for s >> 1, modifying ф = фу, gg of Chapter 5. 
Thus, we take Ф = q in the case of yo € Н. If yo € OH, then we take 
Ф = б. о Y(-,s) instead of = £j, o X. Then this smooth Ф = RR 
satisfies 0 < Ф < 1, Ф = 1 in B(yo, А) П Os, Ф = 0 in О, V B(yo, R), and 
2? = 0 on дО(5). 

First, we use 


oY 1 10X 
m e е: + хо) — X (xo)) — rir + хо)у 
1 


ax ax 
Са о Е | 
ЕЗ y + xo) m + xo) |у 
for 0 € (0, 1), which implies 
oY = 
|20.) = О(е7*? |у). 


On the other hand, we һауе г = У SE and therefore r’ < |Y(y,s)| <r 
holds if this term does not vanish. Writing 


е75/2ү == X(e ^y + xo). 


we see that this implies |y| = O(1). In this way, the s-dependence of Ф is 
mild, and we have 


д 
| —s/2 
L6: | < Cae 52, 
| Os УРЕ | о — 3 
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Defining V(y, s) = Ф ROJ, we have 


s 
yo, R’ 
IVW| < A(R — R^-!y?/ó 


and | D* Y| < B(R—R')?y?P? for |o| = 2, where A, В are positive constants. 
In the estimates exposed below, the dependence in А > 0 or А! > O is not 
essential, and is not indicated explicitly. The following lemma is proven by the 
previous arguments, and we omit the proof. 


Lemma 14.2 It holds that || Ell roe (o (s) x O(s)) < C4 for s > 1, where 


Б = Ew(y, y, s) 
= VyW(y,s) - VG, y 5) + Vy VO, s) Vy GO, у”, 5). 


We can also show the following lemma. 


Lemma 14.3 It holds that 


d 
=| dy < C5 
ds O(s) 


for s > 1. 
Proof: Writing g(x, t) = W(y, 5), we have 


д 
3, «X + Vy: (yzw/2) 


= (zs + Vy: (2/2) V +z (V, + y : VV/2) 
=z (Vs +y- УҸ/2) + (У: (Ус -zVw)) v 


д 
3; 99 


and therefore it follows that 


d д 
а Ydy = (Т —1)— ах = | (Т —t)—(ug)d 
ds d м FIEL : IK igi e и 


=f {z Q6, + y - VV/2) + (V - (Vz — zV w)) V) dy 
O(s) 


= J z (Ys +y- VY/2)dy «f zAWdy 
O(s) O(s) 


«f zVw-VWdy = I+ II + III. (14.14) 
O(s) 


Here, we have 


[I| + [II] < Coa, 
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where А = |[uol|1. On the other hand, from the method of symmetrization we 
have 


Ш = ^ | узу А 898053 а dy dy! 
O(s)x O(s) 
1 


= | | S5: Os OL DOO”. 


2 O(s)xO(s) 


Then Lemma 14.2 guarantees 


[rr < sca? 


and the proof is complete. 


We also use the following lemma. 


Lemma 14.4 Given yo € H, 0 < R « 1, and q € [1, 2), we have 
| Vu | récits AGS < C7 (14.15) 
for s > 1. 


Proof: In fact, by (14.13) we have 


IV.GG. у, 8)| = Je"? V.G(e ^? y + xo, e7*^ y + xo)| 
1 
|у = y! 
for s > 1. Then, it follows that 


q, |!/4 
| ушу, s) ду] 
B(yo, R)NO (s) 


zi |, уб, Y 920" say 
B(yo, RINO(S) O(s) 


= | чуду 
O(s) 


К 1 4, \1/4 
| 207, ( ——À— +1) dy dy} | 
В(уо, RINO(s) JO (s) ly = y'l 


This implies (14.15) by ||z(s) DAKOS < à and the proof is complete. 


T 


pet 
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Fundamental structures of the concentration lemma in Chapter 12 are space 
localization and time discretization. In spite of the linear term yz/2, estimates 
given above are enough to guarantee them for (14.11). Thus, we have the fol- 
lowing lemma [149]. 


Lemma 14.5 If 


lim sup |z(s,) < т. (уо) 
Р | T | (вор. RNO) dM 


holds for yo € L, R > 0, and s, — +00, then there exist t > 0, R' € (0, R), 
and {5,} C {sn} such that 


sup [| cone GROW) ее) < HO (14.16) 


for 0 € (0, 1). 


From the elliptic regularity, we have 


sup | Vw | +00 
n 


CV P (BO, ПО (в) ) x Ist — 7/2554 + 4/2] < 


by (14.16). The counterpart of the above lemma is the rescaled version of the 
local blowup criterion discussed in Chapter 5. We continue to take the case 
хо € д9, and also yo € OH. Then, we have m,(yo) = 4л and put that 
WiC, 8) = V S AR2AR and m(y, s) = |Y (y, s) — Y (уо, s)|? fo0-R«l1l, 


s > 1, andi = 1,2. Recalling the requirement 9X (x) — id in Lemma 5.3, 
we obtain the following lemma similarly to the prescaled system [149]. 


Lemma 14.6 It holds that 


E 2 
EQ. y s) + Чу, 920", s)| 


< CoR™ (ly — yol + |y" — yo|) Va Gy s)! Wo ^, s) 
+ Сов! |у = уо Ҹоу”. s)", 


where 


Ey, y'. s) = [Vm wi) s): V8 Gy. у. 5)] Vo". 5) 
+ [V(nwi)(y) - VyG. у, 5) | Фә (у. 5). 
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Now we can argue similarly to the prescaled system. First, as in (14.14) we 
have 


d 
— zmWidy = J У. (Vz —zVw)(zmWi)dy 
ds Jois) O(s) 


1 
23 J (nts + zVGmWi))zdy = [У + V. 
O(s) 2 


Here, we have 
Ims| + |Vm| < Спот? 
and 
Mis) + IVY] < Cot, 


and hence it follows that 
1/2 
IVI < сил! / тау}. 
O(s) 


On the other hand, Lemma 14.6 and the method of symmetrization guarantees 


1 
IV < AMi — =M? + CoR 33? + Сз. (M2 — М\), 
л 


where 


O(s) 
fori = 1, 2. Hence it follows that 


d 1 
hh S4Mi -MÌ + CiU? 33? 1] 
5 л 


+ Ci34 (M2 — Мі), 
and the following lemma is obtained including the case yo € H [149]. 


Lemma 14.7 If 
J A Seow) 
O(so)NB(yo, R) 


holds for yo € Н, so >> 1, and0 < R « 1, then there exists n > 0 determined 
by à = ио! and foy py, r 2075 50)йу > т (уо) such that 


1 
aif ly = yol z, so)dy < n 
К J'O(sg)nBGo.AR) 


then z = z(-, s) must blow up in finite time, which is not the case. 


Lemmas 14.5 and 14.7 are enough to provide the following proof. 
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Proof of Theorem 14.2: Taking the zero extension of z(-, s) to R? V O,, we 
obtain ||z(s) |1 р>) = А, and therefore Lemma 14.5 guarantees the existence 
of (5,) C {sn} such that 


z, sdy = У moy (dy) + 200dy 
yoeB 


in M(R’), where B C L denotes the set of exhausted blowup points of 
[zC. xh m(yo) > т. (уо), and g = g(y) є L'(R2)is a nonnegative function 
with the support contained in L. 

If m(yo) > т, (уо) holds for some yo € B, then there are 6 > 0, no, and 
Ro > O such that 


J z(y, 5, )dy > m«(yo) + à 
Os] Bo, R) 


holds for any n > no and R є (О, Ro]. Then, we can take n > 0 of Lemma 
14.7 subject to A and à with the relation that 


1 
gm 1» = wzo зрду «n 
К JO(sl)n (yo. R) 


for some n > no and R є (О, Ro]. This is impossible and we obtain m(yo) = 
т. (уо). The proof is complete. 


15 
Quantized Blowup Mechanism 


Motivated by Theorem 14.1, we introduced the standard backward self-similar 
transformation in the previous chapter. Supposing T = Tmax < +00 and xo € 
S, we define R(t) = (T —1)!?, y = (x —xo)/ R(t), and s = —log(T —1). Then 
z(y,s) = (T — t)u(x, t) satisfies (14.11), which is a similar system to (14.1), 
and this {z(-, 5)} is regarded as its global semiorbit. Similarly to the collapse 
formed in infinite time in the prescaled system, quantized subcollapses are 
formed in infinite time in this rescaled system, stated as Theorem 14.2. Thus, 
any Sn — +оо admits a subsequence {s/} C {sn} satisfying (14.12) in M (Q2): 


z(y, s,)dy — po(dy), (15.1) 
where supp uo(dy) С L, 
po(dy) = У т. (уо) (dy) + 8)dy, (15.2) 
yoeB 


0OcgeL!(L)n C(Lw B), апа 


Ms R? (xo € Q), 
|н (xo €8Q). 


Here, H denotes the half-space in R? with 0H containing the origin and par- 
allel to the tangent line of 0Q at xo, B is the set of exhausted blowup points of 
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[«C. БАР which may be empty, and the zero extension of z = z(y, 5) is taken 
where it is not defined. We noticed also that if the residual term g vanishes in 
(15.2), then m (xo) /m. (xo) € N follows from the parabolic envelope described 
below. 

We can show, more strongly, that m(xo) = m,(xo) always holds, using the 
forward self-similar transformation applied to the backward rescaled system 
limit. If xo is a type (II) blowup point, furthermore, then the limit measure 
Lo(dy) of (15.1) is always equal to m. (xo)óo(dy). If it is type (D, then we 
have a profile of emergence, and the local free energy of the parabolic region 
diverges to +00. Thus, this chapter completes the proof of Theorem 1.2. New 
devices are the parabolic envelope, reverse second moment, and forward self- 
similar transformation. 

We begin with the introduction of the parabolic envelope indicating the in- 
finitely wide parabolic region. It is a virtual notion, and what we actually show 
is the following lemma. 


Lemma 15.1 We have 


m(xo) = uo(L) = 3 т. (уо) + J g(y)dy (15.3) 


yoeB L 


in (15.2), where m(xo) denotes the collapse mass at xo € S defined by (14.3), 
which arises in the classical solution и = u(x,t) to (14.1) ast + T = Tmax < 
+оо: 

u(x,t)dx — У mGo)ós (dx) + f (x) dx. (15.4) 


хоє& 


Proof: Given xo € S, we take y = Ф RIK for 0 < R’ < А < 1 and set 


M f Vou, t) dx 


Relation (15.4) implies 


lim lim Mg(t) = m(xo), 
RJ0:I— T 


while in Chapter 5 it is proven that 


| Mato) < CO? E AY + R7) (15.5) 
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for t € (0, T) with a constant C > 0 determined by Q. Hence we obtain 
IMa(T) — Mr(t)| < СО? + A)(R? + RNT — t) 


for 


Мк) = lim MRO = 37 тодур) + | VOF d». 


хоє& 
Taking 5 > 0 arbitrarily, we put 
R=bDR(t) = ЫТ — t)! 
in (15.5). Then, we obtain 
[MoRo (T) 7 Morn (0| < СО? + А)(Ь 2 - b (T-0'7), (15.6) 
and therefore for 
ть(хо) = lim sup Mp rity t) 
toT 
and 
m,(xo) = liminf Moray Ct), 
tT 
it holds that 
m(xo) — СО? + УЬ? < my(xo) < my (xo)  m(xo) + CO? + Ab? 
by m(xo) = lim; 7 Mprit)(T). This implies 
ть(хо) — СО? --A)b ? < m(xo) < т, (xo) + С(А --A)b 7. (15.7) 
Here, we have 
J u(x,t)dx < Mat = f u(x,t) dx 
В(хо, RIN B(xp,2R)NQ 
and hence it follows that 
Е s)dy € Morw(t) € J z(y, s)dy. 
B(0,b) B(0,2b) 
This implies 
шо CB(0, b — 1)) < m, (xo) < mp (xo) < uo (B(0, 2b + 1)), 


and we obtain 


pim, meco) = im mie) = но(Е?) = но(Т). 


Then, (15.3) holds by (15.7). 
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Each хо € 0&2 admits the conformal mapping X : B(xo, R) O Q — RÀ for 
0 < R < 1, with the properties described in the previous chapter. If хо € Q, 
on the other hand, we put simply X — id, the identity operator. In any case, 
we take o € CoL) with ф(хо) Æ O satisfying oe = 0 on OL, and set Ф = 
фо Y (, s) for s > 1, where Y (y, s) = e X (e^? y + хо). Then, similarly 
to (14.14) we obtain 


d 
— zdy =f «(ey Vermay- | zA@dy 
ds Joys) Os) Os) 

1 


T J | Zely,y,s)z(y,s)z(y, s\dydy’,  — (15.8) 
2 O(s)xO(s) 


where 
Eo (y, y, s) = УуФ(у, s) - VyG(y, у.) + Vy (y' s) - Vy Gy, у, 5) 
and 
GG. у, s) = G(e 7 y + xo, e "^y! + xo). 


Here, we can regard Y = Y (y, s) as the transformation y e O(s) => Y є 
H, and in this case it follows that 


J zódy = / $zdY 
O(s) H 


for Ф(У) = Ф(у) and 


Z(Y, s) = ae ( 2) leo, s). 


We have y = y(Y,s) > Y ass — +оо uniformly in Y in the neighbor- 
hood of 0 € H up to its second and first derivatives with respect to Y and s, 
respectively. If xo € Q, first, we have 


S 
GO, у, s) = Со(у, у) + = + K (ey + xo, е7%2у' + xo) 


for s >> 1, where K e С®!+®9 n C99 (В(хо, R) x В(хо, RO,0- R & 1, 
0 € (0, 1), and 


1 
G , : = — 1 , 
o(y, y) jx ОВ 


|у—у 
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and therefore it follows that 
Vy (GO, y, 5) – Go, y’)) > 0 (15.9) 


locally uniformly in (y, у) є R? x R? as s > +оо. If xo € д9, on the 
contrary, we have 


GO, y, s) = Go, у) 
1 TEM / 1 =a / 
s suu ВИИ A - DETE п NN x 
2л lY(y,s) - Y(y,s)) 2x IY (y, 5) = Y y^, 5)» 
+ K (ey + xo, e 5/2 y! + xo) je 
2л 


for s > 1, where Y, denotes the reflection of Y with respect to ӘН, 


Go, y) = 


log + log ; 
2л “|у—у] 2x “|у—у/| 


K є С®!+® г cH99 (В(хо, R) ПО x В(хо, R)NQ),0 < К «1, andó є 
(0, 1). Therefore, relation (15.9) holds as s — +00 even in this case, uniformly 
in (Y, Y^) in a neighborhood of 0 € H x H through the transformation y € 
O(s) — Y Ed. 

These relations are sufficient to guarantee the generation of the weak so- 
lution from the family {z(- + s,)}, when the zero extension is taken to z = 
z(y, s) where it is not defined. Thus, any s, — +00 admits Is;] C {sn} and 
и = u(dy, s) € M(R?) defined for all s є R such that 


supp u(dy, s) C L 
and 
z(y,-+5,)dy — u(dy.) 
in Cx ((—оо, +оо), M(R’)), and this LL (dy, s) becomes a weak solution for 
z;— У. (Ус —zVp), in Lx(—oo,oo) 
5 = 0 on dL х (—oo, оо), (15.10) 


where p — >р 
р= ш+ 4? 


Vyw(y, s) = | Убу, x6. v. 
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and 
Goly.y) эт log ro (xo € Q), 
OS, =)1 1 1 1 
2; 108 Туу] + Z 108 Ту-у] (хо € 29). 


More precisely, if C% (L) denotes the closure of Co (L) in W?'^9 (I), and 
Loo indicates the one-point compactification of R?, usually denoted by R? U 
{oo} in the case of L = R?, and its portion cut by дН in the other case of 
L = Н, then there is 0 < v = v(s) є LY (—oo, +оо; E’) such that 

осоо = и e i (dy dy’, s) 


for almost every s € (—оо, оо), 
$€(-oo,0) > [ ewe». 5) 
L 
is locally absolutely continuous for each ф є ХО, and 


£ [eomas = [ (ле + y: YeDudy,s) + Че? Oee 
for almost every s € (—оо, оо), where 
ECIÍIBCOIIILG C 1,®(1, x L) 
& = {op lp e X°) 
PSO, y) = VEO) - VyGoly, y) + VEO"): Vy Gov, y’) 


i =o}. 


=| є С? E = 
d oT) | Solar 


If u(dy,s) = us(dy,S) + Ha.c.(dy, s) indicates the Lebesgue - Radon - 
Nikodym decomposition, then it holds that 


Hac. (dy, 5) = F(y, ѕ)ау 
with 0 < F(-,s) = F(y,s) € L'(L), 


us (dy, s) = У т. (уо) (dy) (15.11) 
yo€ B; 


for a finite set B, C L, and u(L, s) = m(xo) by Theorem 14.2, and therefore 
we obtain 


8л - # (LNA Bs) +40 - 8(0L NBs) + nac (1,5) = т(хо) = u(L, s) 


by Lemma 15.1. 
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The set 
D= U (L \ Bs) x {5} 


ач 


is relatively open in L x В, because 
s € (—00, +оо) к> u(dy,s) є M(L) 


is continuous and we have the classification (15.11) of the singular part of 
и(ау, s). Then Lemma 14.5 guarantees the smoothness of F = F(y,s) > 0 
in D, and there we have 


Е, =V. (VF —FVp) (15.12) 


with a smooth function p = p(y, s). 

Thanks to the parabolic envelope, the proof of mass quantization, m (хо) = 
m (xo), has been thus reduced to the study of the weak solution u = (dy, s) 
to the limiting backward rescaled system (15.10). We next show that u ({0},0) > 
m (xo) implies its blowup, and hence is a contradiction. This fact is proven by 
the study of (15.10), and therefore we can assume L — R?, using an even 
extension of the solution in the other case of L = Н. 

Here, we apply the method of the (reverse) second moment. In more detail, 
if p(y) = A(yI?) є СС(В?), then we have 


(Voy) = Yeo) (у= у) 
= 2 (4'dyiby — ar Py) 6 — » 
= 2A’ (ly)ly — y? + 2(А' (11?) — A'Oy'P)»y' (У = у) 
= [4'dyP5 + ry ] ly = у? 
+ (A’dyl?) = Ady’) - (ly? — ly’) 


because the left-hand side is symmetric with respect to (y, y’), and therefore it 
holds that 


1 
(09, vG)leg = M (Т, v(s))e,e 


i / 2 / I) / 
E [| [Ay + А'бу]н Ә шау dy’, s) 
л R2xR2 


for 
(А'Чу|?) = A’(ly’I?)) - (ly? — 17?) 


ica ру 
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This implies 


d 
p. | A(ly)u(dy, з) = | 14А” бу?) Il? + 4A dy) 
5 JR2 R2 


m(xo) 
2л 


Taking Ё > 1 here, we specify А = A(s) as follows: 


+ ly? Ay — 


1 
А'йу у] иду, з) = у— (1, 5(6))к е. 


0< А'($)у<1_ (s > 0), 
—R?<A(s)<0 (s>0), 


s— R? (O<s < R?/4), 
A(s) = 2 
0 (s > 4R?). 


In this case, we have Co > 0 such that 
4A" (yl?) I» + Iy? AC» < Co(Adyl?) + R7) 
for all y є R?. We have also 
O, »5| = Duas О» У) + хво, (У 2] 


| [А' Чу) — Ay’ |2) - I»? — Ly’? 
b de 
and divide the first term of the right-hand side by 


, 


Хв›кхв? О» Y) = XBygx Bag Vs У) + Хвовх Bi, O^» У): 
First, we apply the mean value theorem and obtain 
|A(»I5 — Ady’) fixi? = Ly’? 
ly = y'? 
< |А”| oly + yI XBarx BrO У) 
< 2| A” s (In xp n O: У) + Dy P xR? x Bip О» 77): 05.13) 


X Bor x Bar (y, у) 


Here, we have C, > 0 such that 
ly? < Ci(A(lyl?) + R?) 


for all y € B4pr, and therefore the right-hand side of (15.13) is estimated from 
above by 2C; | A" i times 


{A(lyl?) + 2} + [Ad + А2). 
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Next, we have 
КОКО. |А' Чу?) — Aay D| |l»? — Ly’? | 
is уу 
ly’? — [у]? 
[у = y'? 


+F 


= XBrx BE, (У, YAYIP) - 


/ 


y 
< XBynx Bé, ОУ, У) m 
by 0 < A’ < 1, where 
у +y 
у'—у 


Сә = sup | < +оо. 


Q.y)€Bog x Bop 


We have A(|y/|-) + А2 = R? > 1 югу є B4. and therefore this term is 
estimated from above by 


Со(А(1у'?) + R°). 
Since / (y, y^) is symmetric, the other terms are treated similarly. Putting 
2С1 C2 
C3 = Co + — A" — | 
3 o+ = m (xo) | A" ||, + 5, € 
we obtain 


4 2 2 => | 2 
p. |, (А020) + #9) ау, з) = T | Айу иду, s) 


m(xo) 
2л 


by v(s) = 0 and v(s)leaeu(ooy«g2utoo = H 9 u(dy dy’, 5) 
Here, we use ó > O satisfying 


A(s) + R? + A'(s) > à 


«c f (Adi?) + к) шау, з) + {4-22} f А'буиду, з) 
R2 R2 


for all s > 0. Then we obtain 


| AdyPrntdy,s) = ma — | (Абу?) + Е°)шду, s), 


and therefore 


d 
E f АФ ty. 


m(xo) | 


zc. f (AWD + Rudys) moo [4 - 
R2 2л 


for almost all s є R in case m(xo) > 8л. 
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From this inequality, we see that if m(xo) > 8л + = holds with = > 0, then 
there is n > О such that if 


f (ADD sity 0) < 
then 


| (ADB + Ruay») <0 


for s >> 1, a contradiction by A(s) + R? > 0 for s > 0. In other words, we 
have 


2 (А112) + R°)z(y, Ody > n (15.14) 


in case m(xo) > 87 + e; that is, the concentration, indicated by 


f ADB eos бау < п 


implies the nearly mass quantization, т(хо) < 8л + €. 

However, we can remove this concentration condition using the forward 
self-similar transformation. This argument, due to Kurokiba and Ogawa [84] 
concerning the prescaled system on the whole domain R?, established that 
lluollı > 8z implies the blowup in finite time of the solution. In more detail, 
in the problem on the whole (or a half) plane, such a concentration condition 
in terms of the second moment can be hidden behind the forward self-similar 
transformation, and ||uo||1 < 8z must be always satisfied for the classical so- 
lution to exist globally in time. 

To apply this argument, we note that the first equation of (15.10) is written 
as 


zy — У. (y'z//s) = У’. (V'z — z Vw) (15.15) 


by y! = e^3/?y and s’ = —e^5, where z/(y/, s’) = z(y, s) and w'(y', s) = 
w(y, s). This form is easier to find the forward self-similar transformation 
to this rescaled system. In fact, (15.15) is invariant under the transformation 
of 7,02’) = wz! (wy’, 7s’) and w,(, s) = way, 7s’). Using this 
structure, we can show the mass quantization, m(xo) = т, (хо), or m(xo) = 
8л under the above reduction to L = R? by the even extension, as follows. 
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First, if m(xo) > 8л + e, then we have (15.14). Next, system (15.10) is 
invariant under the s-translation, and therefore it must hold that 


(A(lyl?) + А2) ш(ау, ѕ) > m 
R2 


for all s є К. However, system (15.10) is invariant also under the forward 
self-similar transformation, 


z^(y, s) = А2е ze y, 32875) 

w^ (y, s) = whey, 22е"), 
and therefore we have 

f Ado aea. з) = n 
for any s є Капал > 0, where 
p^ (dy, s) = 32e wae dy, —32e75). 

Using ў = Ае /2у, 5 = A2e75, this means 

f (Ais Puit. -=n 
that is, 

f (Gio uy -5 =n 
for all s > 0. 


Again, we use the translation invariance of this system. Applying the above 
inequality for us(dy, s) = (ау, s + 5), we obtain 


[ (AG ш? + Rusdy, -Ddy = (AG IyP) + P)uay dy > n, 


but this implies a contradiction by making $ | 0, because 0 < A(S|y|?) + 
R? < К? and AG |y| + R? — О for any y є R°? and therefore the left- 
hand side converges 0 by the dominated convergence theorem. This means 
т(хо) < 8л + £, and therefore m(xo) < 8л because = > 0 is arbitrary. Thus, 
we have proven the following theorem. 
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Theorem 15.1 Mass quantization т(хо) = т, (хо) holds in (15.4). 


If xo € S is of type (ID, then it holds that F (y, 0) = 0, where u.c (dy, s) = 
F(y, s)d y. Then, the strong maximum principle or the unique continuation 
theorem applied to (15.12) assures u.c. (dy, 5) = 0 for any s є R?, and there- 
fore we have 


A (dy, s) = m«(xo)ày(s) (dy) 


with s € Rr y(s) є L locally absolutely continuous by Theorem 15.1. 
To study this case in more detail, for the moment, we assume xg є © and 
examine 


eQ) = (R? — ly|*)4. 


In fact, the other case of хо € 00 is reduced to the study of this case by the 
even extension of (dy, s). 
First, this function o = ф(у) satisfies 


Ag(y) + у: Ve()/2 = ф(у) – (К? +4) 


and 
1 
0 fx. 
po. y)— = 


in the regions where ф(у) > 0 and ф(у), g(x’) > 0, respectively, that is, 
Bg — B(0, R) and Bg x Bg. Therefore, as far as y(s) € Bg, we have 


d 
ud J (R — ly 2)4n(dy, s) 
ds R2 
2 2 2 1 2 
= | (Q^-lIyl2«u(dy,s) — (R^ + 4)и(Вр, s) + —И(Вк, s) 
R2 2л 
or, equivalently, 
d 
a ly(s)I? = |у(5)*. 
M 


Therefore, we see that 


ly(s)| = 1» (0)| e'? 


holds for any s € R, by making R large. 
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Now, we show that only y(0) = 0 is admitted by the parabolic envelope, and 
we have always 


Io (dy) = m.(xo)óo(d y). 


For this purpose, we fix s є R, and define t, € (0, T) by s;--s = —log(T —t,). 
Then, putting t = tn in (15.6), we obtain 


|More) (tn) — Mora (T)| € CO? + 3Y(b? + R(t)b |), 


where R(t) = (T — t)!/?. Here, we have 
Mbn(,y (tn) = J Vn(y)z(y, s + s,)dy 
O(s) 
for 


Wr) = Cen DRG) BRED (xo + R(t) y) 


and this function converges to some p(y) є Со(В?) uniformly in y є В? as 
n — oo, where it holds that 


1 (yl <b), 


&(у) = | (lyl > 2b. 


Thus, we obtain 


Jim. Mona) = | 5090005,5) = тњо) 
and therefore 


m. (xo)&p v (5)) — m«(xo)| € CA? + 2907. 


Here, s є R and b > 0 are arbitrary, and if y (0) Æ 0, then we obtain m, (хо) = 
О by making s — +оо and then b — +оо. This is a contradiction, and we 
have у(0) = 0. 

If xo € S satisfies, more strongly, 


lim sup R(t) u(x, t) = +оо, (15.16) 
tT xe, |x-xo| «C RD) 


then we have 


z(y,s)dy — m,(x0)do(dy) 
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as s — +оо. In this it holds that 


lim Мр), хо = m«(xo) = m(xo) (15.17) 
t—T 


for any b > 0, and therefore this хо is hyperparabolic. Thus, we have proven 
the following theorem. 


Theorem 15.2 /f xo € S is of type (II) and 


lim sup К(1,)2и(х, ty) = +оо (15.18) 


NFO хе, lea SCR) 
for some t, > Т = Tmax and С > 0, then we have 
Z(Y, Sn c )dy — т, (хо)до(ау) (15.19) 
in C, ((— оо, +оо), M(R’)) for Sn > +оо defined by 
Sn = —log(T — tn). 


Here, the zero extension it taken to z = z(y, s) in the region where it is not 
defined and z(y, s) = (T — t)u(x, t) for y = (x = хо) (Т — t)! and T = 
Tmax < +оо. If (15.16) holds for some C > 0, more strongly, then xo € S is 
hyperparabolic and we have (15.17) for any b > 0. 


Actual existence of the type (I) blowup point, on the other hand, is open. If 
хо € S is such a point, then we obtain a classical solution to (15.10) as we 
have seen. Formally, this solution is subject to the Lyapunov function 


2 1 

H(z) SEC —1- D Jay – [| Goy, yz, s), s)dy dy’, 
L 4 2 LxL 

and it holds that 


d 
S arto J en aesti 
ds L 


This formula is actually justified if z = z(y, s) decays sufficiently fast as |y| —> 
+оо, and then there should be a stationary solution contained in the w- or œ- 
limit set of (u(d$, s)}. Here, the stationary problem is given by logz — p = 
constant, or 


е Аер 
i ерау 


à 
A esi) on aL (15.20) 
Qv 


—Aw in L, 
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with p = w + b? but no bounded radially symmetric solution to (15.20) 
exists for any 4 [63]. This suggests that if there is a type (I) blowup point, 
then the collapse is formed from the wedge of the parabolic envelope without 
asymptotical symmetry or boundedness. Such a mechanism may be interesting 
from the biological point of view, but may not exist mathematically. 

We can confirm also that the local free energy diverges to +00 around this 
type of blowup point. More precisely, 


lim Fy pri) (u(t)) = +оо (15.21) 
t>T 
holds for any b > 0, where T = Tmax < +00, R(t) = (T — t)!/2, and 
Jy ROG) = " u(logu — 1) Wx, n (x) dx 
Q 
1 
- 5 [f оон oue os eos o ds da 
Qx* Q 
for Wxo,R = M non. In fact, if xo € S is of type (D, then any s, — +оо 


admits {5} C {sn} and a smooth z = z(y) > 0 satisfying Si z(y)dy = m,(xo) 
and 


z(y,s,) —z(y) > 0 


locally uniformly in Y € L, and therefore 
Foro UD) = | zdogz — Dedy 
L 


1 
"AD | / (Соо, у) + K (xo, хо)) 2(у)20у)()8ь0)4у dy’ 


2 2 
&o() - log RO): [2 f cay = MED +o} 


as t — T by 


Go(x, х) = Goly, y) — 


t log R(t) 
m (xo) B | 


The right-hand side diverges to +00 by 


J zépdy < m.(xo), 
1, 


and hence (15.21) follows. 
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We can summarize that if the type (I) blowup point exists, then the local 
entropy is swept away to the wedge of parabolic envelope, while the quantized 
concentration mass comes from this wedge, and the proof of Theorem 1.2 is 
complete. 


16 
Theory of Dual Variation 


The expanding cosmos is the origin of nonequilibrium. 
It creates order, induces complexity, and brings life. 
— H. Tanaka 


This chapter is the epilogue. We summarize the argument and give a new for- 
mulation applicable to other theories. 

So far, we have discovered the quantized blowup mechanism of the mean 
field of many self-interacting particles, subject to the total mass conservation, 
decrease of the free energy, compensated compactness via the symmetrization 
of potential kernels, and certain scaling invariance. We studied 


и; —V-.(Vu—uVwv) 


О= ^v—av-cu | ш УШ), 


0 0 

сеси on 29 х (0, Т), 

Qv Qv 

u| o 0б) on Q, d 


as a typical example, where & C R? is a bounded domain with smooth bound- 
ary Q, a > O is a constant, and v is the unit outer normal vector on д9. It 
is the simplified system of chemotaxis in mathematical biology, describing the 
chemotactic feature of cellular slime molds, but it is also the description of the 
nonequilibrium mean field of self-attractive particles subject to the second law 
of thermodynamics in the theory of statistical mechanics. 
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The unique existence of the classical solution locally in time is proven, and 
the solution becomes positive and regular for t > 0 if uo Æ 0. The supremum 
of its existence time is denoted by Tmax Є (0, +оо], and Tmax < +оо is 
referred to as the blowup of the solution in finite time. In this case, it holds that 


u(x,t)dx — X m(xo)ày, (dx) + f (x) dx (16.2) 


xoeó$ 
as t ^ Tmax in M(Q) with 


8 Q), 
m(xo) = т. (хо) = = ja (16.3) 


where M(Q) denotes the set of measures оп Q, — the *-weak convergence 
there. Actually, S in (16.2) is the blowup set of u(-, t), and хо € S if and only 
if there are xy — xo and tj ^ Tmax in x, € Q satisfying u(xy, tk) — +оо. We 
have 


ig, eo, = 4 


and hence S = @ holds in the case of Tmax < +оо. Therefore, (16.2) with 
(16.3) implies the sharp estimate of the number of blowup points, 


#(д0п&)+2.(@п 5) < |uo|,/47). 


The equality m (xo) = т+(хо) in (16.2) is referred to as the mass quantiza- 
tion of collapses. It has been suspected from the hierarchy of systems in statisti- 
cal mechanics, that is, the global existence of the weak solution of the Fokker- 
Planck equation and mass and location quantization of the blowup family of 
solutions to the Liouville—Gel’fand equation, which describe the kinetic and 
the equilibrium states of the mean field, respectively. The actual proof is as- 
sociated with the backward self-similar transformation, and the blowup point 
хо Є S is classified into two types, namely, it is of type (D if 


lim sup sup R(t u(x, t) < +оо 
UT Tmax xeQ, 
|x—xo| SC R(1) 


for any C > 0 and of type (ID) for the other case that 


lim sup sup R(t)*u(x, t) = +оо 
tt Tmax хє9, 
|x—xo|SCR() 
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for some C > 0, where R(t) = (Tmax —t)!/*. The important notion introduced 
here is the parabolic envelope, the infinitely wide parabolic region as b f +оо 
of 

[&, t) € Q x [0, Tmax | |x — xol < bR(t)} , 


that is, the whole blowup mechanism is enveloped there and it holds that 


lim limsup 
b O9 tt Tmax 


f moon t) dx — т(хо)| = 0, 


where Y = vy, g (x) is the cut-off function around xo with the support radius 
2R > 0 and 2*. = 0 on ðQ. 
If xo € S is of type (ID) and t; ^ Tmax satisfies 


lim sup R(t u(x, th) = +оо 
k—oo xegQ, 
|x—xo| £C R(t) 


for some C > 0, then it holds that 


z(y, ѕк)ау — ms(xo)óo(dy) 


in M(R?) as k — oo. Неге, z(y, s) = R(t)?u(x, t) with the zero extension 
taken where it is not defined, y = (x — xo)/ R(t), and s = sx is defined from 
t = fy by s = —log(Tmax — t). Thus, the type (II) blowup point is fixed at first. 
Then, it attracts particles asymptotically radially symmetric and creates a mass 
quantization collapse. Concentration, compared with aggregation, is strong, 
and the rescaled z = z(y, s) develops delta singularity m. (xo)óo(dz), called 
the subcollapse, at the origin. While actual existence of the type (1) blowup 
point is open to question, if it exists then it takes a profile of emergence in the 
sense of Kauffman as 


us Fo bre (и@)) = +оо 


t 


holds for any b > 0, where 7^, к(и) denotes the local free energy defined by 


rohs (à dvo dos ect) Gab 


1 
ane [| Wro RO Way ROX IG Gc, x )u Q u(x, x") dx dx’. 
2JJ охо 
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Here, G = G(x, x’) denotes the Green's function for — ^ + a under the Neu- 
mann boundary condition. In this connection, we note that the global free en- 
ergy F (u(t)) always decreases as the requirement of the second law of ther- 
modynamics, where 


F(u) = J u(logu — 1)(x)dx — S G(x, х)и Q u(x, x) dx dx’. 
Q 2JJ охо 

On the other hand, formation of collapses around this type of blowup point 
may be nonradially symmetric or may not decay rapidly at the infinite point 
in the rescaled variable, because the rescaled system is formally provided with 
the Lyapunov function. We conclude that around the type (I) blowup point, if 
it exists, mass and free energy are exchanged at the wedge of the parabolic 
envelope, with a clean “self” of mass quantized collapse being created. 

The quantized blowup mechanism of the nonstationary state described above 
comes from that of the stationary state, and this story is called the nonlinear 
quantum mechanics. In fact, the stationary state of (16.1) is realized as the 
nonlinear eigenvalue problem 


Ле” : dv 
—Av+av = — in Q, — —0 on 02 (16.4) 
foe ах av 
with à = ||uollı, and the quantized blowup mechanism at this level arises in 


the blowup family of solutions, namely, if 


{Qk vo) hiai 


is a family of solutions for (16.4) for A = Ax and v = vg, satisfying Ак — Ao € 
[0, oo) and |012 — +00, then the blowup set of {vg}, denoted by S C © is 
finite, and passing through a subsequence, it holds that 


ик(х)ах — M т. (хо)ё,„ (dx) 


хоє& 


in M(Q) аз k — oo, where 


Aq ek 


imb S 


In particular, Ао € 47Л/, and furthermore, we have 


Vy(m.GoKG. хо) + У т„(х)б(х, x9))| =0 (165) 


xheS\{x0} 00 
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for each xo € S, where only tangential derivative is taken in (16.5) if xo € dQ, 
and 


1 / 

5 log |х — х (хє 9), 
К(х,х') = G(x, x) + "d | | 
+ log |x — x'| (x € dQ) 


represents the regular part of the Green’s function G = G(x, x’). 
This kind of quantization was first observed by [114, 115] for the Gel’ fand 
problem 


Ae" 


ET RETE AME 
5 fo €" dx 


in Q, 0=0 on 09, (16.6) 
and [7] proved the converse, that is, the singular perturbation. Calculation of 
the topological degree was done based on these facts [30, 31, 87]. On the other 
hand, [113, 162] established the uniqueness of the solution to (16.6) for simply 
connected Q and A € (0, 87r). There, the Morse index of the stationary solution 


v = v(x) is shown to be equal to the number of eigenvalues in u < 1 minus 
one of the eigenvalue problem 


—-Ag=pud in Q, 


ф = constant on dQ, 


Ло = 0, (16.7) 
БТ, Qv 
where 
À vU 
Q 


This Morse index is induced from the variational structure of (16.6), associated 
with the functional 


І 
Fv) = zvol -aog (е) n" (16.9) 


defined for v є Hi (2). Using c prescribed later, we can treat this system by 
the general theory. 
Independently, [185] showed the same fact for u = u(x) > 0 satisfying 


(-Apy"! и = logu + constant in Q, ш = 1. (16.10) 
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In more precision, this problem was introduced by the stationary state of the 
similar system to (16.1), 


и с in Әх (0, T), 


02 Ао +и 
ди 2 neg 
du. ду | on 99 x (0,T). (16.11) 
v=0 


It is subject to the decrease of the free energy defined by 
1 
Fw) = | ulogu- 1) dx — > ff G(x, x )u @ udx dx’, 
Q 273 охо 


where G = G(x, x’) denotes the Green’s function for — A under the Dirichlet 
boundary condition. Problem (16.10) is nothing but the Euler equation for the 
variational problem ôF (u) = 0 under the constraint ||u||; = А, and the Morse 
index of the solution is defined by the maximal dimension of the linear sub- 
spaces in which the associated quadratic form is negative. Thus, what [185] 
showed is that this index is equal to the number of eigenvalues in u < 1 minus 
1 for (16.7). On the other hand, these problems (16.7) are equivalent through 
(16.8) and 


v = (Ар)! и, (16.12) 


апа in this way, these two variational structures concerning v and и are equiv- 
alent up to the Morse indices. This is important to us, because the structure 
of elliptic problem (16.6) is known in detail and the Morse index is easier 
to calculate, while the dynamics of (16.11) are subject to the decrease of the 
free energy and the local dynamics around the stationary solution is controlled 
by its Morse index. Actually, this observation, combined with the global bi- 
furcation diagram of the equilibrium state, led us to the mass quantization of 
collapses of the nonstationary solution (Chapter 15) and the relation between 
the dynamical and linearized stabilities (Chapter 9). 

However, the dynamical equivalence of these variations is proven also by the 
general theory, called dual variation in this book. Since the Lyapunov function 
for the full system takes a role in developing this theory, we describe the situ- 
ation for 

HOYO] u axon 


ðv "wu on 0€x (0, T). (16.13) 
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In fact, defining W by 
1 
Wu, v) = J u(logu — 1) dx + АМР — (v,u), 
Q 
we have 
d 2 2 
3: (0. v(t) + т | vi (t) |, + и|У (logu — v) | (,t)dx = 0, 
Q 
(16.14) 


where и = и(:, 1), v = v(. t) is the classical solution to (16.13) and (, ) 
denotes the duality: 


wu) = f uv dx. 
Q 


In the simplified system we have (16.12), and this W is reduced to the free 
energy: 


= У. (16.15) 


We have, furthermore, 


in the stationary state, because in this case 
logu — v = constant and lu] = А 


follow from (16.14). If we take с = à log à — А in (16.9), that is, 
1 
Av) = АМ — Alog (/ аз) + Alogi — А 
Q 


for v € HE (Q), then it holds that 
УМ | oo) f, e dx = ЈУ. (16.16) 


We call these relations, (16.15) and (16.16), the unfolding Legendre transfor- 
mation, because the stationary states given by и and v, (16.10) and (16.6), 
respectively, are realized by F (u) = 0 on ||u|, = A and à; (v) = Ооп 
HO (9), respectively. On the other hand, we have the minimality, 


У (и, v) > max {F (u), J (v) , (16.17) 
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where [и |1 = А. In fact, the first inequality is a direct consequence of 
Schwarz's inequality, while the second inequality is proven by Jensen's in- 
equality. These inequalities are applicable to derive the global existence of the 
solution to (16.11) or (16.13) in the case of A = ||uo||1 < 8z. However, we 
can show them by the general theory. 

The theory of dual variation guarantees the splitting of the stationary state 
into each component, indicating the particle density and field distribution, to- 
gether with their variational and dynamical equivalence. The above unfolding 
and minimality, on the other hand, are enough to establish its stability. Some 
systems describing the mean field are provided with only semi-unfolding and 
semi-minimality, from which we can derive the stability of one component. 

We are ready to begin the abstract theory. Let X be a Banach space over R. 
Its dual space and the paring are denoted by X* and (, ) = (, ) x, х=, respec- 
tively. Given F : X — [—oo, +00], we define its Legendre transformation 
by 


F*(p) = sup {(x, p) — F(x)} (рє X*). 


xex 
Then, Fenchel-Moreau's theorem says that if 
F : X > (—oo, +оо] 


is proper, convex, lower semicontinuous, then so is F* : X* — (—oo, +00], 
and the second Legendre transformation defined by 


F**(x) = sup {(x, p) — F*(p)} (x € X) 
pex* 


is equal to F (x) [43]. 
Given proper, convex, lower semicontinuous F, G : X — (—oo, +оо], we 
put 


P(x, y) = F(x + y) - G(x). 
and define the effective domains of F, G by 


D(F) = {x € X | F(x) < +оо}, 
D(G) = {x € X | G(x) < +оо}. 


Each x € D(G) induces a proper, convex, lower semicontinuous mapping 


y € X e» Ф(х, y) є (—o0, +оо] 
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and its Legendre transformation is given by 


Wp) sup Loo pres 2G, ¥)| (p € X*) 
ye 


and thus 
W(x,-): X* > (—oo, +оо] 
is proper, convex, lower semicontinuous. Sometimes 


L(x, p) = —W(x, p) 
is referred to as the Lagrange function. Then, for (x, p) € D(G) x X* we have 


Wong = sup yeep Gt) GG) ph] 
ye 


= F*(p) + G(x) — (x, p). (16.18) 


Putting W(x, p) = +оо for x ¢ D(G), we obtain (16.18) for any (x, p) є 
X x X*. 
Next, given p € X*, we put 


fey! | -G*() (pe D(F*)), deo 


+оо (otherwise) 
and obtain 


p W(x, р) = F'(p) — Sup { (x, р) - С(х)) 


= F*(p)— G* (p) = J*(p) 


for p є D(F*). It is valid even for p ¢ D(F*) by (16.18) and (16.19). Simi- 
larly, for x € X we set 


xa ps -FG) GeD()., dd 


+оо (otherwise) 
and obtain 


inf W(x, p) = G(x) — sup f(x, p) – F*(p)} 
pex* peX* 


= G(x) — F* (x) = Ј(х) 
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for x є D(G), which is valid even for x ¢ D(G) by (16.18) and (16.20). Thus, 
we have 


р) = {x €X | Jœ) # +оо} = р(б) п D(F) 
D(J*) = [p € X* | J*(p) = +оо} = D(G*) n D(F*) 


and 


inf W(x, p) = J*(p) (p € X*) 


inf W(x, p) = Ј(х) (x € X). (16.21) 
pex* 


Relation (16.21) implies 


inf W(x, р) = inf J*(p) = inf J(x), 16.22 
us (х, p) Er (p) = inf J(x) (16.22) 


which is called the Toland duality [173], [174]. 

The above global theory can be localized by the subdifferential. In fact, given 
Е: X — [—oo, +оо], x є X, and p є X*, we say p є OF (x), x € дЕ*(р) 
if 

Р(у) > Р(х) + (у = х,р) (for any y € X), 
Е*(4) > Е*(р) + (х,9 — p) (for any q є X^), 


respectively. It is obvious that dF (x) Z Ø implies x € D(F), but if F : X > 
(—оо, +оо] is proper, convex, and lower semicontinuous, then 


x€eaF'(p <= péedF(x), (16.23) 
and Fenchel-Moreau's identity 
F(x) + F*(p) = (x, p) (16.24) 


holds [43]. 
With these preparations, we can show the first part of the theory of dual 
variation, the variational equivalence. 


Theorem 16.1 Let F, С : X — (—oo, +оо] be proper, convex, lower semi- 
continuous, and W = W (x, p) be defined by (16.18). Given X € X, p є X*, 
we take the set of minimizers of p € X*, x € X in 


J(x) = inf W(x, p), J*(p) = inf W(x, p), 
peX* xeX 
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denoted by A* (X) and A(p), respectively. We say that x € X and p € X* are 
critical points of J and J* if 9G(X) NOF (x) z Ø, 9G*(p) N ӘЕ*(р) z Ø, 
respectively, and that (X, D) is a critical point of W if 0 є 0,W(x, р), 0 є 
95 W(X, р) holds true. Then, we have 


A* (x) = дЕ(х), A(p) = дС*(р) (16.25) 
for each (x, p) € X x X* and furthermore, the following items are equivalent: 
1. (x, р) € X x X* is a critical point of W. 
2. x є X is a critical point of J and it holds that p € 9G(X) NAF (£). 
3. рє X* is a critical point of J* and it holds that x є 0F*(p)N0G*(p). 
Finally, we have 
W(x, р) = J) = J* (P) (16.26) 
in this case. 


Proof: In fact, from (16.18) and (16.23) we have 


0€0,W(x,p)=0 S&S peoG(x) © хєдС*(р), 
0€8,W(x,p =0 © xEdF*(p) © рєдЕ(х), (16.27) 


for each (x, p) € X х X*. Given x є X, we take p є A* (x), which attains 


Ј(х) = inf W(x, p), 
pex* 


or equivalently, 0 є 0, (х, p). Thus, A*(x) = dF (x) holds by (16.27). 
Relation А(р) = 0G*(p) follows similarly, and the first part, (16.25), is 
proven. The second part, the equivalence of those three items is obtained also 
by (16.27), because (£, р) € X x X* is a critical point of 


W = W(x, р) = Е*(р) + GG) — (х, p) 


if and only if р є 9G(X) and х є дЕ*(р). Finally, (16.26) follows from 
(16.25), р € 9G($), and $ € 3 F* (P): 


WG, б) = FG) + GG) — (ê, P) 
= F*(5) — G*() 
= G(x) — F(x). 


The proof is complete. 
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We have the equivalence of 
peaG(9)naF() © £eoF'(p)onaoG"(p), 


and therefore each critical point of J, J* produces that of J*, J, respectively. 
We call This correspondence the Legendre transformation of critical points, 
or their duality. The principle of dual variation means the production of these 
critical points of J and J* from this duality, or equivalently, that the critical 
point (x, p) € X x X* of W = W(x, p) is characterized as for each element 
£, D to be a critical point of J, J*, respectively. We can prove the equivalence 
of these critical points up to their Morse indices under reasonable assumptions, 
as in the special case of (16.1). If a (local) dynamical system 


t € [0, T) +> (х@), p@) 


is given and W = W(x, p) acts as a Lyapunov function, then we call critical 
points of W the stationary state. 

The structures (16.15), (16.16), and (16.17) of the unfolding and minimality 
are the second part of the abstract theory. 


Theorem 16.2 Given proper, convex, lower semicontinuous functionals F,G : 


X > (—oo, +оо], we take W = W(x, р), J = J(x), and J* = J*(p) by 
(16.18), (16.20), and (16.19), respectively. Then, it holds that 


W| =J, W| I, (16.28) 


peàF(x) xedG*(p) T 
and 

W(x, p) > тах {J(x), J*(p)}, (16.29) 
for each (x, p) € X x X*. 


Proof: To prove the unfolding (16.28), we note that p є ð F (x) implies 
Е*(ру— (x, p) = -F (x) 


from Fenchel-Moreau's identity (16.24). This implies the first equality of 
(16.28), and the second equality is proven similarly. On the other hand, the 
minimality (16.29) is a direct consequence of (16.21). 


Unfolding and minimality imply the stability of the stationary state as fol- 
lows. 
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Theorem 16.3 Let a proper, convex, and lower semicontinuous functional F : 
X — (—oo, +00] be given with J : X —> [—co, +00] and W : X x X* > 
[—oo, +оо] satisfying 


Wege =J and W(x,p)zJ(x) 


for any (x, p) € X x X*. Let (X, p) € D(W) C X x X* be in 
рєдЕ(х) ПУ, and хє Үү, 


where Yo is a closed subset of a Banach space Y continuously imbedded in X, 
and Y, is a Banach space continuously embedded in X*. Suppose that X is a 
linearized stable local minimizer of J |у, in the sense that for some єр > 0, 
апу є € (0, 9/4] admits 5 > 0 such that 


хє Үү, |x-$|y < /(х)—/(Х)<8 


=> |х-4|, <e. (16.30) 


ly 
Suppose, finally, that W\y, xy, is continuous at (x, p). Then, if 
{«@,рР@))} ет C Yo x Yx 

is given with t € [0, T) — x(t) € Yo continuous and 

te[0,T) => W((x(t), р(2)) (16.31) 
nonincreasing, then any є € (0, 20/4] admits 5 > 0 such that 

|20) |у <8 and |p( — Aly <6 (16.32) 

imply 

lx |, <= Ox<t<T). (16.33) 


Similarly, if G : X — (—co, +o] is proper, convex, lower semicontinuous, 
J* : X* — [—oo, +00] satisfies that 


„К = J* and W(x,p)z J*(x) 


for any (x, p) € X x X, (&, B) є D(W) is in 


хєдС*(р) and P € Yox, 
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respectively, where Yo, is a closed set in Y,, p is a linearized stable local 


minimizer of J* ye in the sense that any є € (0, £9] admits 6 > 0 such that 
bk 


peYo, |p-b]ly «9» J'(0—J*() <5 
=> |p-ê 


ly sets 


t € [0, T) +> p(t) € Ү is continuous with (16.31) decreasing, X € 0G*(p), 
and Wiss is continuous at (X, D), then any є € (0, 9/4] admits 6 > 0 
such that (16.32) implies 


lp — |у < (T). 
Proof: We show the former part. In fact, given = є (0, 20/4], we take ô = $ > 


0 in (16.30). Since д is continuous at (x, р), there exists ê € (0, 20/2] 
such that 


|00) — $ 


y <6 ad |p( — p], <6 (16.34) 
imply 
W (x(0), p(0) — W(X, р) < 41. (16.35) 
On the other hand, we have 
W(x, р) = Ј(х) = Ј() = М(Х, р) 


for any (x, p) € Yo x X* with ||x — €||y < £o from the assumption. Therefore, 
as far as 


|x@ — 5 |, < £0 (16.36) 
we have 


0 < J(x() —J() < № (x(t), p(t) — JX) 
< W (x(0), p(0) — W, р) < ô. (16.37) 


Now, we have 
|x) — |, < 8 < &o/2. 


Then, if there is / € (0, Т) satisfying ||x(to) — X||y = 0/2, then we have 
(16.36) and hence (16.37) for t — to. This implies from (16.30) (with ó — 61) 
that 


lx (t) — Xlly < £ < 20/4, (16.38) 


16. Theory of Dual Variation 337 


a contradiction. Therefore, since t € [0, Т) — x(t) є Yo C Y is continuous, 
the relation 


IEO) — 3 |, < 20/2 


keeps to hold for є [0, Т), and hence (16.36) in particular. Again this implies 
(16.37) and (16.38) for any t € [0, Т), and the proof is complete. 


To infer (16.32), the continuity of W at (x, p = (€, р) can be replaced 
by the first case of (16.34) and (16.35) for the initial value (x(0), p(0)). By 
Damlamian [35], Toland duality was observed in the free boundary problem 
for plasma confinement, between the formulations of Berestycki and Brezis 
[10] and Temam [172]. In the Penrose—Fife system [129], on the other hand, 
exact duality cannot be observed, while semi-unfolding and semi-minimality 
are valid, which provide stability for the field component. We have several ex- 
amples of a dual variation or semi-dual variation in mean field theories. Here, 
we show how the abstract theory is realized in the system of chemotaxis, par- 
ticularly in (16.11), where Q C К” is a bounded domain with smooth boundary 
д9. 

For this problem, we take X = Hj (Q) with the Gel’fand triple X < 
L?(Q) <> X*. Then, the dual entropy functional F : X — (—oo, +оо] is 
defined by 


F(v) = à log (J а) — Alog 5. + А, 
Q 
which is proper, convex, and lower semicontinuous. We have 
D(F) = fv eX | | e'dx < +оо], 
Q 


dF (v) Æ Й for any v € D(F), and 


Ae" 


Є дЕ = —————,. 
и (vy) © u fre dx 


The entropy functional is defined by its Legendre transformation, 


FG fou- ns (ue X*NL'(Q), и> 0, |и| =A), 


+оо (otherwise). 
It holds that 
D(F*) = {ue X* |u > 0, u € Llog L(Q), luli =A}, 
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v € дЕ*(и) if and only if u є D(F*) and 
v = logu + constant є X, 
where L log L(€2) denotes the Zygmund space. On the other hand, putting 
P 


we obtain a proper, convex, and lower semicontinuous mapping 


1 
G(v) = sive 


G : X — (—oo, +оо). 
The operator — A p induces the isomorphism A: X — Х*, and we have 
G*(u) — + (Anh. u) 
2 
for u € X*. Then, the Lyapunov function of this system is realized as 
W(v,u) = F*(u) + G(v) — (v, и) 
and the equilibrium is described by 
0 € 4,W(v,u), 0 € д, (о, и) 
or equivalently, 
и= А10, veor*'q) 


From Theorem 9.1, this relation is transformed into the conditions оп и and 
V, separately, that is, to be critical points of 


J(v) = G) — F(v) 
1 
= 517012 (| e” dx) + AlogA— А 
2 Q 
defined for v € X and 
J*(u) 2 F*(u) — G*(u) 
lja 
= / u(logu — 1) dx — rur u) 
Q 2 
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defined for u € X* N L'(Q), и > 0, llull = А, respectively. These conditions 
are equivalent to 


Ау = L——- e X* (16.39) 


and 
weXnLlogL(Q, wz0, |u|,—-^ 
А-и = logu + constant € X, (16.40) 


respectively. The exact correspondence of the Morse indices is known, but here 
we only make use of the equivalence of the linearized stability of those и and 
v, applying Theorem 16.3 for 


Y = рл) = D(G)n D(F) = [exi f edx « +оо} 
Q 


and 


Yo, = D(J*) = fu e X* | u e Llog L(Q), u > 0, 
C Y, = X* n L log L(Q2). 


LS 


Thus, there is єр > O such that if u = u(-, t), v = v(-, t) is a solution to (16.11) 
for t € [0, T), then any ғ є (0, 20/4] admits ê > O such that 


|06,0) – | <, uC.) |р <5 


leoli =4= fu, 


implies 


|000) -Tl 6) [ec D — "enr Да 


for any t є [0, T). This result is valid for any space dimension and also to the 
full system 


с ML i 2x 0,7), 


Tuy = А0 +и 
ди ee, 
Эр Өр | on 99 х (0, Т). 
0 = 0 


with т > 0. 
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Next, we apply the theory of unfolding of minimality to study the behavior 
of the solution globally in time for (16.1). In fact, first, from the Trudinger- 
Moser inequality, we have 


inf J(v) > —oo (16.41) 
vex 


in the case of n = 2 and A = 8л. Next, Theorem 9.1 guarantees the equiva- 
lence of the boundedness from below of J on X and that J* on X*, and hence 
it follows that 


inf J*(u) > —oo 
ueX*NL log L, uz0, |ul|1—A 


in this case. Furthermore, the Trudinger-Moser inequality again guarantees the 
imbedding Llog L($2) — X* for n — 2, and hence it holds that 


1 
int| f u(logu—1)dx—> ff G(x, x )u&u dx dx'|u > 0, ||и|1 = | 
Q 2 JJ axa 

> —oo, (16.42) 


where G — G (x, x^) denotes the Green's function. Inequality (16.42), valid for 
n = 2, is regarded as the dual form of the Trudinger-Moser-Onofri inequality. 
From (16.41), each А < 8л admits a constant C, such that 


ENT. , 
J() = sive; — Atos ( f e dx) + XlogÀ — à 


1 À 2 
э (= с 


for any v € X. Therefore, if |o], = à < 8л in (16.11), then we have 


sup |VvC. |; < С 
€[0, 7) 


with a constant Сә > 0 determined by A, because of (16.29), and 


sup W (v(t), u(t)) < W (u(0), v(0)) . 
te[0,T) 


Similarly, from (16.42) we have 


À 
J*(u) > (1 — 2) ulogudx — Ca 
Q 
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for any u € Llog L($2) in u > O and ||u|| = à < 87, and this implies that 


sup [^ logu)(x, t) dx < C4. (16.43) 
te[0,T) JQ 


Then, from Moser's iteration scheme or the maximal regularity we can derive 
Tmax = +оо and the uniform boundedness of u(-, t): 


sup lu C. t) |. С: 
(0,7) 
Inequality (16.43) is also derived from the Trudinger-Moser inequality and 


| (ulogu — uv) dx + 5.1ов (J а) — AlogA > 0 (16.44) 
Q Q 


which is valid for u € Llog L(Q), и > 0, ||u||1 = А [14, 50, 110]. Inequality 
(16.44) follows from Jensen's inequality, but it is also a consequence of the 
minimality 


W(v,u) > J(v). 
In the simplified system, we have 
W(v, и) = Flu) 
and hence from the minimality it follows that 
F (u(t)) > J (v(t) (0 <t < Tmax). 


On the other hand, from the quantization of the blowup mechanism of the 
stationary state we have 


ja = inf {J (v) | v € Ey} > —oo 


for à € [0, oo) V Л, where E; denotes the set of critical points of J on X. 
Furthermore, we have 


d 
=. | ulogudx < 2K?4 + A|Q| exp (4x? | ulogudx +4K2e7! Ier) 
Q Q 
with a constant К > 0 determined by ©, and if Tmax = +оо and 


lim ulogu(x,t)dx « +o, 
t>+00 Jo 
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then we have fj — +оо, ô > 0, and С > O such that 
Јалова <C (t € [tk, tk +]. 
2 
This implies the nonempty form of the w-limit set of (u(t), v(t)), and therefore 
W (vo, uo) > lim W (v(t), u(t)) 2 jr 
t—> +оо 
holds true. Since 


lim (ulog u)(x,t)dx = +оо 


tt Tmax Q 


follows in the case of Tmax < +оо, we obtain the criterion of [69], that is, 


W (00, ио) < jj => lim (ulog u)(x, t) dx = +оо. (16.45) 
t— Tmax JQ 

Nonlinear quantum mechanics is just an episode of the mathematical theory 
of statistical mechanics. It asserts the control of the total set of stationary states 
on the global dynamics of nonstationary states. This story, we are convinced, 
is valid for each theory of mean fields, where the self-interaction is caused in 
terms of the field created by particles. The principle of dual variation arises 
in this context, that is, the study on the stationary states of nonlinear systems, 
where interaction is described in terms of the field created by particles. It as- 
sures that the stationary state in these hierarchies splits into the problems on 
fields and particles, each of which is provided with the variational structure, 
dynamically equivalent to each other. We have unified such a structure in the 
Toland duality for the system of chemotaxis and also for the free boundary 
problem in plasma confinement. In both cases, concentration of the particle 
density is observed. On the other hand, the Penrose—Fife system has the prop- 
erty of unfolding-minimality in the field component, and the same is true for 
the Euler-Poisson equation describing the evolution of gaseous stars. Conse- 
quently, we can discuss the stability of the equilibrium field in these systems 
by introducing variational structure for the field component. On the other hand, 
we have the other systems controlled by a different form of the dual variation, 
where the stable stationary state is realized as a saddle point of the Lagrange 
function. Actually, it is associated with the Kuhn- Tucker duality, and espe- 
cially the dynamics surrounding the degenerate stable equilibrium are interest- 
ing. The study of these theories of dual variation is still in progress and will be 

clarified in the future. 
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In the context of the theory of self-organization, the type (I) blowup point 
is interesting. It assures emergence coming from the wedge of the parabolic 
envelope, where entropy and mass are exchanged to create a clean self with 
the quantized mass, which reminds us of the principle asserted in system bi- 
ology that the expanding cosmos is the origin of life. This remarkable fact is 
suggested in the story of nonlinear quantum mechanics, where the theory of 
dual variation takes on a role to control the set of stationary states as well as 
the local dynamics around them. Finally, even the type (П) blowup point can 
take on the profile of emergence in the other scaling of space-time, that is, 
the emergence is a corollary of the collapse mass quantization and the blowup 
envelope. 
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